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PREFACE 


By 
Dr W. H. YOUNG, FE.R.S. 


3 plas book had its origin in, and is one of, the tangible results 
of my reorganisation of the Mathematical Department at 
Aberystwyth in the University of Wales, during my four years 
tenure of office there. The problem I had to solve was a difficult 
one. It was one of the crying needs of the Departments of Physics 
and Chemistry that their students should by the end of their first 
year have become acquainted with the concepts and processes of 
Differentiation and Integration. A considerable portion of these 
_ Students, however, were, on their arrival at the College, entirely 
ignorant of Trigonometry, the knowledge of which is presupposed 
in treatises, even elementary, on the Calculus. In drawing up a 
Syllabus for the non-geometrical portion of the First Year Course, 
I was thus led to arrange that the notion of a trigonometrical 
function appeared at a comparatively late stage and in an analytical 
form; a procedure, for the rest, in accordance with what has been 
felt as desirable by more than one distinguished mathematician, in 
view of the very restricted range of the geometrical definition per 
se of a trigonometrical function. Moreover the well-known interest 
felt by the Celtic race for abstract ideas, as well as the circumstance 
that the First Year Class necessarily contained students who had 
in view the possibility of taking Honours in Mathematics at a later 
stage, justified a rather more theoretical treatment than has been 
usual in this country, not only in the above connection but through- 
out the course. 

The Syllabus, as printed in the Programme of the University 
College of Wales for the year 1922—1923, is as follows: 

“First YEAR Course. Elementary Algebraical Analysis:—The 
fundamental laws of algebra; the real number; equalities and 
equations; inequalities and inequations; indices; nature and use of 
logarithms; simple infinite series; rational functions; formation of 
simple transcendental functions by means of power series; the idea 
of a limit; the idea of continuity; differentiation of rational func- 
tions and of the simpler functions represented by power series; the 
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idea of a definite integral; its intuitive properties; identification of 
the geometrical and analytical definitions of the trigonometrical 
functions; simple applications of the notions of differentiation and 
integration.” 

The prominence given to inequalities, and more especially to in- 
equations, in this Syllabus is in accordance with Continental practice, 
Their comparative neglect in English teaching has seriously hand- 
cappedin the past the researcher,and hasinterfered with the efficiency 
of the ordinary mathematical student. Logarithms were intended 
to be introduced almost simultaneously with indices, reappearing, 
of course, under the head of simple transcendental functions repre- 
sented by power series. In the remainder of the course the idea of 
limit is fundamental, the method of approach being understood to 
be that by monotone sequences* and making free use of the notions 
of upper and lower bounds, on which I have laid great stress and 
of which I have made systematic use in my papers. 

The task of actually lecturing, under my direction, on the new 
Syllabus, I entrusted to one of my assistants, Mr Walmsley. In 
view of the somewhat revolutionary character of the changes in- 
troduced into the curriculum and with the object of securing that 
the matter communicated to the students was what was intended, 
partly also because I thought a great want would thereby be sup- 
plied, I suggested to Mr Walmsley that the Course should be 
written out and subsequently form the basis of a joint book by the 
two of us. Unfortunately, only the first few manuscript pages were 
submitted to me, so that the present volume appears under his 
name alone and on his sole responsibility, 

I have only to add that the success that attended the reform at 
Aberystwyth warrants a confident hope that the present volume, 
attempting as it does to embody the main features of the Schedule, 
will find its place, and that an important one, among the books 
habitually used at school and college. 


* Mr Walmsley has not followed my usage of restricting the use of the word 
sequence to such successions as have an unique limit; but where the succession is 
monotone the two notions, of course, coincide. 


W. H. YOUNG. 


CottonceE, LA ConvERsSION, 
July, 1926. 
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CHAPTER I 
NUMBER 


$1. FunpamentaL Laws or ALGEBRA 


1. ALGEBRA may be described as the general science of arithmetic 
In arithmetic the processes of addition, subtraction, multiplication, 
division and other derived operations arise and are applied in con- 
nection with particular numbers. It is seen that the methods 
employed, being applicable to all particular numbers encountered, 
with certain well-defined exceptions, must be capable of a general 
formulation. It is this general formulation which is the primary 
object of algebra. 

In order to express the truths of arithmetic in the general 
(algebraic) form it is necessary to employ some kind of symbolism. 
The choice of a symbolism is to some extent arbitrary, but not 
without effect on the development of the science; the lack of an 
appropriate symbolism having caused in some instances a delay of 
hundreds of years in the progress of different branches of mathe- 
matics. In the present matter of the algebraic statement of the 
facts of arithmetic the use of the letters of the alphabet to repre- 
sent the unidentified numbers under consideration is singularly 
appropriate and has been universal since the sixteenth century, 
Its fertility is sufficiently apparent in the use of formulae in 
elementary algebra, and in all branches of science, for it to be un- 
necessary here to enlarge upon it. It may be noted in passing 
however that the letters occurring in algebraic theorems do not 
always represent numbers with the same scope of generality. Thus 
in some theorems the letters (or some of them) may represent 
numbers belonging to the widest class contemplated,—that of the 
real or complex numbers,—including under this head, not only the 
whole numbers 1, 2, 3, etc., but also such entities as —1, 4, /2, 
4/—1, which are defined below; or they may be restricted to 
represent numbers of only a particular class, such as the whole 
numbers, or proper fractions, etc. On the other hand it is always 
the method of algebra to state theorems with the greatest possible 
generality, and the fewer the restrictions placed on the variables 
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(i.e. letters) occurring in a theorem the more important (in general) 
will the theorem be. 


2. Fundamental laws. The theorems on which algebra is built, 
—the fundamental laws of algebra,—are based on our intuitive 
ideas of counting, and therefore in the first instance are stated only 
for the ordinary whole numbers 1, 2, 3, etc. The laws are:— 

(I) The associative law for addition, viz.: The terms of a sum of 
three numbers may be added together in any way preserving the 
original order without altering the sum; or, symbolically, if a, 6, ¢ 
are any three whole numbers then a+(b+c)=(a+ 6) +6. 

(II) The associative law for multiplication, viz.: The terms of a 
product of three terms may be multiplied im any way preserving 
the original order without altering the product, or 

ax(bxc)=(ax b) xe, 
where a, b, c have the same significance as in (I). 

(111) The commutative law for addition, viz.: The terms in a sum 
of two numbers may be added together in either order without 
altering the sum, ora+b=b+a. 

(IV) The commutative law for multiplication, viz.: The terms in 
a product may be multiplied in either order without altering the 
product, or a x b=b xa. 

(V) Lhe distributive law, viz.: The product of a sum of two num- 
bers by any third number is the sum of the products of the separate 
terms of the sum by the cominon multiplier, or 

(a+b)xc=(axc)+(b xc). 

In the statement of these laws we must be quite clear as to the 
meaning of the terms and symbols used. The simplest definition 
of the sum a +6 is to consider it as the number finally obtained 
if, having counted up to the number a, we continue the process 
of counting until an additional stock of b objects is exhausted. 
Multiplication is repeated addition. Subtraction and division will 
be the inverses of addition and multiplication respectively. 

Probably no argument which could be put forward would make 
the student more convinced of the truth of (I) and (IIT) than he 
already is,—though such argument might prove useful in helping 
the student to appreciate the difficulties inherent in the foundations 
of all science. We will therefore be content to assume these laws 
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as axioms. We shall have a few further remarks to make in this 
connection shortly. We can however convince ourselves of the 
truth of (II), (IV) and (V) by arguments similar to the following, 
dealing with the commutative law for multiplication (IV): From 
the definition of multiplication a x b is the number of objects in 
an imagined array consisting of b rows each containing a objects*; 
by intuition, or by extending the laws (I) and (III) to cover the 
case of any number of terms, we see that the number of objects in 
our array is the same in whatever order we count the objects; in 
particular therefore this number is the same as that obtained by 
considering the array of objects as a columns of b objects, Le. 
b xa; and the theorem is proved. 

The fundamental laws can be extended to deal with sums, etc., 
of any number of terms; these extensions follow from the laws 
themselves and will provide an excellent exercise for the student. 
In most algebraic deductions from the fundamental laws it will be 
found most desirable to employ such simple extensions of the laws 
instead of the original laws themselves. 


3. The fundamental laws are at the base of all algebraical 
analysis, and in fact bear to algebra much the same relation as do 
the axioms of Euclid to ordinary elementary geometry. Taking, as 
suggested above, counting as the basis of our definitions, we cannot 
avoid beliefinthe truth of the laws ;—our intuitive ideas on counting 
would be at variance with a denial of the fundamental laws of 
addition; and, having accepted these intuitions, expressed in the 
form of these laws or in any other equivalent form, all the laws,— 
and thence briefly all algebra,—follow as a logical consequence, 
But it is interesting to see whether any contrary laws are logically 
possible, that is, whether, either by distrusting our intuitions or 
by adopting other more or less arbitrary definitions of “addition,” 
etc., we could without contradiction build up a system of “algebra” 
on the supposition that our fundamental laws (or some of them) 
were untrue. In geometry it is possible to deny the Euclidean 
system of axioms and build up perfectly logical non-Kuclidean 
geometries,—in which for example it is no longer impossible 

* The symbol ax b is to be read as ‘‘a multiplied by b”; and in general in any 


such arithmetical symbol the operations occurring are to be performed successively 
from the left to the right, except when brackets or special conventions otherwise direct. 
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for two straight lines to enclose a space. In algebra likewise the 
answer to this question is in the affirmative. There are in fact, for 
example, non-commutative algebras,i.e.algebras in which the symbols 
axband6xa (say) are not equivalent. In such systems the symbols 
used cannot represent the same entities as in the ordinary algebra 
of whole numbers unless we are prepared to deny our intuitions of 
counting. But by using the symbols to represent different opera- 
tions and combinations of operations of a more general character 
than our elementary addition, multiplication, .etc. (a process to 
which we have to resort even in ordinary algebra once we pass on 
to consider the addition, etc, of non-integral numbers), quite 
definite non-commutative algebras can be obtained. 


A trivial example of such a system would be obtained if a were taken to 
represent a motion of a point through a distance a in an easterly direction on 
the spherical earth, ) a motion through a distance 6 in a northerly direction, 
and the multiplication of a by 6 the motion a followed by the motion 6. The 
results of the two combined motions a x b and 6x @ would then difter by an 
amount depending on the latitudes of the points considered. 

In this course, however, we shall not be concerned with non- 
commutative or other algebras in which the fundamental laws do 
not hold, But we shall use these laws as a guide to help us to 
introduce into algebra and arithmetic entities, other than whole 
numbers, which will also satisfy these laws and therefore be capable 
of being dealt with in the same way as the whole numbers. 


4. Subtraction and division. If we introduce the notions 
inverse to those of addition and multiplication, viz., subtraction 
and division, the fundamental laws are capable of extension to a 
certain extent. Thus the distributive law (V) will remain true 
if the sum of the numbers be replaced by the difference, or the 
product with the third number by the quotient, or both sum and 
product be replaced by difference and quotient simultaneously, thus 
e.g. (a —b)+c=(a+c)—(b+c)*. The associative and commutative 
laws cease to hold when addition or multiplication is replaced by 
subtraction or division; it is known for example that a—b is not. 
the same as b—aand that a +(b+c) is not the same as (a= b)+c. 
But it is easy to modify the two associative laws so that they will 


* It is tacitly assumed here that the operations involved are possible, 


, 4 Thus ; 
(i.e. a is greater than b), so that b can be subtracted from a; and so on. ee 
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remain true in these cases by simply introducing appropriate rules 
of signs, e.g. by replacing a—(b+c) by a—b—c or a+(b xc) by 
a+b+c or a—(b—c) bya—b+c*—provided the operations con- 
sidered do not lead at any stage to any impossible operation, i.e. 
provided, for example, we are not led to the operation of subtracting 
a number from one not greater than itself nor to the operation of 
dividing a number by a number of which the first is not a multiple. 
It will be seen incidentally that any attempt to modify similarly 
the two commutative laws would, except in trivial cases, essentially 
lead to some such impossible operation. 


EXAMPLES I. 


1. Prove the extensions of the fundamental laws to the operations of sub- 
traction and division mentioned above. 
_ 2. Prove by imagining m? units arranged in a square and adding up in suit- 
able orders that 
@) 143+45+...4(2m—-1)=m?, 
and (a1) 14+24+3+...+m=3(m?+m). 
3. Prove by direct reference to the fundamental laws that 
(i) (a+6)?=a?+2ab+ 6%, 
Qi) (a+b)=a3 +3a7b + 3ab? +3, 
Gili) (@+6) (a—b)=a? - 6%, 
a and b being any whole numbers (with the restriction that in (iii) a must 
exceed 6); the definitions of the square and cube of a number being supposed 
known. 
4, Prove that ifa > bande >d then 
(a—6)x(e-d)=(ace+bd) — (ad + be). 
5. Prove that if a >6 ande >d then 
(a—b) (e—d) =ac—ad — be + bd, 
provided also ac > ad + be. 
[If ac is not greater than ad+be the expression ac — ad — be +bd is meaning- 
less as a whole number. ] 


§ 2. RationaL NUMBERS 


5. The inverse operations, subtraction and division, cannot, as 
we have seen, be applied to all whole numbers indiscriminately. 
For example (as we are at present: dealing exclusively with whole 


* To prove for example that at(b —c)=a+b-—c we argue: From the definition 
of subtraction, if b—c=a, b=a+c; whence (a+a)+c¢=a+(e%+c)=a+b and there- 
fore a+(b-—c)=a+a=(a+b)-c. Or to prove a~(b+c¢c)=a—b-—c, leta—(b+¢c)=2, 
so that a=x+(b+c)=(x+c)+b whence a—b=x+c whence again a—-b-c=2. 
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numbers) 6 cannot be be subtracted from 4, because there is no whole 
number which when added to 6 will give the result 4; and again 
7 cannot be divided by 3 because there is no whole Rivals which 
when multiplied by 3 will give the result 7. The problem confronts 
us therefore, whether these impossibilities can be surmounted in 
any way; ie. whether we can invent new entities, which we nA 
wish to call “numbers,” and new operations with these “numbers,” 
which we may call “addition,” etc.,so that such hitherto impossible 
operations will be possible in the sense that, considered as an 
operation in our new “arithmetic,” it gives a definite result which 
is a “number” of the new type. Whether or not such a new 
arbitrary “arithmetic” can be of any use for practical applica- 
tions is not primarily the concern of pure mathematics; but as a 
matter of fact we shall find that our new arithmetic will have 
useful applications,—in particular to the important problem of 
measurement. 


6. Fractional-number-pairs. Let us define first the fractional 
numbers or fractions. We observe first that to some pairs of 
numbers (e.g. 8 and 2) correspond, by the process of division, 
single numbers (4), whereas to other pairs (e.g. 7 and 3) there are 
no such corresponding numbers. For the first kind of pairs of 
numbers,—such as (8 and 2), or $,—which represent, or correspond 
to, whole numbers, we have the following laws of addition, etc.: 

If p, q,7,8 are whole numbers such that p and r are respectively 
divisible by g and s, then: 


pt _pstgr Dt 
FE RTD Se q 8 qs 
for (to prove the first relation) 


D r Lr > . ; 
e 3 =) x qs = E m 4s) + (¢ * qs) by the distributive law, 


p \ 
€ x 4) Xs+ ( xs} xq by the associative law, 
= (p x 8) +(r x q) by the definition of division, 


and therefore pee eS AG 

Gans qs 
by the definition of division—all the numbers concerned bein 
whole numbers. 8 
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Or, using the notation (p, q) instead of . we have the following ~ hs g 


laws for the addition and multiplication of pairs of numbers of the 
type considered: 
(Pp, D) +(r, 8)=(ps + gr, 
(p,q) x (7, 8)=(pr, gs) 
‘In the statement of these laws there is no need for the restriction 
that the numbers p, r should be divisible by g, s as supposed, ice. 
should be such that the various pairs of numbers correspond to (or 
represent) whole numbers;—the pairs of numbers 


(p, ), (7 8), (ps+ ar, gs), (pr; 9s) 
| exist equally whether the whole numbers p, r are divisible by the 
numbers q,s or not. Let us then relax this restriction and use these 
laws as the definitions of “addition” and “multiplication” of “frac- 
tional-number-pairs,’—or, as we will say for the sake of brevity, 
Fractional numbers, or fractions*. 

With these definitions we see easily that the fundamental laws 
which we have found for addition, etc., of whole numbers, are still 
formally true. Thus, if A and B are two fractional-number-pairs, 
say A =(p, q) and B=(r, s), then 

A+B=(p, q)+(78) 
=(ps + qr, 98), 
and B+A=(r,s)+(p, 9) 
= (rq + sp, 89) 
= (ps + qr; 98); 
by the commutative laws for whole numbers. Hence A +B=B+A, 
or the commutative law for addition holds. Similarly the other 
fundamental laws can be proved to be still true for our “fractional 
numbers,” Le. if we call a “fractional-number-pair” a nwmber and 
if we call the operations on these fractional-number-pairs defined 
in equations (1) addition and multiplication, then the fundamental 
laws can be applied to these numbers and operations of addition, 
etc, verbally unchanged. Consequently all general statements 
about arithmetical operations on whole numbers deducible from the 
fundamental laws are equally true of these arbitrary operations 


* Or positive rational numbers. 
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on these arbitrary fractional numbers; for example, in particular, 
if A and B are any two fractional numbers, then 
(A + BY = A27+2AB + B 

7. Order. Our arithmetic is not yet the arithmetic of fractional 
numbers which we desire. The definitions so far given do not 
enable us to assign any order to the fractional numbers, whereas 
the notion of order is certainly essential in connection with whole 
numbers. If we wish to use our fractional numbers as numbers in 
any complete sense it is therefore necessary to give a definition 
determining which of two fractional numbers is the “greater” and 
which the “less.” 

We say that the fraction (p, q) is greater than, equal to, or less 
than, the fraction (r, s) according as the whole number ps is greater 
than, equal to, or less than, the whole number qr; or, in symbols, 

(p,q) >1 =, oF <(r5 8) 
according as ps =) =. OF <107 
In this definition we assume a knowledge of the notions of greater 
than, ete., as applied to whole numbers. 

We notice that from the relations (2) we have 


(D8; °8) = (Dr) sacs ceemnen cee eee (2a). 
This relation,—which corresponds with the characteristic property 


of a quotient P that E =? _is interesting as being a statement 


equality in this somewhat arbitrary sense is logically important 
and interesting, but we will not dweil on it. It is sufficient for us 
to realise that with this use of the sign of equality, whatever it may 
mean, no contradiction can arise. 


8. Number-pairs corresponding to whole numbers. We 
notice the following particular facts about the new arithmetic 
concerning the special class of fractional-number-pairs whose second 
number is 1: ae at 

(p, 1) +(% I) =(p+q 1) and (p, 1) x (g, 1) =(pq, 1). 
It follows that this particular class of number-pairs can be treated 
for addition and multiplication as a class by itself, for such operations 
lead only to number-pairs of this kind, having 1 for the second 
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number, In fact a little reflection will shew that in dealing with 
such special number-pairs we can operate with them just as with 
the ordinary whole numbers p and q and the ordinary arithmetical 
operations of addition and multiplication; that im fact the new 
arithmetic of these special number-pairs is identical with the old 
arithmetic;—i.e, that every result in either arithmetic is capable of 
interpretation as a result in the other. If therefore in our arithmetic 
of fractional-number-pairs we agree to replace any number-pair 
whose second number is 1 by the ordinary whole number which is 
the first number, ie. to put 
Cf edh 8 = Oey RO ea ae ne ree (3), 

the results we shall get will be quite valid, that is to say any alge- 
braic result we obtain for whole numbers will be true as a result in 
-ordinary arithmetic and any result for our fractional-number-pairs 
will be a true result in our new arithmetic; if in any case the 
numbers concerned are of both kinds the apparently whole numbers 
(e.g. p) are to be replaced by the corresponding fractional-number- 
pair [(p, 1)] and the result interpreted as a result in the new 
arithmetic. Also, applying the relation (2a) to these fractional- 
number-pairs having the second number 1 and coupling it with our 
convention (3), we obtain the other fundamental characteristic of a 
fraction that 


| ae eee 
ples: 
for (p, 9) x (%@ 1)= (pq, @) = (P, 1). 


From this it follows that 
(Pp, = (Pp LMG 1). 

This last relation is a relation in the new arithmetic and the 
operation of division is the new arbitrary kind of division (the in- 
verse of the new multiplication). 

But we notice that if p is divisible by g (with the quotient r say), 
_ —in the ordinary sense,—then the expression (p, 1)/(q, 1) can be 
replaced by p/q or r; i.e. if p is divisible by q the fractional-number- 
pair (p, g) represents the ordinary quotient p/q; or, a fractional- 
number-pair (p, g) for which p is divisible by q behaves 
as far as arithmetical facts are concerned just like the quotient 


P Tn future we shall write (p, g) as : or p/q, whether p is divisible 


q 
by q or not. 


+ ‘ 
at Aas 4 
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9. The arithmetic of our fractional-number-pairs may therefore 
be said to include the arithmetic of such quotients. Our fractional- 
number-pairs and their “arithmetic” are seen to be the extension 
of the number system and arithmetic of which we have been in 
search. In our new system such an operation as 3 + 8 is possible. 

The advantage of this extended arithmetic from the point of view 
of the original arithmetic is considerable. We may, in proving a 
certain result, even in ordinary arithmetic of whole numbers, find 
it more convenient to use fractional numbers in the intermediate 
steps of the proof. The proof will nevertheless be a valid proof of 
the theorem concerned, provided only the final stages of the argu- 
ment can be interpreted (by the convention (3)) as a relation 
between whole numbers. 

Thus, to take a fundamental, if simple, example: if a, 6, and ¢ 
are whole numbers such that } is a multiple of ¢ and ac a multiple 
of b, we can argue 

a + (b/c) = (a/b) x ¢ = (ac)/b 
by using the simple extension to division of the associative law; 
and in this the expression (a/b) x ¢ will be meaningless as a whole 
number unless @ is a multiple of b; but nevertheless the result 
a + (b/c) =(ac)/b is a true result holding between whole numbers 
and this proof is quite valid. 


10. Subtractive-number-pairs. In the same way we can extend 
the meaning of subtraction te cases hitherto impossible by intro- 
ducing subtractive-number-pairs* |p, q} subject to the definitions: 

(Pe OY+ir s}={[ptr,q+s}; 
(P,Q x ir, 8} = {pr + qs, ps + qr}; 
{p, g} >, =, or < {r, s} 
according as pt+s>,=,or<qtr; 
(pP+qQ=pt; 


where p, 4,7, 8 represent any whole numbers or fractions as hitherto 
defined. 


It is necessary here also to introduce a new number, zero or 0, 
defined as the subtractive-number-pair {p, p}. 


* These are the positive and negative rational numbers. 
+ This relation could be replaced by {p+1, il} 


=p and so brought more j 
agreement with relation (3) of p. 9. . 8 e into 
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It is at once evident that, with these definitions, 


{P G=P- 
if the operation on the right is possible, for, from the fourth relation above, 
(P-D)+% G=(P-) 
Le. {p, g}=p—q if p—gq is a whole number or a fraction. 


We see also that the operation p—g can always be performed if p and g are 
interpreted as subtractive-number-pairs ; for 


igt7, 3 +1p, g={pt+a+r, g+7} 


= ptr, me 
and therefore {p+r, r}-{9+7, N={p, D, 
ie. P-9={P, U- 


The number 0, as defined, possesses the usual properties, such as those 

expressed by the relations 

pt+0=p, px0=0; 
- for pt+0= {pt+q B+ {p, P} 

={(Pt+ +P, P+95 
={(PtG G 
IR 

and Px0={pt+q, BX {P P} 
=((P+9) P+; (P+ 9) P+ 9p} 
== ()) 

11. Rational numbers. It is easy to see that, with our system 
of definitions, tt the fundamental laws will continue to hold if these 
subtractive-number-pairs are used as numbers. We are justified in 
considering them as numbers. We call them the rational numbers. 

We shall call a rational number positive or negative according as 
it is greater than or less than (0 in accordance with our definitions. 
We shall use the term integer to denote either a whole number or 
a negative whole number, Le. a negative number expressible as 
{q, p+q} where p and q are ordinary whole numbers. We shall 
write in future the negative rational number {q¢, p+ q} as — p, and, 
where needed to avoid ambiguity, we shall write + p for the positive 
number p. 


12. Zero. In our system of positive and negative rational 
numbers there is one arithmetical operation which is still impossible ; 
—division by the number zero.’ For there is evidently no rational 
number x whatever such that 2/0 = x or « x 0= 2. We could over- 
come this limitation by adding to our system a new number, 
infinity, (denoted by  ), defined to have the property that if w is 
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any rational number (other than zero) 0 x 2% =. But we should 
then have introduced further difficulties. The operations 0 [0 , 
0 x «© as well as 0/0 would be meaningless, (or at least have in- 
definite meanings), and evidently some vital alteration in our system 
of algebra would have to be made to render these operations definite. 
We therefore prefer to avoid the use of such a notion of infinity, — 
more especially a8 it is often convenient to use the term infinity 
lin another connection. With this special exception of division by 
“zero our system of rational numbers is complete in that all operations 
of addition, subtraction, multiplication and division applied not only 
‘to the original whole numbers, but to any rational numbers, are 
| possible and obey the fundamental laws of algebra. 


EXAMPLES II. 
1. Prove from the definition of a fraction as a fractional-number-pair_ that 
a @ ail 


oe b, c, d being whole numbers. 


2. Prove from the definition of a rational number as a subtractive-number- 
pair that 
a+(-a)=9, a—(-—b)=a+b, (—a)x(—b)=axb, (-a)xb=-ab, 


a and 6 being whole numbers or fractions. 


3. Prove from the definitions of the text that if a and b are two rational 
numbers then a >, =, or <6 according as the ditterence a —6 is positive, zero, 
or negative. 


4, It is a consequence of the fundamental laws that 
a? +b? — 2ab=a?—2ab+b?=(a—b)?=(b—- a)’, 

If a and } are whole numbers and a < 6, a2—-2ab+6? and (a —b) are both 
meaningless considered as ordinary arithmetical combinations of whole num- 
bers, but a?+?—2ab and (b—a)? nevertheless represent whole numbers and 
the relation a? +6? —2ab=(b—a)? is true. Compare this with the remarks and 
example on p. 10 (Par. 9). 

5, The equality of Ex. 5, p. 5, (a—6)(e—d)=ae—ad—be+bd can now be 
stated without any restrictions on the magnitudes of the letters; and if 


a>, and ¢ > d, both sides of the equality can in all cases be interpreted as 
whole numbers. 


6. Prove (a—b)=a3 —3a7b + 3ab2—b3, 


id 


7. Shew that if it is possible in any way to define the sums and products, 
etc., of negative numbers so as to conform to the fundamental laws, then the 
rule of signs, (—@)(—6b)=ab, must be satisfied. 

[The negative numbers are supposed to be defined as subtractive-number- 
pairs for which the notions of addition, ete., have not yet been defined. ] 
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§3. THE PROBLEM oF MEASUREMENT. IRRATIONAL NUMBERS 


13. The system of rational numbers which is now been 
established can be applied to the problem of measurement, and the 
operations of addition, etc., can then be given a simple geometrical 
(or physical) interpretation. The practical problem of the measure- 
ment of any physical | quantity such as a speed, ‘an electric current, 
a temperature, a weight, a ‘time i interval, or a length may be typi- 
fied by the single problem of the AE SNe eres ar a length along 
a straight line. Most often in actual fact these measurements are 
made by means of readings along a scale and in all cases the 
measurement may be reduced to this method. We may consider 
the problem of measurement then as that of the representation of 

lengths along a ‘straight ‘Tine | by means of numbers. E 


14. Rational numbers represented by pointe on a straight 
line. Let X’OX (Fig. 1) be an unlimited straight line, and O a 
fixed point on it. Take some unit of measurement (say one inch) 
and mark off distances of 1 unit, 2 units, 3 units, etc., from O in one 


Xx’ O xX 
i 
57 ee ony ees Cog ser me 3 4 
Fig. 1. 


direction, say to the right, and also similar distances in the other 
direction from O. We have thus a geometrical representation of 
the positive and negative integers which is evidently appropriate, 
for we see that we can represent the operations of addition and 
subtraction simply as motions of translation to the right or left 
respectively. Thus the point numbered — 3 is the point obtained 
when we follow the motion of say 2 units to the right from the 
origin O by a motion of 5 units to the left; i.e. the point numbered 
— 3 is the point which corresponds to the operation of subtracting 
the number 5 from the number 2 in this representation of subtrac- 
tion as a motion to the left. We need not stress this point; it is 
evident that this representation is appropriate for all operations 
of addition and subtraction of positive and negative integers. We 
have a point on the line corresponding to (or numbered) any 
positive or negative integer. 
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We can mark also points on the line corresponding to all the 
(positive and negative) rational numbers (e.g. 1 /2, 2/3, — 5/6 ete.); 
the point which will correspond to the number 5/7, for example, 
will be obtained by dividing the portion of the line between the 
point O and the point 1 into 7 equal portions and taking the fifth 
of the points of division,—or by taking the first of the 7 points of 
division dividing the portion of the line from 0 to the point marked 
5 into 7 equal parts; and these two methods will evidently give 
the same point to be numbered 5/7. We have now a point num- 
bered by every rational number, and our representation of addition 
and subtraction as motions of translation is evidently still applicable; 
the straight line is now available to represent all rational numbers 
and all operations of addition and subtraction of such rational 
numbers. 


15. The position we have reached in regard to rational numbers 
may be summarised thus: 

We can perform all the arithmetical operations of addition, mul- 
tiplication, subtraction and division for all rational numbers what- 
ever, (with the single exception that division by the number zero 
is impossible), and the results will be rational numbers; we can 
represent the rational numbers as points on a straight line and 
give geometrical interpretations, if so desired, of the arithmetical 
operations. It appears moreover at first sight that the line will be 
entirely covered by the rational numbers and that therefore the 
system of rational numbers is complete in two directions,—(1) as 
a system allowing all arithmetical operations, and (2) as affording 
a complete representation of the straight line and measurements 
along the straight line;—or briefly the system appears adequate 
for all arithmetical problems and all problems of measurement. 


16. Inadequacy of rational numbers for problem of measure- 
ment. It is true that the four elementary arithmetical operations 
(with the exception of division by zero) are always possible with 
numbers of this system, and it is true that between any two rational 
points on the line (however close together) any number of other 
rational points can be interpolated (thus between 1/2 and 4/7 
there is certainly at least one rational number with any number 
greater than 14 as denominator and therefore any number of such 
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points can be so interpolated). So far the above presumption is true, 
but it is not true that the system is adequate for the solution of 
the problem of measurement along a straight line; as will be seen 
in a moment, there are points on the line which correspond to no 
rational number whatever. Moreover if we consider certain ex- 
tended arithmetical operations such as extracting the square root 
(even of positive integers) we shall find the system inadequate in 
this respect also. We can easily prove, for example, that there is no 
rational number whatever whose square is 2, thus :—If there were 
such a rational number it could be expressed as a fraction in its 
lowest terms as p/q say, p and q being whole numbers having no 
common divisor, and we should then have 


CP DO ASO p GW oy 2 Sy Ac ee (1), 
but q? is a whole number and therefore p? is an even number, whence 
it follows that p must also be even (because if p were odd p? would 
be odd also); hence p? must be a multiple of 4 whence equation (1) 
shews that q? must be a multiple of 2 whence as before g must be 
a multiple of 2; ie. p and g must both be divisible by 2, which is 

-contrary to the hypothesis that p/q was a fraction in its lowest terms; 
whence it follows that there can be no rational number (such as 
p/q) whose square is 2. 

But, in geometry (e.g. Euclid, Book IT) a geometrical construction 
for the side of a square equal in area to a given rectangle is given, 
We can therefore, for example, construct geometrically a straight 
line of a length such that the square on it is 2 square units in area; 
ie. we can mark on our straight line a point corresponding to what 
we should naturally call ./2. Since there is no rational number 1/2) 
this point cannot be one of the rational points already numbered. 
Though, in a sense, the rational points cover the line infinitely 
densely yet there are other points on the line. Or, expressed dif- 
ferently, there are distances which cannot be measured by numbers 
of the system of rational numbers; ic. the rational numbers are 
inadequate for the problem of measurement. 


17. In order to make the system of numbers adequate to measure 
all conceivable lengths, the so-called irrational numbers must be 
introduced. If we were content to let the foundations of analysis 
test on our intuitions concerning the nature of a straight line 
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(instead of basing it entirely on the arithmetical concept of whole 
number) we could say that to every point on the straight line of 
Fig. 1 there corresponds a number, rational or irrational. The 
addition of such numbers could then moreover easily be represented 
as motions to the right, and similarly for subtraction. But, while 
willing to accept any help in the way of suggestions which we can 
get from our geometrical intuitions, it is of fundamental importance 
that we should give strictly arithmetical definitions of all the notions 
used in analysis,—and in particular therefore of the irrational 


numbers. 
18. A property of the straight line. Let us first investigate the 
<x problem geometrically. We have seen that the rational points on 


\‘L the line of Fig. 1 (p. 13) are arranged infinitely densely on the line. 
It follows that if P is any point on the line which is not a rational 
point, rational points can be found on either side of P, as close to 
P as we may desire (short of actual coincidence with P). There 
are therefore rational numbers which are “approximations” to the 
number corresponding to P (if there is to be such a number), the 
degree of approximation being as close as we like. Thus, for ex- 
ample, we readily agree, because 

13 q 1:4? <4 <4 2 VAS? co 1°4197 5? 

that the irrational number /2 must “lie between” the numbers 
1, 1-4, 1-41, 1-414, on the one hand and 1:415, 1:42, 15, 2 on the 
other. This idea cannot be used directly as an arithmetic method 
of definition of the irrational number 4/2, because in it we have 
presupposed the existence (and properties) of this irrational number 
7/2; but we notice that the*point P (or the point /2) divides the 
rational points of the line into two classes such that (1) every 
rational point lies in one or other of the classes, and (2) every point 
of one class (the lower class) lies to the left of every point of the 
other class (the upper class). This simple property of a point on a 
line,—of dividing the line into two parts,—gives us the clue to 
the strict arithmetical definition of irrational numbers, 


19. Dedekind’s definition of a real number. If the whole set 
of rational numbers 1s divided into two classes, L and R, such that 
(1) every rational number whatever is in one or other of the two 
classes and (2) every number of the one class, L, is less than every 
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number of the other class, R, then the classification or division cor- 
responds to, or defines, a real nwmber. There is no logical objection 
to saying that the real number is the classification, or even one of 
the classes of rational numbers concerned (say L), but the student 
will probably find it more satisfactory to say that the real number 
corresponds to the classification and is defined by it. The essential 
thing to notice is that we have defined the new system of real 
numbers by means of the previously defined rational numbers; not 
as pairs of such numbers (as in the case of the definition of the 
rational numbers by means of the whole numbers, § 2 above) but 
as classes (or pairs of classes) of such rational numbers. It is an 
essentially arithmetical definition. 


20. As an example of the use of this definition we may note the V2 


example of /2 just mentioned. We know that, if # typifies any 


positive rational number such that x? < 2 or any negative (or zero) 
rational number and y any positive rational number such that 

y’ > 2, then every f rational number whatever will belong to the class 

of «’s or to the class of y’s; and every number of the # class is less / (| 
than every number of the y class; 1.e. this division of the rational 
numbers into these two classes has the two essential properties 
necessary (and sufficient) for the definition of a real number. The 
real number so defined 1s called 4/ 2. Itis easily seen that the point 
of division on the line which will divide the rational numbers 
marked on the line into these two classes will be the point which 
would be obtained as /2 by any geometrical or other method. 

Or again, take the classification into a’s and y’s such that «<1, 
y>1. Here again the two fundamental properties are satisfied 
and a real number is therefore defined. The number evidently 
corresponds to the rational point 1. In such a case it is convenient 
to identify the real number with the corresponding rational number 
(in this case 1). 

If a real number does not correspond to a rational number in 
this way it is said to be irrational. 

If the real number concerned corresponds to a rational number the definition 
may be expressed in alternative forms ; e.g. the real number corresponding to 
the rational number 1 may be defined as the classification into (1) all rational 


numbers <1 and rational numbers > 1, or (2) all rational numbers < 1 and 
_all rational numbers >1. This suggests a modification of the definition, by 


WMA | 2 


2 
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/ 
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omitting the number to be defined (e.g. 1) from both classes. These differences 
of definition are evidently not vital and we shall in this course use whichever « 
method of classification is most convenient for the matter in hand. 


21. Arithmetical properties of real numbers. We have still 
to define the arithmetical operations of addition etc. on these real 
numbers. Reference once more to the straight line of Fig. 1 will 
make clear how these definitions have to be made. Expressed 
strictly arithmetically they will be as follows. 

a . Denoting by (|y) the Dedekindian classification into classes 
q typified by « and y, then if (#| y) is the classification which defines the 
real number a and («’|y’) is that which defines the real number 8, 
a+ is the number defined by the classification (a +a’ |y+y’). 
u We That the classification (# + «| y+ 7/ ; : 
eooven yt+y’) does fulfil the two funda 
mental conditions of p. 16, and so in all cases actually defines a real 
number, is easily seen; and it is at the same time easily seen that 
the commutative law for addition, a+ 8 = 8 +a, is true. 
tA? To define the product of two real numbers it is simplest first 
———-= to define positive and negative real numbers and then consider the 
different cases separately. The real number a defined by the classi- 
fication (x|¥y) is said to be positive if some of the numbers « (of the 
lower class) are positive ; it is negative if some of the numbers y 
are negative*. Now if a and 8 are two positive real numbers 
defined by the classifications (#|y) and (a'|y’) the product a8 is 
the number defined by the classification (xx' | yy’), the lower class 
being completed by the addition of all numbers which <0. 

This definition is easily extended to the other possibilities which 
may arise; and it is easily seen that the fundamental laws affecting 
multiplication are still true. 

Snbtraction and division are defined as the inverses of addition 


and multiplication. Pas 
The notions of inequality as applied to two irrational numbers 
a, 8 will agree with the case of rational numbers already dealt with 


if we agree to call a greater or less than B according as a—B is 
positive or negative. 


7 


22. Adequacy of real numbers. We do not develop in detail 
this Dedekindian theory of irrational numbers, the general lines of 
* See p. ll above. The student should verify 


L that th iti 
with the plain facts of Fig. 1 and agree with the nadernet 


definitions for rational numbers. 
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which are now sufficiently clear. The details may be left to the 
student. The essential point is that we have a purely arithmetical » 
definition of real numbers which not only corresponds to owr ordinary 
notion of distance on a straight line and so solves the problem of : 
measurement, but also ensures that all the fundamental laws (p. 2) | 
are satisfied by irrational numbers, which can accordingly be mani- 
pulated by ordinary algebraical rules in the same way as integral 
and rational numbers. As in the extension from whole numbers 
to rational numbers in § 2 above, the new “arithmetic” of real 
numbers includes our old arithmetic of rational numbers as a 
special case. 

It may be noted that the introduction of real (irrational) numbers has made 
certain operations, such as extracting the square root of 2, possible; but not 
all such operations have been rendered possible by this extension. For example 
it is still impossible to extract the square root of —2, ie. there is no real 
number whose square is —2. The number system can be extended further— 


by the introduction of imaginary or complex numbers—so as to make all such 
operations possible; but this extension ne Outside the main scope of this 


course *, 


The system of all real numbers is called the arithmetic continuum 
of real numbers. Henceforth in this course all num ors With ‘which 


we shall be concerned will be real numbers unless the contrary is 


stated or implied. 
It will occur to the student that we may have Dedekindian classifications x 
RY LIRR HIE, 


of the real numbers (rational and irrational). But every Dedekindian classifi: 
“cation of the system of real numbers corresponds to one and only one such 
classification of the system of rational numbers, i.e. to a real number. The 
introduction of such classifications therefore does not introduce a new class 
of numbers. It will often be desirable in this course to use such classifications 
of the real numbers instead of the corresponding classifications of the rational 


numbers. 


EXAMPLES III. 


1. Prove that there is no rational number whose square is 3. 


2. Prove that ,/2 is irrational. 

3. Give Dedekind’s definition of 2/2 and, by finding numbers of the two 
classes of rational numbers by which the number ,/2 is defined, find rational 
approximations to ,/2 correct to within °1. 

4, Prove from the definition of addition and multiplication of real numbers, 

* A short account of complex numbers is given in the Appendix, 
2—2 
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defined as Dedekindian classifications of the rational numbers, that the asso- 
ciative, commutative and distributive laws, viz. 

at(b+c)=(a+b)+c, ax (bxe)=(axb) xe, at+b=b+a, axb=bxa, 
and (a+b) c=ac+be, 
hold when the numbers concerned (a, 6, ¢) are any real numbers. 
“5. Prove that the number /2, as defined on p. 17, is such that /2x./2 (as 
defined on p. 18) is equal to 2. 

6. Prove that between any two real numbers there lie both rational and 
irrational numbers. 

4 


§ 4, ALGEBRAIC CONSEQUENCES OF THE FUNDAMENTAL Laws. 
EQUALITIES AND EQUATIONS 


23. Equalities. Mathematics has been described as tautology. 
Without entering upon a discussion as to the full meaning or 
limitations of this description it may be useful to keep it in mind 
while considering equalities. Two numbers are equal simply if 
they are the same number. The notion of equality thus appears 
at first sight as somewhat unnecessary, but this is far from being 
the case. The fact is that in algebra we do not know what actual 
numbers our letters represent; it being in fact essential to algebra 
that we should not know. It is possible that different calculations 
performed on the same set of numbers may lead to the same 
number as result, no matter what the particular numbers may 
have been. Our notion of equality applied in such a case (e.g. in 
the relation (a + b)?= a? + 2ab + 6*) thus implies rather more than 
the mere identity of two numbers; it implies the equivalence of 
the two different calculations concerned,—an equivalence which 
may quite possibly be of interest and provide a definite addition to 
our knowledge (as we know in fact to be repeatedly the case). 

Formally an equality (or identity) is the statement of the identity 
of two numbers represented in general by two different sets of 
symbols. We have already met equalities of wide scope in the 
fundamental laws, e.g. a+b=b+a, a and b being any two real 
numbers. We collect here for reference other standard equalities 
which we shall find of constant use, all of which can be proved by 
application of the fundamental laws. ; 

GQ) (a+bP?=a?+ 2ab +02, 
(i) (a+6)(a—b)=a2— B, 
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(ii) (a+b) = a? + 307) + Bab? + B’, 
(iv) (a+b) (@F ab+b) =a? + Be, 
(v) @&+b'+¢—3abe=(a+b+c)(2+0?+c— be —ca—ab), 
(vi) (@ta)(x@t+b)=a2? + a2(a+b) +ab, 
(vil) («—a)(#—b)(x@—¢c)=a— a°(a+b+0¢) 
+ 2(be+ca+ ab) — abc, 
(vill) (l+e¢4+a?+a?+...+2"7)(1—2)=1-— 2", 
(ix) @+(a+b)+(a+ 2b) +(a+3d)+... 


+ (a+n—1b)=5 (2a+n = 1b). 


In these equalities a, b, c, represent any real numbers without 
restriction and n any positive integer; and in (1), (iii), (iv) and (vi) 
the ambiguous signs +, $ are used “respectively,” i.e. either the 
upper signs only or the lower signs only must be used throughout 
the equality. 


24.. Induction. A special method of proof which is of consider- 
able use and power is that known as mathematical induction. The 
method is useful in proving general results, such as (viii) and (ix), 
concerning positive integers where the result is easily seen to hold 
for the first few integers, 1, 2, etc. It will be understood by a 
consideration of its application to the proof of equality (viii) above. 

We know from (ii) that 

(l+2)(l—a#)=1-#@; ™ =" 

therefore (1+ #+a’)(1—a#)=(1+2)(1—2)+#(1-—2) 

=l-7+ 7-2 

=] —<2', 
and therefore again 

(l+a+24)1-—«2)=(1+e4+2’)(1—-2)+e2(1-2) 

=] —2+.2°— 4) 

=] —-2', 
and so on; the argument by which we prove the truth of our 
desired result for n = 4 from the known result for n =3 is evidently 
general, To make the argument sound we argue: 

If the equality (vii), viz. 

oan (l+e+a+...+0"7) (1-2) =1-2", 


— 
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is true for some value of n then 
(+aeta+...+0")(l—«)=(+a+a2+...+4"7)(1—2)+a"—a" 
=] — art ar—gr=]1 — grt, 

i.e. the result of the same form is true for the next greater integral 
value of n; but we have seen that the result 7s true when x = 2, 
therefore it is true when n =8, and again when n=4, and when 
n= 5, and so on; the result is therefore true for all mS integral 
values of n (the case when n= 1 being trivial). i (/=- 9 ) a |= de 

25. Binomial theorem. Another equality of Ce: importance 
is the binomial theorem. We shall have occasion later to establish 
this theorem in its general form. We here state and prove the 
special case known as the binomial theorem for a positive integral 
index : 

If « is any real number and n any positive integer then 


(l+a)"=1+ne+ ee Sa ee 
n(n—1)...€n—r+1) 


ai a+... a”, 


To ARR p 
The expression on the right contains n+1 terms of which the 
n(n—1),..(n—r+1) 
i ea erg 
integer from 1 to m), may be called the typical term. 
We prove the theorem by induction, thus : 


term 


a", which is the (r +1)th (7 being any 


If 
PN = n(n—1)(n—2)., Be 
(1+a)"=1l+ne+...+ eee (ee 
then 
(l+a)"=(1+2)"(1+2) 
=] n(n — 1) 2 
+na+ 1.9 ie ees 
n(n—1).. alesis 
peer oe 2 a +, + gm 
+FL+ na? +... 


n(n—1)...(n—r +42) 


4 Do (roly we tee tee te 


=1l+(n+1)e+ Noe oes 


4 @+Dn(n—1)...atl-rt 1) 
ne eens ae 
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because | 
wn) ln (w= 1)... (ar +2) 
Leas 1, 2...4=1) 
p—1)...(n— 
_ n(n = = a alpen 
ee ee @ lr 1) 
POA tee ; 


for all integral values of r from 1 to n. 

Therefore if the equality holds for some given positive integral 
value of n it holds also for the next greater integral value of n, 
and therefore similarly for all greater values of n. 

But the theorem is true when n = 2 because we know that 

(1+ 2P=1+4+ 2x4 2°; 
therefore the theorem is true for all integral values of n greater 
than or equal to 2; and the theorem is proved (it being obviously 
true also for n = 1). 


26. Equations. In all equalities the numbers concerned may, 
broadly speaking, be any numbers whatever, without affecting the 
fact of the identity of the two numbers represented ;—there may 
be broad restrictions placed on some of the numbers, but, provided 
the numbers belong to certain specified classes the equality always 
holds. 

Equations on the contrary are not statements of the equality of 
two numbers except for certain exceptional values of the numbers 
concerned. In fact the sign “=” in an equation is essentially 
hypothetical; it does not state a universal fact as in an equality. 
The equation «7+ 24+1=4 for example does not state the fact 
that 2?+22+1=4, for we know that 2+ 20+ 1=(x«+ 1) for all 
real values of x and therefore z?+22+41 can never be equal to 4 
except in the two special cases when x represents one of the two 
numbers 1 and — 8; the equation is in effect meaningless by itself 
and has a meaning only in reference to some such context as “if 
#2 is ® number such that 2+ 27+1=4.” There is always an 
“answer” or solution (possible or impossible) implied in an equa- 
tion. To avoid confusion therefore it might be preferable to use 
two different signs for the “=” in equations and equalities, and in 
fact when attention is directed to this difference the sign “=” is 
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often used in equalities and the sign “=” reserved for equations ; 
but there is really no vital need for this duplication of symbols. 
After all, the meanings of the “=” in equalities and equations are 
similar; moreover a mere glance will in general suffice to decide 
whether a statement containing the sign “=” is an equality or an 
equation,—no one could, for example, for a moment consider the 
equation «+1=2 to be an equality; and finally the use of the 
same sign for the two ideas has definite advantages in that in 
dealing with equations the use of equalities is facilitated by such 
use, This method of using the same symbol and word to represent 
two different but similar ideas, when this can be done without 
confusion and with advantage, is characteristic of mathematics. 
It is the method we have adopted above in introducing the notions 
of non-integral “numbers” and operations of “addition” etc. with 
such numbers. 


27. Reversible and irreversible operations. ‘T’o solve an equa- 
tion involving an unknown, say #, we have to determine all possible 
values of #, if any, which satisfy the equation. In simple cases we 
aim at simplifying the equation by ordinary algebraical manipula- 
tion until we have reduced it to a form in which it is obvious that 
a2 can only have a certain value, or one of certain several values. 
For example, in the case of a simple equation, by collecting on the 
left-hand side all terms containing # and on the right-hand side 
all terms not containing #, we reduce the equation to the form 
ax =b, whence, by division (if a+ 0), # is necessarily b/a. 

We have hitherto applied algebraic operations only to numbers; 
and, in thus extending the operations to equations, we have to 
take special care in some points. In the example mentioned it is 
easily seen, by reversing the process used, that # =b/a is actually 
a solution. There may however be cases in which a value of @ 
obtained by some such process does not satisfy the equation. Thus 
if /#=-— 1 (where »/z is understood to mean—as always in this 
course—the positive number whose square is x), by squaring we 
get ©=1, What we have proved is that no number other than 1 
can satisfy the equation; but #=1 is obviously not a solution. If 
we try to reverse the steps of our original argument we cannot 


pass from the last equation z=1 to the preceding equation 
VYe=—1. 


§ 4] EQUALITIES AND EQUATIONS 25 


Generally if, by algebraic manipulation, we reduce an equation 
to a simpler form, from which we can infer that # has only certain 
values, any one of these values of « will satisfy the original equa- 
tion if all the operations used are reversible, but not necessarily if 
any of the operations is irreversible. The two irreversible opera- 
tions most relevant to the solution of equations are that of squaring, 
just considered, and that of multiplying by zero. 


28. Polynomial equations. Standard processes of solving simple 
and quadratic equations are given in all books on elementary 
algebra. These equations are the simplest forms of an important 
class of equation expressed in the form 

On L” + On 0" Fes. HOLA A =O ...eeesscnre Ck), 
where is an integer and a, ... @» are independent of w. The 
‘expression on the left-hand side of this equation is called a poly- 
nomial; and n is called the degree (or order) of the polynomial 
and of the equation. 

For n=3 or 4, standard processes of solution, of a complicated 
kind, are given in books on higher algebra or the theory of 
equations. 

An equation of the above type can be reduced to one of lower 
degree if one root is known or can be found by any means, by 
using the factor theorem, viz: 

The polynomial a,2” + dj ,4"1+...+@ has #—a as a factor 
if, and only if, e=a is a root of the equation (1) obtained by 
equating this polynomial to zero. 

To prove this theorem we observe that the expression 

(Gn 2" + Oy 1B" 1+ 5.. +0444) (4p, a" + On—1a"—1+...+a,a+M)...(2) 
is necessarily divisible by «—a because it can be written 
Gy, (a0 — a") + Oy 1 (4-1 —a"-1) 4... +0, (4-2) 
and each of the terms of this last expression is divisible by x—a. It follows 
that the expression in the first bracket of (2) is divisible by #—a if and only 
if the expression in the second bracket is zero, i.e. if and only if «=a is a root 
of equation (1). 

The factor theorem shews at once that if «=a is a root of the 
equation (1) the polynomial is divisible by «—a. The quotient 
will be of degree one lower than equation (1), and the roots of (1) 
other than a are the roots of the equation obtained by equating this 
new polynomial to zero. 
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With equations of degree higher than the second the processes 
of solution are often impracticable. In such cases it is often 
simple to obtain approximate solutions of the equation correct to 
any desired degree of accuracy. We shall see later (Ch. IIT) that 
if the expression a,” +... -+ a is positive for one value of # and 
negative for another value of w, then it must be zero for some 
intermediate value of «, ie. there is a root of equation (1) between 
these two values of w. By continued application of this principle 
the two values of « between which the root lies can be brought 
closer and closer together and thence the root sought for obtained 
more and more accurately. 


29. Equations involving more than one unknown also occur. 
If the number of equations is equal to the number of unknowns, 
the equations being simultaneous, the solution is generally reduced 
to that of equations each containing only one unknown. If the 
equations are all simple (or of the first degree), i.e. of the form 

ax + by +cz=d 
(taking the case of three unknowus 2, y, 2), the solution, if it exists, 
can always be obtained simply or can be written down at once by 
means of determinants, as shewn in advanced books on algebra. 
There is no other important class of simultaneous equations which 
can be solved simply. 

EXAMPLES IV. 

1, Establish the equalities enunciated in the text (pp. 20, 21). 

2. Prove the divisibility of a” — 6" by a— 6; and of a+b" by a+ if 7 is odd. 
~~ 3. Prove that if a, a2, ... d, and 01, bo, ... b, are two sets of m real numbers 

and if 


Sy=Ay, 82=AytAe, ioe Sp=Ay+Ag+...+Gn; 
then 


by + Ag bo+ ... + On dn =S) (b1 — bg) +89 (by — 3) + ..6 + 8p-1 (On —1— On) + Sn 0n- 
[This is sometimes called Abel’s equality. ] 
4. Deduce equality (ix) of p. 21 from Ex. 2, p. 5. 
5. Shew that if aj, ag, ... a, are the n roots of the equation 
bn" + On 14" 1+...44,2 +a )=0 
of the nth degree, then 


An — 
aj +ag+...ta,= — Bess 
an 


and that 105 1+. @g=(— 1)", 
Gn, 


6. Prove by factorising the quadratic equation ax?+bx+c=0 that the roots 
are (—b+4/b?— 4ac)/2a: 
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7. Solve the equations 
(i) 2a? -1322—1074+21=0, 
(ii) (@—1) (a - 24-2) =(% —2) (a®-1). 
8. Solve approximately the equation 23—x?+41=0, finding the root which 
lies between —1 and 0 correct to one place of decimals. 
9. Solve the simultaneous equations 
e=y, y+x-2y=0. 
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30. Inequalities. The notions of inequality, viz. greater and less, 
which are intuitive as applied to whole numbers and have been 
defined above for rational and real numbers (pp. 8, 10, 18), deter- 
mine an order in the system of real numbers and are of fundamental 
importance. In this section we shall consider those deductions from 
‘these notions which will be of use to us. 

We recall the definition that of two real numbers, a and b, a is 
greater than, equal to, or less than b (ie. a>b, a=b, or a<b) 
according as the real number a—b is positive, zero, or negative. 

We here introduce the additional symbols “>” and “<” to 
denote “greater than or equal to” and “less than or equal to” 
respectively. 

The statement of the fact of inequality of two numbers is termed 
an inequality. Inequalities are of great use and importance, par- 
ticularly in higher analysis. From the point of view of technique 
the main difference between inequalities and equalities lies in the 
care which has to be taken to distinguish between positive and 
negative numbers in inequalities. Thus, e.g., if a is positive, 2a >a, 
whereas if a is negative, 2a<a. There are certain inequalities 
holding for positive and negative numbers alike; thus a+1>a 
and (a +h) >4ab, and again if a<b and b<e then a<c; but 
quite ordinary operations applied to inequalities will lead to con- 
trary results according as the numbers are positive or negative. 
We proceed to study the laws which inequalities follow and to 
give a few standard examples. 


31. Laws of inequalities. Firstly, whatever real numbers the 
letters a, b, A, B represent, we have*: 


* Tn these laws of inequalities the sign ‘‘<” may be replaced by ‘‘>” (or vice 
versa) throughout. Similar laws with ‘‘>” and ‘‘<” can also be at once framed. 
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(1) Ifa<A thena+b<A+b). 

(II) Ifa< A thena—b<A-—Ob. 

(III) Ifa< A andb< Bthena+b<A+B. 

(IV) Ifa<Aandb>Bthna—b<A-B. 

These results shew in particular that from given inequalities 
other inequalities can be deduced either by adding the same 
number to each side or by adding the corresponding sides of two 
similar* inequalities, a process which may conveniently be called 
adding the inequalities. 

If we wish to use the operation of multiplication it is necessary 
to restrict the multiplier to be positive. We have in fact: 

(V) If b is positive and a< A then ab< Ab. 

This covers also the case of division. 

If the multiplier b were negative, ab > Ab. 

Finally if we wish to multiply together two inequalities we have 
further to restrict all the numbers concerned to be positive. In 
this case : ; 

(VI) If a, A, b, B are positive and a < A, b< B then ab < AB. 

Proofs of these laws are hardly necessary. 

The first four are immediate deductions from the definition of addition (and 
subtraction), The remaining two are hardly less obvious. (V) for example is 


proved by putting a= A —d where d>0, whence ab=(A —d) b= Ab—db< Ab 
because db>0; (V1) follows from (V). 


Operations of subtraction (e.g. Il and IV) can be included under addition 
by means of the useful further inequality: Ifa<A then -a>-— A. 

To sum up: Any inequality may be operated on without rever- 
sion of any sign of inequality - 

(i) by the addition of any number or of any inequality similar 
to the first inequality ; or 

(11) by the multiplication by any positive number; or 

(i) by the multiplication by any similar inequality provided 
that the terms of the inequalities are all positive. 

Another allowable operation, a special case of the multiplication 
of two positive inequalities, is that of squaring, Extracting the 


square root, is also valid provided the positive value of the square 
root is taken in each case. 


* Inequalities such as a>b, c>d are similar; the inequalities a> b, ce<d are not 
similar. 
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32. Standard inequalities. Many standard inequalities can 
best be proved by the use of the differential calculus. We give 
here a list of those standard inequalities which are useful and can 
be easily proved in an elementary manner. 

(i) If a@ and 6 are any two positive real numbers 

(a + 6)/2 > y(ab); | 
or the arithmetic mean of two positive numbers ts greater than or 
equal to the geometric mean. 

(i) If # is any real number greater than —1 and n is any 
positive integer, then 

(l+a)">1+nz2, 
unless «= 0 or » = 1, in which cases 
(l+2)"=1+4+nz2. 
(ii) If a and 6 are any two (unequal) positive real numbers and 


Ce Ue 
n is any positive integer greater than 1, + hes between* 


a—b 
na” and nb?, 
(This inequality is true for any real value of n. See Ex. 2, 
p. 91 below.) 


(iv) If @ and 6 are any two unequal positive real numbers and 
m nv 


eee a : in ae 
m and n any two positive integers, SIE lies between — a”-” 
in n 


m 
and — b”-”. 
n 


(v) Abel's saii 
If ay, dg, «.. On; 61, be, ... by, are two sets of numbers such that 
6, > bg > 63>... >bn > 0 


and if Mand m are the greatest and least respectively of the set of numbers 


Ay, Ay+A2, G+dg+3, ...) BtAgt... +d, 
then mb, <b, + Ggbg+...+ nbn <Md,, 
ie. the sum of the products a1b;, dgbg, ..., Indy lies between mb, and Mb, 


or equals one (or both) of these numbers. 
(vi) If a, ag, ..., @ are positive numbers, then the arithmetic mean, viz. 
egeacres J An >the geometric mean, viz. 4/(a a2... An) 
n 
33. Proofs. We append proofs in view of the importance of 
the inequalities and the instructiveness of the proofs: 


* The word between is used throughout this course in the strict (exclusive) sense. 
Thus « lies between @ and b only if a<a<b or b<a<a, the values s=a and x=b 
being excluded. 
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(i) We have (a+b)?— 4ab =a? + 2ab +b? — 4ab 
=a? — 2ab + b° 
=(@—0), 
>0 whatever a and b may be. 
Therefore (a +b)? > 4ab whatever a and b, and hence 
a+b >¥(4ab) 
provided a +6 is positive. Hence 
(a + b)/2 > »/(ab) 
if a and b are both positive, it being necessary and sufficient for 
the “reality” of the geometric mean (ab) that a and 6 should 
have the same sign, and for the positiveness of a+ b that that sign 
should be +. The sign “>” is used and not the sign “>” because 
_ it is possible (if a = 6) for the two sides to be equal. 
(ii) By induction : 
If (1+)">1 +72 for some particular value of n, it follows, by 
multiplying by 1 + a, that 
(1 +a)" =(1+ 2)" (1+ 2) 
>(1 +n) (142), 
the multiplier 1+ being positive under the conditions stated; 
Le. (l+a)"7?>1+4+(n4+1)¢4+ ne’, . 
which evidently >1l+(n4+1)e. (~ chang 2%) my) 
But it is plain that (1 + w)?>1+4 2a, except when x= 0, the two 
sides of the inequality being then equal; therefore (1 + x)? > 1+ 3a; 
and again (1+ #)*>1 + 4«, and so on, giving in general the result 
stated, with the exceptional case when «=0. The other excep- 
tional case of equality, when n = 1, is evident. 
(ii) We have from equality (viii) of p. 21 (or by direct division) 
a™ — b” 
a—b 
there being n terms in the expression last written *. 
Supposing, for definiteness, that a > 6 (a and b being both posi- 
tive by hypothesis) we have evidently, if n >1, 
> OE Oe pe es Dies 


=a" +a"b + a”? +... 46%, 


* If the student has any difficulty in appreciating a general proof applicable at 
once to any value of n, he should first work through the proof with one or two 
definite values for n, e.g. n=2, or 3. A similar remark. applies also to the proof 
of inequality (iv), where the student may find it advisable to work through the 
proof with say the values 5 and 3 for m and n. 
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whence it follows that the sum of these terms is less than the sum 
of m terms each equal to a”! and greater than the sum of n terms 
each equal to b"; whence 


he a® — § a 
NOS <a A p< ner ifa>b>0; 


and similarly the same result holds with the signs of inequality 
reversed if 0<a<b. 

It is easy to see further that the result holds also if a and b are 
both negative, though the proof would need some modification. 
a — >" 
a 


n_ bn 


and s b”-” let us suppose, for definiteness, that a>b>0 and m>n. 


(iv) To prove, more generally, that 


; m 
les between — a”-” 
n 


By dividing both numerator and denominator of the given 
fraction by the common factor a—6, the fraction is seen to be 
equal to 

a + amb +... + ab + bm 
a+ a""b +... + ab™"+ br” 


which equals 


Cie a) +... +08") ab +. OP 
; > an + gb +... + 6-1 ? 


which equals * 
qgm-n-1 ave qgim-n-2 b ds. db bm—n-1 


Go ae a + ab +... hr “9 


ete: i ea 
which is less than a™—”" +6” (m—n) 


nbn? 
. m—n 
which equals (pee sas am—n-1h 
Ph nae m—n 
which is less than ann (1 As - ) : 


i.e. is less than on and one part of the theorem is proved. 


Similarly the same fraction may be expressed as 
a bmn | te gmn-t 
bn + q” Rem aie F 


whence it follows that under the same conditions as before the 


given fraction is greater than be#: 


Kee pg, 
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The theorem is completely proved in the case supposed; the 
other cases can be easily deduced or proved similarly. 


(v) To prove Abel’s lemma let us denote the sums 
Gy, Az #Ag, MHAgt+3, ..., G+Agt... +n 
by Fy Shp $3, aan Sie 
Then we have at once 
yb + ig dg + 00. $y bn = 8101 + (8 — 81) bg... + (Sn — 8n—1) On 
= 8, (by — bg) + 82 (bp — 3) +... + 8-1 (Bn—1— bn) + 8n On 
But, M being the greatest of the numbers 5), 82, ..., 8,, we have 
SRL, SSL ay GaAs 
and, since by hypothesis 
nei, One oy oi 20» O20: 


and therefore 6; — bg, b,— 83, ..., bn-1— by, and by are all positive (or zero), it 
follows that 
81 (dD; — bz) <M (b,— 69), 82 (bz — bg) ¢ M(b,— bz), ...., 

Sn—1 (On-1 -%, bn) S$ HM (bn—1 x; bn) and Sn On < Mby, 

(from our fundamental inequalities), whence we have, by adding, 
$1 (dy — be) +22. +8n—1 (On—1— On) +8 On 

<< M (b; — by) + (by = b,) + bie +H (by—1 ars bn) + Moby = Mb, *. 
Hence the sum Ab, + dgbgt...+dnby < Mb, ; 
and similarly we have the same sum >mb,. The theorem is proved. 

In this theorem, if none of the numbers a, dg, ..., Gm is negative, the 
numbers m and M are respectively s; (1.e. a) and s,. 

It should be specially noted that, though the numbers ay, ao, ..., @, in the 
theorem are unrestricted, the numbers 6,, bz, ..., 6, are restricted; as written 
in order they must not increase at any stage and must none of them be 
negative. 

The theorem may evidently be modified by replacing m and M by any 
numbers respectively less than and greater than all the sums s,, so, deen Se 
ae 


(vi) To prove (vi) we have to prove ad... ay &( 
n 


Write M for the arithmetic mean, i.e. U awit aot ze amy and consider the 


product ad, ... Gp. 
If all the numbers a, a, ..., G_ are equal, they are all equal to M, and 
Ody... On =U™ : 


o By this use of the sign ‘‘=” we mean that the expression immediately pre- 
ceding the sign is equal to the expression following the Sign; the relation between 
ae oie Saab iog e (by — by) + «+. +8p-4 (Dy—1 — On) +8, and Mb, is of course one of in- 
equality. This convention conflicts with the practice of some books. 
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If the numbers are not all equal, there must be at least one of them which 
is less than Mand at least one greater than I; for, if, e.g., all the numbers 
> MM and were not all=JM, we should have 

UAtgt...+d,>M+M+...4M 
=n. M, 
and M would > M, which is impossible. 
Suppose a, < Mand a, > U. 


If the two terms a and a2 in the product a, a2... @ were replaced by M and 
+d —M, the product would be increased ; because 


hy Ag «0. Oy — M (a +.aQ— M) ag... Gn = Ag... My, (Ma) (M — ay) <9 
(because 43 +..4,>0, M-a>090, and M-a,<0). 
Calling, for convenience at this stage, 
My G+dg— MU, Gz, 0.5 Ga 
respectively ay, ay, TE pa aI 
we have proved that Oy Ag «2. An, K— Ay Ag 2.1 An, 
where a,’= MM. 


If the numbers ay’, ay’, a3’, ..., @,/ are not all equal (and=J/), the same 
argument will apply to shew that 


Ay’ Ag Ag ... An <A," Ae G3" ... An 
where a,"=W¥ and a,/= WV. 
This process can be repeated until all the numbers in the product are equal 
and equal to UM. The product then= JY. 
Hence, if the numbers a, a, ..., a, are not all equal, 


attr) 


n : 


Ay Ag... An < ( 


while, if the numbers are equal, 


dyn y= (SEMA See Alay PES 


The inequality (vi) is established. 


34. Inequations. As the equating of an algebraic expression to 
some number or other algebraic expression leads to an equation, 
so the statement of the inequality of two expressions leads to an 
inequation, or contingent inequality, satisfied for certain values of 
the unknown concerned. The problem of solving such inequations 
therefore arises. 

The solution of inequations can be carried out on lines suggested 
by those followed in the solution of equations. Inequations can in 
fact be operated upon as equations (with the qualification that 
multiplication or division by a negative number will necessitate 


WMA 3 
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the reversion of the sign of inequality and therefore is not a 
directly valid operation) and so brought into standard forms. If 
the left-hand side of the inequation, when the right-hand side has 
been reduced to zero, can be factorized, the complete solution 
follows at once. For example the inequation 

(a —2)(«@+1)(#-3)<0 
has evidently as its complete solution all the values of # for which 
either one or three of the factors is, or are, negative, 1.e.“2<—1 
or 2<a<3. In fact in general the solution of the inequation 

(a — a) (@ — a) ... (@ — Gn) < 9, 
in which We in ee <n 
if n is even 1s 
Gi P< C1, ge ag a Oa I 
and if 7 is odd is 
CoO nt, Oni On 

and evidently the sign “<” could be altered to “<,” “>,” or “>” 
throughout the inequation and solution. 

It may happen that a quadratic expression (e.g. v? — 2x + 2) has 
no real factors. By the introduction of complex numbers*) the 
equation «—27+2=0 can be solved and thus complex factors 
(2-1—/—1 and «—1+/—1) found for the expression, but 
such factors can be of no help in solving the inequation 

w—2r+2<0 
for neither of the factors can be said to be positive or negative or 
greater than or less than any number,—these notions being applic- 
able only to real numbers. 

However, if x + px +q is a quadratic expression, 

2 2 

“+ pet q= (« +5) +g 

and will therefore have two real factors or not according as this is 

of the form «*— a? or not (a being a real number) ; i.e. according 
P 


2 
as q—"4 <0 or not. 


If p’ < 4q the expression will not have real factors, but then the 


(*) See Appendix. 
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expression {# +5) +4 gz 38 necessarily positive for all values of 


2 2 
x, because (2 +5) >0 and q —f >0. The inequation 


2 
v+pe+q<0, 
in this case, will have no real roots; the inequation 
“a+ pa+gq>O0 


will have every real number as a root. 

It will be noticed that the solutions of inequations do not con- 
sist of certain isolated values of the unknown, but (unlike solutions 
of equations) the solutions in general consist in the restricting of 
the unknown to lie within certain ranges. 

It is important to remember that, in multiplying (or dividing) 
an inequality by any expression containing an unknown 2, the 
sign of inequality is reversed or not according as the expression is 
negative or positive. Until an inequation is solved, however, the 
sign of such an expression is not known, and it is essential to take 
into account both the possibilities as to sign. For example, the 

x 
“+1 
solution #>0) but is equivalent to «<0 if «+1<0 (giving the 
solution «<—1); the roots of the inequation consist of all the 
numbers « for which either << —1 orz>0. (The number «=-— 1 
is clearly inadmissible.) 


inequation > 0 is equivalent to «>0 if#+1>0 (giving the 


35. Other types of equations and inequations, such as w! > a?,— 
where «!, called factorial x, and occasionally written |v, means the 
product 

x(a —1)(#—2)(#—3)...2.1,— 
are often met with in analysis. The solution of such equations and 
inequations which cannot be written in the form 
On &™ + On 2" +... FOGG + a 30 
is however a matter requiring special consideration for each par- 
ticular type and is best dealt with as required. 


Simultaneous inequations in more than one unknown are not important. 
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EXAMPLES V. 


1. Prove that if a>} then —a<—b and that if ¢ is negative and a >b 
then ac < be. 

2, By taking a=1+z and b=1 deduce inequality (ii) of the text (p. 29) 
from inequality (iii). 


1 
_ Si hee 
3. Prove l-x+2 >F aol 2x 


if >0. 

4. Prove a +b3+¢3>8abc if a+b+c>0. 

5. Prove that, if mand 7 are positive integers such that m>~7 and a is any 
positive real number, then a> a" ifa>1 and a™<a”ifa<l. 

6. Shew that if a> 6 then a™> 0b" 

(i) for all positive integral values of x if also |a|>|6|, 

and (ii) for all odd positive integral values of n only if |a|<|6|*. 

7. Prove that if 7 is any real positive number less than unity and if « is 
any positive number whatever (however small) then «”<e for all positive 


SS: 


; 1 : é Be 
integral values of 7 greater than a ; and that if x is any real positive 
€ 


number greater than unity and K any positive number whatever (however 


great) then 2° > for all positive integral values of 7 greater than a : 


= and apply inequality (ii) of the text to 
1 
@ 


1-2" 
lin 
x 


8. Shew by using Abel’s lemma that if O0<2<1 and WM and m are the 
greatest and least of the 7 numbers 


Re the first part put #= 


— 


the denominator, whence «” << 


4, %+42, A4+ +43, sour) Ay +adgt... +n, 

then MLA, + 2040307 +...4+0n 0" <M. 

9. Shew that 2"> 2 for all positive integral values of n. 

10, Shew that (1+.)">~ for all positive integral values of greater than 
some value depending on #, # being any positive number. 

[From inequality (ii) of the text an integer m can be chosen sufficiently great, 

1 
to make (1l+a)">1 re From the same inequality (1 +2)? > daa if p is 
1+- 


pees ae 


a 5 
; whence it. 


any positive integer such that 1+pue> 2 ie. if p> 
ee : 


* For the definition of the modulus | «| of a real number a, see p. 44 below. 
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SG ee 
x 


follows that if 2 is any positive integer (m+p say) greater than m+ 
(where m is the integer chosen above) 
(l+a)"=(1+x2)™*+P=(1+x)"(1+2)P 
see: 
& 1 
1+- 
a 
=m+/p 
=f) 
and the theorem is proved. 
It can be seen in fact that (1+w)"> 7 for all positive integral values of » 
which exceed lee this does not exclude the possibility of the inequality 
Lv 


holding for smaller values of 7 also.] 


11. Prove that pa*+gx+7>0 for all real values of w if g?<4pr and p>0. 


12. Solve the inequations : 
(i) #®-48v+551 <0, 
(ii) vt -—3a3—-27?+12%-8>0, 
(iii) aI <2, 
(iv) n!>n%, (mn being a positive integer) *. 
[The complete solution of (iii) is 7 >—1 or <—2. It may be illustrated 


graphically by drawing and comparing the two graphs y= ae ,¥=2.] 


13. Shew that 2°<n!lifn>3andn!<n"ifn>1. 


a 14. Shew that, if a, b, c, ..., & are positive numbers less than 1, 
(i) (l+a)(1+0)(1+e)...(L+4)>1+(a+bt+e+... +h), 
and (ii) (L—a@) (1-6) (1-e)...(1-4) >1-(at+b+e+... +h). 
Deduce that, if, in addition, a+b+e+...44<1, 
(iii) (14a) (148) (140) (142) < app ED 
1 
1+(a+b+ce+...44) 


and (iv) (l—a) (1-2) (1-0)...(I-A< 


15. Prove that if x, y, 2’, y' are any real numbers 
Me +y?)— MH? +Y?) <M et elt ytyys SMe ty?) +(e? +y"). 
[If y=y'=0 these relations reduce to the simple, but useful, relations 
|v|—|2’| <|eta'|<|e|+|2’|.] 


* See p. 35 above. 
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§ 6. INFINITE SEQUENCES 

36. Approximations to irrational numbers. In § 3 we saw 
how to define irrational numbers arithmetically by means of 
Dedekindian classifications of the system of rational numbers. The 
definition of actual classifications corresponding to particular 
numbers (e.g. /2, 4/10) was left however to be determined sepa- 
rately in each separate case, and no general method of obtaining 
rational numerical approximations to irrational numbers was given. 
Since, however, rational numbers in the two Dedekindian classes 
defining an irrational number can be found as close together as 
may be desired*, it follows that rational approximations to any 
irrational number can be found arbitrarily close to the irrational 
number in question. For practical purposes such approximations, 
if expressed as decimals, will be of more utility in the representation 
of irrational numbers than the somewhat theoretical Dedekindian 
classification. If we wish to have a set of rational approximations to 
an irrational number of arbitrary accuracy (short of absolute accu- 
racyt) we must have an indefinite number of such approximating 
rational numbers; for, if we had only a definite number of rational 
numbers (e.g. 1, 14, 1°41, 1414) we could not thereby obtain a” 
number arbitrarily close to any irrational number (e.g. ./2, which in 
fact differs by more than ‘0001 from any one of these four approxi- 
mations). It will be necessary therefore to consider indefinitely con- 
tinued sequences of approxvmations (e.g. the unending sequence of 
numbers obtained at the successive stages in extracting the square 
root of 2 by the ordinary arithmetical method, viz. 1, 1°4, 1-41, 1°414, 
a the dots indicating that the sequence of numbers is supposed 
continued indefinitely according to some supposed law ;—for by 
continuing the sequence sufficiently far we can obtain a number 
as close to /2 as we may wish). 

In other words, the effective representation of irrational numbers 
demands the consideration of infinite sequences of numbers. 

This consideration,—-which is a matter of capital importance 
from several points of view, theoretical and practical,—will be the 
concern of the present section and the one next following. 


* This geometrically evident property of the system of rational numbers is not 
difficuit to prove. 


+ Absolute accuracy is of course impossible if the number concerned is reall 
irrational. y 
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37. Upper and lower bounds of a set ofnumbers. We begin * 
by considering the trivial case of a finite set of numbers, e.g. the 
six numbers 1, 3, 2, 8, 5, 6. , 

Of these numbers one, viz. 8, is the greatest ; any real number 
greater than 8 exceeds all numbers of the set, and any number less 
than 8 is less than at least one number of the set. The number 8 
marks the upper boundary between the numbers of the set and all 
other real numbers; it is therefore called the upper bound of the 
set. Similarly 1 is the least number of the set and is called the 
lower bound of the set. This set is also said to be bounded above 
and below because numbers can be found greater than (and less 
than, respectively) all the numbers of the set. 


38. Sequences. Let us see to what extent these definitions can 
be applied to indefinitely continued sets or sequences. A sequence 


is any set of numbers written in some definite order, but we shall | 


interpret the term to exclude finite sequences; i.e. in future a 
sequence will mean an indefinitely continued sequence (sometimes 
called unending or infinite). For this purpose let us consider three 
articular examples : 2 
: (a) the sequence 1, 1/2, 1/3, 1/4, ...; pyatemier nd Le (0,1) 
(b) the sequence 4, ?, 7, 13, ...; re the 1) 
(c) the sequence 1, 2, 3, 4, .... Be pas 
The sequence (a) is similar to the above finite set in one respect: 
it has one number, 1, greater than all the other numbers of the 
sequence and it is bounded above. As before we call 1 the upper 
bound of the sequence. The "Séquence however differs from the 
finite set considered in that there 1s no least number of the sequence ;— 
whatever number of the sequence we take (e.g. 1/20) there are other 
numbers of the sequence less than it. Nevertheless the numbers of 
the sequence are all positive numbers and their representative 
points on the line of Fig. 1 therefore all lie to the right of the 
origin O; so that the sequence is certainly bounded below in the 
sense that there are numbers less than all the numbers of the 
sequence. Js there a lower bound ¢ That is,—is there a number 
which marks the Jower boundary between the numbers of the 
* The student is strongly advised to revert to the straight line of Fig. 1 repeatedly 


throughout the present § and to mark off for himself on such a straight line the 
numbers and sets dealt with. 


N {3 
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sequence and all other numbers, i.e. a number such that all real 
numbers greater than it exceed at least one number of the sequence 
and all numbers less than it are less than all the numbers of the 
sequence? Geometrically the answer is evident: the point O (i.e. 
the number.) represents such a number. Analytically also this 1s 
verified, for if # is any real ‘number greater than 0 we can find a 
number of the sequence less than w by simply going to the mth 
number of the sequence (i.e. 1/n) where n > 1/2, such a value of n 
evidently necessarily existing whatever positive number (however 
small) may be; and at the same time, any number less than 0 
is clearly less than all the numbers of the sequence. Though the 
sequence has no least number, yet it has a lower bound (viz. 0). — 
~ The sequence (b) is seen similarly to be bounded below; the 
least number, viz. 4, is the lower bound , and the sequence has no 
: RESTA HEN 3 

greatest number, but it has an upper bound, viz. 1. 

Take now the sequence (c). This sequence evidently has a least 
number, 1,—which will be, as before, the lower bound of the 
sequence; but it has no upper bound, for whatever number we 
take, no matter how large, we can find a number of the sequence 
(as many as we like in fact) greater than it. The sequence in fact 
is unbounded above,—as is once more geometrically evident. 

~CresnnennasenenneDaCan 


39. Definitions of upper bound, ete. We can now put down 
the following definitions, applicable to any sets or sequences of real 
numbers, finite or infinite : 

A sequence of numbers is bounded above if some real number, K 
say, can be found greater than all the numbers of the sequence. 

The sequence is bounded below if some real spa! say, can 
be found less than all the ntiimbers of the sequence. 

The sequence is bownded if bounded above and bounded below. 

The upper bound” of a sequence of numbers is the least real 
number which is at least as great as all the numbers 
if there is such a number. 

The lower bownd of a sequence of numbers is the greatest real 
number which is at least as small as all the numbers of the sequence 
if there is such a number. 


of the sequence, 


To complement these definitions we must now prove the follow- 
ing simple but fundamental theorem : 


1 
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If a sequence of real numbers is bounded above, it necessarily has 
an upper bound, rational or irrational, and semilarly, if bounded 
below, it has a lower bound. 

The student will probably think a proof of this theorem unneces- 
sary; the theorem is in fact geometrically evident, being merely 
an illustration of the continuity (or unbrokenness) of the straight 
line of Fig. 1. The need for a proof is however more apparent if 
one reflects that if irrational numbers were excluded from our 
consideration such a sequence as that instanced above obtained by 
carrying out indefinitely the process for extracting the square root 
of 2 (viz. 1, 1-4, 1-41, 1-414, ...), though bounded above, yet would 
have no upper bound (because there is no rational number having 


The proof 1S: 
Let the numbers* of the sequence be 


CES at SAM mS: octane Wer ort niovncacale TTS Ae (1). 

We know there are some real numbers (e.g. K say) which ex- 
ceed all the numbers s,, s,, 83, ... of the sequence (1),—because of 
the hypothesis that the sequence is bounded above; and there are 
other real numbers (e.g. k say) which are less than some (.e. at 
least one) of the numbers 5, s:, s3,... of the sequence (1); this 
division of the system of real numbers into two classes (1) those 
numbers K which exceed all the numbers of the sequence (1) and 
(11) those numbers / which are less than at least one of the numbers 
of the sequence (1) is a Dedekindian division+ of the system of 
real numbers, because every number / is less than every number 
K, and every real number, with only one exception, is included in 
one or other of the two classes. The classification therefore defines 
a real number (M =(k| K)), which is such that all numbers greater 
than M belong to the & class and therefore exceed all the numbers 
S,, Sa, 83, ... of the sequence, and all numbers less than M belong 
to the & class and are therefore less than at least one of the 
numbers 5, S2, 83, ... of the sequence; 1e. M is the upper bound of 
the sequence. 

Similarly the existence of a lower bound (m) of a sequence 
which is bounded below may be proved. 

* The numbers of a sequence will often be referred to as the terms of the sequence. 

+ See p. 16 above. 


t 
b 


the properties of an upper bound of this sequence). oy ie wr 
| ald g / a“ 


kel be 


42 NUMBER [CH. I 


The existence of the lower and upper bounds of the sequences 
(a) and (b) above (p. 39) are thus but particular instances of this 
general theorem. 


40. Monotone sequences. Unique limit. Definitions. Sup- 
pose now we have a sequence which is not only bounded above, 
but also steadily increasing, i.e. the terms in order steadily become 
greater and greater. 

Take for example the sequence 

909 099 F990 0 ne hat asp reese (2), 
the successive terms being decimals composed of a steadily in- 
creasing number of 9’s. 

We see at once that the upper bound of this sequence is 1, 
because evidently 1 (and therefore, a fortiori, every number greater 
than 1) exceeds every number of the sequence (2), and any number 
less than 1 is less than some numbers of the sequence; this last . 
fact being consequent on the fact that the difference between 1 and 
the nth term of the sequence equals 1/10”, and, no matter how 
close to 1 we take a number w (<1), we can find a power of 10 


(10") which exceeds the number fe * Le. we can find a number 


of the sequence (2) which exceeds x. The number 1 therefore satisfies 
the terms of the definition of the upper bound of the sequence. 

It should be clearly realised that there is no doubt whatever 
that this upper bound | is greater than all and not equal to any 
of the terms of this sequence, and that any number whatever less 
than 1 is actually less than some numbers of the sequence; and 
that the upper bound is the number 1 and not some imagined 
“next number just below 1.” 

In this sequence we notice one quite remarkable fact: the numbers 
of the sequence form a succession of approximations to the upper 
bound, of steadily greater and greater accuracy; and in fact, that as 
we progress in the sequence the terms all tend to coincide towards 
the upper bound 1. The relation between this fact and our prob- 
lem of approximations of unlimited accuracy to irrational numbers 
is apparent. Such sequences as tend together in this manner go as 
to form a set of approximations of unlimited accuracy to some 


* See Hx. 7, p. 36, 
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number (whether that number is the upper bound of the sequence 
or not) are said to be convergent and the number so approximated 
to is called the unique limit of the sequence *. 

The special sequences discussed above belong to the important A 
type of sequences which are called mondtone or monotonic. ihe) page ou 
term monotone is applied to any sequence which is either non- eee 
decreasing or non-increasing according to the definition : 

The sequence s,, 8, 83, ... 18 non-decreasing if 


8) [82 C83... 5 
it is non-increasing if  s,>s,>8,>.... 

We have at once the following fundamental general theorem 
concerning monotone sequences. 

A monotone bounded sequence necessarily has a unique limit, 
which is the upper bound of the sequence if the sequence is non- 
decreasing and the lower bound if the sequence is non-increasing. 

Proof: 

Let the sequence s,, s,, s;, ... be non-decreasing ; so that 


$$ 8S 83 S+.-, 


and, because the sequence is bounded, it has an upper bound, L say, 
which is such that any number greater than L is greater than all 
the terms of the sequence and any number less than L is less than 
some term (or terms) of the sequence. It follows that, however 
small we take the positive number e, there is at least one term s, 
which exceeds J — e¢ (and<J) and therefore, since all the subse- 
quent terms of the sequence > s,,, all the terms of the sequence, from 
the nth onwards, exceed I —e; 1. the terms of the sequence tend 
towards the number JZ, 1.e. the sequence has the unique limit L. 

Similarly for a non-increasing sequence. 

In future, to denote the fact that a sequence s;, 85, 83, ... 18 non- 
increasing and has the lower bound and unique limit L we shall 
write S,, Ss, 83, --. \s L, or, shortly, s, \\ L+; and if the sequence is 
non-decreasing and has the upper bound and unique limit L, we 
shall write s,, 8, 83, ---/ L, or &%f Lt. We make use of the 
shortened form of statement that s, tends decreasingly (or increas- 
ingly, as the case may be) to L. 


* Definitions which are more strictly analytical are given on the next page. 
+ See footnote, next page. 
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41. Definitions for any sequence. We shall find that monotone 
sequences are much the most important type of sequence. We 
shall moreover be able to reduce the consideration of sequences 1n 
general to the consideration of such monotone sequences. A se- 
quence which is not monotone may or may not be convergent, 
i.e. have a single definite limiting point towards which the numbers 
of the sequence tend. For general sequences we define a limit (or 
limit point, limiting point, limiting value, limiting number) of any 
Sequence 8), S, 83, ... as any number L, within an arbitrarily small 
neighbourhood of which (i.e. within the range of values from I —6 
to L + 8, for any and every possible choice of the number 6) there 
lie numbers of the sequence; a number of the sequence itself not 
being a limit of the sequence unless it is repeated indefinitely often 
as a term of the sequence or there are other terms of the sequence 
within the arbitrarily small neighbourhood. 

With this definition a sequence may have any number of limits. 
Tf it is bounded and has only one such limit we say thee sequence rs 
convergent and the limit is called the unique limit. 

It is clear that a bounded monotone sequence has a unique limit 
according to this definition. 

If the sequence s,, s2, s;, ... 18 convergent and has the unique 
limit Z, whether that sequence is monotone or not, we write s,, S2, 
83, ... -»L or, shortly, s,—» £; and we shall say s, tends to L*. 
We write also alternatively lim s, = L. 


nu> DO 


For convenience we define the modulus (or absolute value, nu- 
merical value, positive value), |x|, of a real number 2 to be the 
number « if # is positive (or zero) or — # if # is negative. 

In the above definition of a limit, a number s,, of the sequence 
will he within an arbitrarily small neighbourhood (LZ —6& to L + 8) 
of L if |s,-L\< 6. The number L will therefore be a limit of the 
sequence 8), S82, 83, ... if and only if, for any and every possible choice 
of the positive number 6, there are terms of the sequence, e.g. 
Sy say, such that | s, —L|<6; with the special proviso in the case 
when Z is one of the terms of the sequence. 


* When the shortened statements, s, »L, etc. are used, the phrase ‘‘as n in- 
creases indefinitely” or ‘‘as n tends to infinity” or ‘‘as n—» » ” is often added when 


it is desired to make clear that the rank of the terms of the sequence is denoted 
by n. 
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We have also that the sequence s,, s, 8, ... will have a unique 
limit L if, and only if, corresponding to every possible choice of the 
positive number e there is always a term s, of the sequence such 
that |s, —L|<e and all terms, say s,, subsequent to s, in the 
sequence, also satisfy the inequality | s,, —L|<e*. 

It is geometrically evident that if the sequence satisfies these conditions it 


has a unique limit according to our definition. We can prove this as follows: 
Such a sequence plainly has the number Las a limit. Let ZL’ be any number 


different from LZ. Take oe I 
all terms s,, subsequent to it, |s,,-—L|<e, 
and therefore | 8m—L' |=|8,—-L4+L—L’| 

>||Z-L'|-e| 

ee | 

oaaek 
Of the terms of the sequence preceding s, (excluding those, if any, which 

equal Z’) there will be one or more nearer to L’ than are the others, and there- 
fore there is a positive number, A say, such that |s,,—L’|> A for all terms 
Sm preceding s, (excluding those terms which= JZ’). Taking 6 to be the lesser 


Pe 
a8 


. There is a term s, such that, for it and 


of the two numbers and A, we have proved that there is a positive 


number 6 for which |s,,—JZ’| is not less than 6 for any term of the sequence 
(with the possible exception of a certain number of them which may=Z’). L’ 
is therefore not a limit of the sequence. Thus Z is the unique limit of the 
sequence. 

It can also be proved conversely that if a sequence has a unique limit Z, 
then the above conditions are satisfied. 


For the purposes of this course the notion of wnique limit is of 
much greater importance than that of limit in the wider sense. It 
is customary, and often convenient, to use the word limit in the 
sense of wnique limit. Where there is no danger of confusion (e.g. 
where we have occasion to speak of the limit of a sequence) we 
shall use the word in this way. Wherever emphasis is needed we 
shall use the term limiting number for limit in the wider sense. 
It must not be forgotten that the notions of unique limit and 
limiting number have vital differences, nor, in particular, that only 
sequences which have unique limits are said to be convergent. 

A consideration of a few examples in connection with the geo- 


* This statement is applicable also to sequences of complex numbers. See 
Appendix. 
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metrical representation of Fig. 1 will soon convince one of the 
fundamental theorem that any bounded sequence necessarily has at 
least one limiting number. For a proof of this theorem,—the Bol- 
zano-Weierstrass theorem,—the student is referred elsewhere*. 


42. Examples of sequences. The following exam les of se- 
. . . 8 P 
quences will be instructive : 
(a) ae 14, © Le &, 1, +, 133, BOGS 
aes n 
the nth term being 1—1/2 2 or 2—1/2? according as n is odd or 
even. 

Here the sequence is bounded above and below; the upper 
bound =2, the lower bound =4; the lower bound is one of the 
numbers of the sequence; the upper bound is not a number of the 
sequence but is a limiting number; there is no unique limit; there 
are two limiting numbers, | and 2. 

(b) x; 13, re 1}, 4, 1k, 18, 14, O10) 

n+l n 
the nth term being 1 —1/2 ? or 1+1/2? according as n is odd or 
even, 

The sequence is bounded above and below; the upper bound 
= 14; the lower bound = 4; neither the upper bound nor the lower 
bound is a limit; there is one unique limit, 1; the sequence is 
convergent. 

(c) ginal” sin) 2. 8103 6 

The numbers of this sequence repeat themselves indefinitely, for 

sin (180°—1°)=sin 1°, sin(360° + 1°)=sin 1°, ete. ; 
there are in fact only 181 distinct numbers in this sequence, viz. 
O, snl + sind’, 5.2 4+ sin 90™ 

Each of these numbers is repeated indefinitely often and there- 
fore is a limit (limiting number). This sequence therefore has 181 
different limits, of which two, viz. 1 and —1 

) » VIZ. — 1, are the upper b 
and the lower bound. a 
Rute % is essential to consider a number which is repeated 
inde nitely as a limit (as is done in our definition above); other- 
wise our fundamental theorems would cease to hold. As : matter 


* See e.g. G. H. Hardy, Course of Pure Mathemati 
rdy , matics (3rd editi i , 
Bromwich, Theory of Infinite Series (2nd edition) Se ee 


§ 6] INFINITE SEQUENCES AT 


of fact it is easy to modify this particular sequence so as to retain 
the same 181 limits while ensuring that these limits are not 
repeated. The sequence whose nth term is sin(n+1/n) will have 
the same 181 limits while none of the terms are so repeated. 


43. General sequences by method of monotone sequences. 
To shew how the consideration of general sequences may be made to depend 
on that of monotone sequences let us consider any sequence 


SH Sa sc Sa neces Wesng ot see tescueve aint Geeaee set ae (3) 
which is bounded above and below. 
Let U, be the upper bound of the sequence s,, s2, 83, ... 
U, be the upper bound of the sequence 83,83, s4, ... 
U; be the upper bound of the sequence 3, $4, 85, ... 
etc., 
and J, the lower bound of the sequence s,, so, 83, ... 
LI, the lower bound of the sequence 89, 83, 84, ... 
L the lower bound of the sequence 53, 54, 85, ... 
ete. 
It is evident that in all cases 


U, > U,> U,>... > some number K 


and In <Iy<13<...<some number A’. 
The two sequences Ghis Wis Oa So 
Lh, Ly, Ls, OO 


are monotone and bounded and therefore each has a unique limit (S and S’ 
say) ; . 
ie. 00, SoS and Dyno Ss. 

It is easy to prove now that the sequence (3) is convergent if and only if 
these two limits S, S' are equal, and, in the case of convergence, the unique limit 
=S=8". 

For, in any case all the limits of the sequence (3) must lie between Sand 
S’ inclusive. Because if S+6 is any number which exceeds S (which is the 


lower bound of the sequence U,, U2, U3, ...) S + will exceed some number 


Un of the sequence U,, U,, U3, ... and will therefore exceed all the numbers 
Sny 8n +15 8n42) «-. Of the original sequence from the nth term onwards, so that, 


between s+5 and cape none of the numbers Sp, 8,41, 8n49) --- Will lie, i.e. the 


; 6 36 ae 
number S'+6 can be enclosed in an interval S+5, S gy containing only a 


definite number (<x) of the numbers 51, s2, 83, ... of the sequence. That is 
the number S+6 cannot be a limit of the sequence. Similarly any number 
< S’ cannot be a limit of the sequence, and we have proved that all the limits 
therefore lie between the two numbers S, S’ inclusive. 
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Moreover the numbers Sand 3S’ certainly are limits of the sequence 81, 82, 3, ... 
for if, e.g., S were not a limit of this sequence, we could find an interval 
S—8, S+8(8> 0) in which only a definite number of the numbers sj, S9, 83, ... 
lie; so that, for all values of ” sufficiently great, s, either <S—8 or > S+6 
and then every corresponding U, either < S—6 or > S+6, which is impossible 
because S is the unique limit of the sequence U,, Uz, U3, ...; therefore S must 
be a limit of the sequence s;, s2, 83, .... Similarly S’ must be also a limit. 

The theorem now follows at once. If S=S’ all the limits of the sequence 
81, 89) 83) ... lie between S and S$’, and therefore all coincide with §; i.e. the 
sequence has a unique limit S. 

On the other hand, if the sequence 8, 8, 83, ... has a unique limit, this 
limit must be S (and S’); and the theorem is proved. 

We note incidentally in the proof of this theorem that in the general case 
the numbers S, S’ are the greatest and least of the limits of the sequence 


81, 82, 83, ..... They are called the upper and lower limits of the sequence. 
We have immediately the necessary and sufficient condition of convergence: 
The sequence 81, 82, 83, ... is convergent if and only if the difference | 8n +» —8n| 


is less than any positive number whatever (e) however small, for all positive integral 
values of p and all values of n, sufficiently great, i.e. given the number e, a 
number 7 can be found so great that for all values of 1 greater than 7 
| Sn 4p — Sn | is less than e for all positive integral values of p. 

For: if this condition is satisfied, since S, the greatest of the limits, is a 
limit of the sequence, there are values of 2 so great that the given conditions 
are satisfied and at the same time s, differs from S by less than any arbitrarily 
small positive number ¢; therefore, for all positive integral values of p, sn 4p, 
which differs from s, by less than e, and from 8 by | sn 4,—8n+8n—S|, must 
differ from S by less than e+e, 1.e. 2e; ie. ald terms sy, p of the sequence suffi- 
ciently far on differ from S by less than an arbitrary small number, and the 
number S therefore is the unique limit of the sequence. 

On the other hand, if the sequence has a unique limit (8 say), both sp and 
8x4 must differ from S by less than any arbitrarily small positive number e 
if 2 is sufficiently great; and therefore the difference between them, viz. 
|S8n4»— 8n|, must be arbitrarily small if n is sufficiently great. 

The sufficiency and necessity of the condition are established. This theorem 
the most general theorem in the theory of convergence of sequences, is oon 
known as the principle of convergence. 

The consideration however of general sequences lies beyond our scope and 
the above indications are given only to shew the important rédle which may be 
played by monotone sequences in the consideration of general sequences, 


44. Special sequences. Let us now consider in detail some 
special sequences, with reference to their convergence and the 
evaluation of their unique limits (when convergent). The student 
is strongly advised to work through some of the easier examples 
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at the end of this section in order to familiarise himself thoroughly 
with the ideas of convergent sequences; and in all cases the help 
of the geometrical representation of Fig. 1 should be used. 


(@) The sequence whose nth term is x” is convergent and has 
the unique limit 0 if the number 2 lies between —1 and 1 (ie. 
—1<.2#<1); is convergent and has the unique limit 1 if 7=1; and 
otherwise is not convergent. 

To prove this we see that if «=1 all the terms of the sequence 
are 1, and therefore the sequence has as unique limit this in- 
definitely repeated number 1. Similarly, if «= 0, the sequence has 
the unique limit 0. 

If 0< «<1 the sequence is steadily decreasing and 


1 1 


L322 o_e_——S_ ss 
ee ees i, 
ax 


where y (= == 2) is some positive number; therefore, by in- 
equality (ii), p. 29, 

eps ie el 

~ + yyt T+ ny ~ ny’ 

which is less than any positive number, e say, for all values of n 
greater than 1/(ey). 

Therefore the lower bound and unique limit of the sequence in 
this case is 0; ie. a®\ 0 if O<a< 1. 

If —1< «<0, the terms of the sequence are alternately positive 
and negative, but their moduli as before tend decreasingly to zero; 
therefore 2” > 0. 

In the case when 2 >1 we have 

a =[1+(e@—-l)">1l+n(e-1) >n(e-1), 
which exceeds any number K whatever, however large, so soon as 
n > K/(a—1), and the sequence is therefore unbounded above. 

Similarly, if #< —1, the sequence is unbounded above and below, 
because the terms are alternately positive and negative and their 
moduli exceed any number X. 

Finally, if c=—1, the terms are alternately 1 and —1. These 


two numbers are both limiting numbers, and the sequence is not 


| 


| 


convergent, though bounded both above and below. 


WMA 4 


50 NUMBER [CH. I 


(ii) The sequence , 22”, 32%, 4x*, ... converges to the unique limit 

0 if —1<a<1, but is otherwise unbounded. 
_ Taking first 2 to be positive, the sequence will not be a steadily 
decreasing sequence unless 0<a<4, for the second term will 
exceed the first; but in any case, if 0< «<1, sooner or later the 
terms of the sequence will steadily decrease; for nv” >(n +1) a", 
so soon as n/(n + 1) > x (a being positive), Le. so soon as 1 + 1/n<1/z, 
which will be the case so soon as n > #/(1—2). 

Therefore, from and after some term, the sequence is steadily 
decreasing. It is moreover bounded below, because all the numbers 
of the sequence are evidently positive; therefore it 1s convergent | 
and its unique limit is greater than or equal to zero. 

To shew that the limit is equal to zero we can use the inequality 
of Ex. 10, p. 36. 


We have, if 0<a#<1, 
1 


v= —— 

1+y’ 
where y is some positive number, viz. (1 —)/a. 
ih 


Therefore #” = a+" 


1 : ‘ : : : 
i by the inequality cited, if m is any 
positive integer sufficiently large; whence it will follow that 22” < ae 
m 


and therefore 2ma?” < 2m a = _ —> 0 as m increases indefinitely; 
i 2 i 

and also (2m +1) #™+1 <(2m +1) Pr ememes Ber 0; and therefore, 

whether n is odd or even (n= 2m-+1 or 2m), na” > 0. 

When « is negative the terms are alternately positive and 
negative, but their moduli are the same as when z has the corre- 
sponding positive value; and therefore again nx” —> 0. 

When #>1 or <—1, that the sequence is unbounded is plain; 
for the nth term is, in modulus, greater than or equal to n. 


(iii) The sequence whose nth term is 
Ll+etart... +474, 


where & is any real number lying between — 1 and +1, is convergent 


and has the limit 1/(1—~); if e<—1or>+41 the sequence is not 
convergent. 


| 
| 


| 
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Here, if |#| <1, the nth term of the sequence 
1-2 1 a 
l-@ l-@# 1-2’ 


will be less than any positive number e, however 


=S,=lt+at+oet+...ta7 7 = 


Since 


a 
1s 
small, if » is sufficiently large, we see that the terms s, tend 


: Rigi: i : fee 
towards the unique limit Tog: Ol more precisely, within an 


arbitrarily small distance e of a , there lie all the terms s, of 


the sequence farther on in the sequence than the mth term sy», 


where 


i <e; which will be the case if m is any integer 
—2 

: x 
exceeding Aue and therefore the sequence is convergent 


and its unique limit is 


l=a 

If « > 1 the sequence is steadily increasing but not-bounded above; 
if e<—1 the sequence is unbounded above and below; whilst if 
“%=-—1 the terms of the sequence are alternately 1 and 0 and 
therefore, though bounded above and below, the sequence has not 
then a unique limit. Q.E.D. 


45. The number e. Consider the sequence (1+1), (1 + 1/2), 
(1 +1/3)%,.... This sequence, which we shall find of great import- 
ance in the next chapter, will be seen to be steadily increasing and 
bounded, and therefore it must have a unique limit, its upper bound. 
This unique limit is in fact an irrational number—the irrational 
number e—which we shall evaluate as accurately as is here con- 
venient. 

We first prove that the sequence is steadily increasing, by applying 
the binomial theorem (p. 22 above) to the expression which is the 
nth term of the sequence, and comparing the expansion with the 
corresponding expansion for the (n+1)th term. 


We have: 
1\2— 1 n(im—1)1 , nw—1)(m—2)1 
(1+;) ee ee gl  ao8> 4 wt 
n(n—1)...(n—r+1) 1 n(n—1)...2.1 1 
rf Se ae Hee oe Os (pe 


(where r denotes any positive integer less than 7) 
4—2 
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(Deen) 


1 1 n.— 1 1 
+7 (1- 4) Orel aa nee: 
After the first two terms, every term in the second expansion is 


seen to exceed the corresponding term in the first, the terms 
in both expansions are all positive, and there is moreover an addi- 


tional term ( in the second expansion; therefore the 


7) 
(n aE ae 
F A / 1\2 1 nti 
second expression is the greater, Le. (1 + 5) < @ + 3) 
for all positive integral values of n; i.e. 


1 2 n 
(1+) <(1+5) <.<(1+2) ay ees 
1 Z n 


i.e. the sequence 1s steadily increasing. 
The sequence is bounded above because the nth term equals 


1" teh eee 2 
(145) =1+1+5,(1-5)+5,(1-5)(1-2)+.. 


+5(1- *)...(1-"=*) 4... +5(1-=)(1- =) ...(1-2=4) 


1 1 i 
<Itl+s +ai+ ia ae ea 
1 1 1 
Sf hs Lawes piers 
eto ona noe hee fang 


1 1 1 1 
hag eee MULTE hy eye at 2 Pee 
Seite 779 + 7790 ior se orate Serato mee 


(by replacing all the factors greater than 2 in the denominators by 2) 


§ 6] INFINITE SEQUENCES 53 


eed 1 1 
ee Cte tie hi a 

1\” 

2 1 1 
=14+—>=142-55=38-55<3. 


The sequence is therefore bounded, and its upper bound and unique 
limit is some number which <3, The limit is approximated to 
indefinitely closely by the terms of the sequence; we have there- 
fore only to evaluate terms of the sequence sufficiently far on to 
obtain the limit correct to any degree of accuracy; but we do not 
yet know how far in the sequence we shall have to go to obtain 
any desired degree of accuracy of approximation. It is essential in ° 
‘the evaluation of any limit that we should know within definite 
limits how accurate our approximation is. 
In this case we see that 


i yi 1 
sn=(1+1/n)<l+lta tat. +7 
1 1 1 : 
al4lt gt. tht [alate tai 
1 1 1 parte : 
al4l+d+. tht gilt aat-tegn—a 
1 eee! 
<ltlt pte. tatoo [t+ ayo 
pall ong es iat 
(r ie 2)? cee (r a 2)n—r— | 
(peeome | 
ee Ue eee CE A) 
Bee ot el Gel)! ‘ 
Pe ee 
r+2 
il 1 di r+2 
Seo? rit Glee 


for all integral values of n, r being any integer less than n. 
By taking r=10 say, we see that, for all values of n greater 
than 10, 


eae dee ee 
ee i TON de? 
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which equals 2:00000000 
“50000000 
16666667 
04166667 
00833333 
00138889 
00019841 
00002480 
‘00000276 
00000028 


Le. 2°71828181 
+ ‘00000003 


ie. 2°71828184 < 2°718282, 


The required limit will be less than (or at most equal to) this 
number. 
Reverting to the expression for s,, viz. 


Type heave an 2 
s=14+1+5,(1- “) + +5)(1- (1-5) + 


il 1 —l i 
+5(1-5)..-7 Jeet 5 (1-2)..(1- "5 *), 
r! n n n! n 7) 


we see that, on the other hand, 


++4+4+4¢4+44+ 


wm >ltli state tat. +5 
a Bi 
abit zs 1 2 r—1 
I Al n—1 
+o (o+=+ +a), 


because (1 = -) (1 F =) ai apes 1) 


>(1-5-2)(1-4)...0-"=4) 


> (dees! (Le ta ter) 


ppl toe a n 


for any positive integer 7 less than n. 
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Therefore 
i) ve il ii 
wrltlt+o +at- er a ee 
os ded oes Gear 1 (n—-1)n 
ie A I al 2 
because 
(r—1)r 
ee 
(by equality (ix), p. 21, or Ex. 2, p. 5); 
el! iL 1 
Le. ae eee cA ean are 


exe ay aes a : 7 ae 
n ie Gee Ty oy 


>(1 +14+— 2 nF RR AP Goo SF w+a)- & 
ie Si 1} Qn’ 
because the expression in square brackets has been proved above 
to be always less than 3, whatever the value of the integer n. 
It will follow in particular from this result that, whatever positive 
integer n may be, greater than 10, 


ieee eek eres ee 


and, taking n = 10’ say, and using the value of 


1 i 
1414+=— 2 a? G06 le To! 
just calculated, we see that for all values of n sufficiently great 
(> 10’), 
Sy, > 2°7182818 — 00000015 > 2°7182816. 

We have now proved that, for values of n sufficiently great, s, 
lies between 2°7182816 and 2°718282. The unique limit of the 
sequence must lie between these two values, and its value there- 
fore, correct to six places of decimals, is 2°718282. 

We have, in the above process, seen how this limit e can be 
calculated to any desired degree of accuracy whatever. We have 


proved that 


(a4 1 ta n+2 
Ca eg (n+1)(n+1)! 
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if 
and >14+14+—+...4+—-5—» 


where n is any positive integer and m is any positive integer which 
exceeds n. From the second of these relations we can deduce that 


because, if not, a positive number 6 could be found such that 
1 1 
1+1+54+..+—-6 
2! n!} 
would exceed €; but an integer m could be found such that 


and the second relation would then be contradicted. 
Hence we know that 


ie al 1 
erleel Pe ta ome 


Lae 1 n+ 2 
d l+1l+s,¢+54.-.. - ; 
ve mae eer ote thit@+lm@+d)! 


Die 
If therefore we wish to calculate e with an error less than say 
1/10”, we have only to find an integer » such that 
ina u 
(n+1)(n+1)! < 10%’ 
and then é is given to the required degree of accuracy by 


i 1 1 
l+ltsitajt- +i 
To obtain this degree of accuracy n = 13 will suffice because 
14.14! 
es 10 
1B SG. 


In the same way we can determine what value of n will suffice 
to give the value of e correct to any desired degree of accuracy 
whatever. 


In this discussion we have proved that the sequence whose nth term is 


1 if Lies at 
pot t+optagit-- +77 is convergent and has the limit e. In the language of 


1 : 
Bite 18 con- 


vergent and has the “sum” e. This series is discussed independently in the 
next section. 


the next section this proves that the infinite series 14+1 +5) + 
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Sequences may be defined in many ways. Some different 
methods will be found in the following examples. As we can 
see from the sequences considered above, the methods by which 
a sequence may be studied and its limit (if any) evaluated depend 
largely on the particular way in which the sequence is defined. A 
large part of the theory of infinite sequences and series is concerned 
with the special consideration of sequences defined in special ways. 
In the next section we shall give special consideration to sequences 
defined by series. 


EXAMPLES VI*. 

1. Discuss the following sequences, determining whether or not they are 
bounded and whether or not they are monotone; when bounded determine 
the upper and lower bounds and the limiting numbers of the sequences; when 
convergent determine the unique limits: 


(i) 1/2, 2/3, 3/4, 4/5, ... n/(n+1), .... 
[Bounded and steadily_increasing; lower bound=4, upper bound=1=the 
unique limit ; convergent. | 


(i1) epson ll Deol) Qiraremeliies ems w es 
[Bounded ; steadily decreasing; upper bound=1, lower bound=unique limit 
=0; convergent. ] - 


ace QWn+1 
(iii) 3, seu 


1 rane aT 
[Bounded ; steadily decreasing ; upper bound=3, lower bound=unique limit 
=2; convergent. | 

(iv) 2, 27,93, 94 |. an, 
[Bounded below, not bounded above; steadily increasing; lower bound=2; 
no upper bound, and no limit; not convergent. | 

(v) Ory eet 1S, le scc6c, 

n+1 n 

the nth term being 14+(3) 2 or 14-(4)? according as n is odd or even. 

[Bounded ; not monotone; upper bound=2, lower bound=1; convergent, 
unique limit=14. Sequences of this type, which oscillate regularly, tending 
to a unique limit from above and below, are of frequent occurrence. ] 


(vi) 1,2, 1/2, 24, 1/4, 22, 1/8, 23, ..., 


bojor 


5 


n-1 n 
Som al , 
the nth term being 1/2 2 or 3—1/22 according as is odd or even. 
[Bounded, not monotone; lower bound =0, upper bound=3; two limits, 
0 and 3; not convergent. | 


* The student will find it instructive to sketch graphs to represent the sequences 
in these examples. Thus in 1 (i) the graph y=n/(n+1) is plotted and is seen to 
tend to the limit 1. 


» 


c 
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(vii) 2, /3, V4, n/5, IN, ese 
[Bounded ; not monotone, but, after the third term steadily decreasing ; upper 
bound =greatest term= 2/3, lower bound=1= unique limit; convergent. 

Proof: 2/n>"Y(n+1) if n™*1>(n+1), Le. if a> (1+1/n)". But 

(1+1/n)*<3 
for all integral values of n, and therefore %/n >"a/(n+1) if n>3; it is easily 
seen that 3/3 > 2/2, because 3?=9 > 8=28. 

That the lower bound and unique limit is 1 can be deduced from Ex. 10, 
p. 36; for if 1+ be any number greater than 1, 7 can be found so large that 
(l+2)">n, ie. 2/n<1+.2, and therefore any number 1+ greater than 1 
exceeds some term of the sequence; whence the lower bound <1; but all the 
terms of the sequence > 1, and therefore the lower bound =1.] 

(viii) QF 12s 3s 1/3854, WAS eens 
the nth term being (7 +3)/2 if m is odd and 2/(n+2) if n is even. 

[Bounded below, not bounded above; lower bound=0, which is the only 
limiting number ; not convergent and no unique limit, because unbounded. } 

(ix) 1, 1/2, 1/3, 2/3, 1/4, 2/4, 3/4, 1/5, 2/5, 3/5, 4/5, ..., 
the mth term being p/qg where g is the integral part of 3+4,/(87—15) and 


2 
p=n— 489, The sequence is defined more naturally by the process 


suggested by the terms expressed,—i.e. the fractions are taken in order with 
steadily increasing denominators and numerators. 

[This sequence (which the student may notice includes among its terms all 
proper fractions—i.e. all rational numbers between 0 and 1—and is for that 
reason of considerable interest in the theory of the arithmetic continuum and 
sets of points) is bounded above and below; upper bound=1, lower bound =0 ; 
every real number between 0 and 1 inclusive is a limit of this sequence; it is 
not convergent. | 

2. Investigate the convergence (or otherwise) of the sequence 

1—a, 1427, 1— #3, ... 1+(—2)*, ..., 
discussing the different cases which arise according to the value of the real 
nuraber wz. 

3. Shew that the sequences whose mth terms are 

1/n, 1/n, 1/(/”), 1/2”, 1/10", 1/n!, n/n!, n2/n!, 2"/n!, n!/n™ 
all converge to the unique limit zero. 

4, Shew that the sequence 10, /10, 4/10, 4/10, ... is steadily decreasing and 
has the lower bound and unique limit 1. 


5 9 (R/10)"—1 : rate 
| Consider wio—1 as (2/10) —1 and apply inequality (iii) of p. 29. | 


Yate) 
. 


ps is bounded above 
and below, decreasing from the third term onwards, and convergent; and that 
the upper bound= the greatest term=1, and the lower bound=the least term 
=the unique limit =0. 


5. Shew that the sequence whose vth term is sin 


A Va 
¢ 
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6. Investigate, for different values of the real number a, the convergence 
or otherwise of the sequences whose mth terms are 
x, na”, 2/n, nam, a™/n!, (sin x)/n, (na), (a/n)”. 


7. Prove that the sequence whose (x—1)th term is ( = “) is steadily 
nN 
; : 1 “ 
increasing and has ‘ for its upper bound and unique limit. 


8. Prove successively the following general theorems on monotone and 
other sequences: 
(ur Liss, $9, 895.00 So, 8 and Si, Soy 88 pea & thon 
81 +81’, 89+ 89, 83+583',...\a 845. 
Rett 6p-6o,08s,028/ SBI &,’, 65, Bes.00s ( s', then 
81 +81', 89+ 89',-83+83',... f° Sts. 
(iii) If s,, sg, 83,...—>s and 81’, 8’, s3',...—> 8’, then 
81481’, Sg4Sq', 534+53),...—2> 54+". 
[(iii) can be deduced from (i) and (ii) by the method of p. 47, using the 
relations 
U (81, 895 83...) + U (81, 80, 83, ...) > U (8 +81, 82+ 82, 83 +83), ..-) 
= L (s;+sy, So +589’, 85+ 83, os) = L (Si, 53, 83, a) +L (sy’, Sq S36 eee). 
where U(s1, 82, 83,...), L (31, 82) 83,...) etc. denote the upper and lower bounds 
of the sequence 81, 89, 83,... etc. It also follows directly from the condition for 
the existence of a unique limit on p. 45.] 


9. It is not true in general that the upper and lower bounds of the sequence 
8, +81’, 824+59',... are the sums of the upper and lower bounds of the separate 
sequences 81, S9,... and s;’, s',..., but it is true if the separate sequences are 
both increasing or both decreasing. 


10. Prove that if s,—>s and s,’—>s’ then s,8,'—> 8s’ and s,/s,'—> 8/8’, pro- 
vided in the latter case that s’ (and the terms s,’) + 0. 


11. Prove that in general if the terms of the sequence 81, s2, 83,... alternately 
increase and decrease by steadily decreasing amounts (i.e. so that 
Sy I 9 ZS op NS) 
and if the difference between any two successive terms tends to zero as the 
terms are taken indefinitely far on in the sequence, then the sequence is con- 
vergent and its unique limit lies between any two consecutive terms of the 
sequence. 


12. Prove that the sequence 
1 
To 
is convergent. Evaluate its limit, correct to two decimal places, and prove 
that it equals /2. 


1 
I+, EUCre® 1+ 
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[ We argue: 


ote ane en ee 


J2+1 J2+1 


7 ete., 


°F 942-1) 


and it is easy to see that this expression lies between s, and 8,41, the mth and 
(n+1)th terms on the sequence. To complete the proof, the difference between 
8, and s,—1 is shewn to tend to zero. | 
13. Evaluate the limit of the sequence whose nth term is 
4[1-1/8+1/5-1/7+...+(—1)"*1/(2n—-1)], 
correct to within °1. 

14. Shew that if 2, v2, 73, ... is any convergent sequence having the unique 
limit a, then, if / is any positive integer, the sequence 2", wz", a3*, ... 18 con- 
vergent and has the unique limit a, (Continuity* of the power 2*.) 

[This may be done from the definition of p, 44; or by the method of mono- 
tone sequences, thus: 

If U,, Us, Uz, ... are the upper bounds of 

Bie Lon Lapece a Last Ca sees La Lao mona vata 
and Z,, L2, L3, ... the corresponding lower bounds, we have the sequence 


01, 02, Oz, eee a, 


and Ly Ly, Ls, asis fa, 
whence easily U,¥, UF, UsF, ... \ ak, 
and Ly", Ls, Ls, ove (Oa. 


But we know LZ, <4n< Un and therefore L,* <x," <U,*. The result 
follows. } 
15. Shew that if the sequence #,, a, x,,... >» a, and / is any positive integer, 
then the sequence 
ak—ak ak—ak xk -—ak 
: es k-1 
0; > Le— a d 23—a ye > kal . 
(Differentiability* of «*.) 
16. Shew that if h,, 42, hz, ... is any sequence which tends to zero, then the 
sequence whose zth term is (¢+hp)?+3 (+h) -2—> 2°+3x-2, if x is any 
real number; and that the sequence whose nth term is 


. (@+hy)? +3 (a@+h,)—2)—[a?+3a—2 
[ ( 2 ] ze see Teoria: 


n\2 17. Prove that the number e is irrational. 
[If e were rational it could be expressed as a fraction m/n; but e differs from 
 14+14+1/2!+...+1/n! by less than (n+2)/(n+1)(n+1)!, and therefore the 
integer m.n!/n would differ from the integer m'(14+1+1/2!+...41/n!) by 
less than (2 +2) 2!/(n+1)(n+1)!, ie. (w+ 2)/(n+1),—a proper fraction. This 
is Impossible. | : 
* See Chapter ur below. 
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18. The upper bound of the set of numbers z of the lower class of a 
Dedekindian classification (w|y) is the number defined (a | v),—as is also the 
lower bound of the numbers y. E.g. ./2 is the upper bound of those numbers x 
which are negative or are such that 7? < 2. 

[Such a set of numbers is not a sequence, but the definition given of upper 
and lower bounds will apply. ] 


§ 7. INFINITE SERIES 


46. If we attempt to perform the division of 1 by 1—w the 
process will continue indefinitely, the remainders being successively 
a, «°, «,... and the quotient apparently the sum of the unending 
series 1+ a+a?+.... If, however, we ask ourselves what the 
ineaning of this process can be, we are compelled to admit that all 
we know for certain is that at the nth stage of the division, when 
the terms in the quotient are 1+a#+a?+...+a"”, the remainder 


is 2”; or that 
v1) 


-——selt+rt+e+... +a" 34 
l-«z L—2# 


and that this is true at any and every stage. The idea of the 
process being “completed,” giving as quotient the sum of the 
infinite series 1+ a+ .?+... and leaving no remainder, is certainly 
attractive, but, we are compelled to admit, is meaningless. For 
addition essentially implies that the numbers to be added must 
be finite in number; it is possible to add up any finite number 
of the terms 1, a, z*,..., but to add up the whole infinite series of 
terms is certainly not possible in any sense of the term “addition” 
hitherto considered. There is moreover a very reasonable doubt 
as to the propriety of omitting the remainder,—lost in the haze 
of an infinite process. 

Nevertheless we feel that in some natural way the infinite series 
considered, 1+a+4?+..., does arise in the process of division 
described, and, even if it were only for the sake of curiosity, the 
entire banishment of such infinite series seems undesirable. 


? 


47. The sum of a convergent series. The particular series 
considered arises out of an indefinitely continued process of 
division, at successive stages of which the quotients are 1, 1+, 
1+a+4°,.... We have therefore an infinite sequence of quotients. 
This sequence, which has already been discussed in the preceding 
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section, is convergent and has 1/(1—«) for its unique limit if 
(and only if) w lies between —1 and 1. Thus, though it would be 
quite meaningless (at present) to say that the sum of the infinite 
series 1+a+a?+... is 1/(1—«) and to write 
1l+@4+0+..= I 
=e 
yet it is true to say that the sequence formed by taking 1, 2, 3,... 
terms of the series 1+ a+4?+... is convergent and has for its 
unique limit 1/(1 — x) (provided | |< 1), and to write 
TE PO te +. ae I= to 
We may now, if, for the sake of brevity, we wish to introduce 
terms more directly concerned with the series rather than with the 
sequence, say that an infinite series is convergent if the correspond- 
ing sequence (whose terms are the sums of terms of the series 
taken in order) is convergent; and we may give to the limit 
of the sequence a special name—the sum of the series. If we do 
this, we must realise that the words “convergent” and “sum” are 
used in entirely new (though suggestive) senses and that, in 
particular, to speak of the “sum” of an infinite series does not 
suppose in any sense that the terms of an infinite series can be 
added together; the “ sum ” of the infinite series means simply 
and precisely the unique limit of the corresponding sequence 


(if there is such a limit). We may go further in this simplification 
of terminology and write even 


1 
i P+... =—— (i 
+O + a+ Tag “flel< 1), 
as a symbolic expression of the fact that the “sum” of the infinite 
: fal cloak 
series 1+ a+ a2°+... 1s Tog he expressed fully, the statement 


l4+etes+...= 


1 : 
Tog means precisely that the sequence 1, 1 +2, 
1+a#+2°,... is convergent and has et: for its unique limit. 

— 2 

The student may at first find this endowing of words with 
a meaning totally different from their original meaning somewhat 
confusing ; and it will probably be better for him not to use the 
shortened forms of expression until thoroughly familiar with the 
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actual meaning of the facts expressed. But this process of using 
words in this way is so essential a feature of mathematics that the 
student is advised gradually to familiarise himself with it. 


48. Definitions and necessary condition for convergence. 
Series may arise in many ways and be of a variety of types. The 
particular series just considered is a specially simple case. We now 
consider convergence of series more generally. 

Let UHL ate ect Meta a ues ok SOO idee (1) 
be any infinite series, of which the terms are u, Us, Uy,..... Let sp 
represent the sum (or partial sum) of the first n terms of this 
series, 1.€. Se pa 

Sp = Uy + Ug + Ug +... + Un; 
Then we say that the infinite series (1) is convergent if the 
sequence 


is convergent, and, in that case, the unique limit of the sequence (2) 
is called the sum of the series (1). 6 4 | S,, se a6 mo sage Oe 

It is clear that the behaviour of the sequence (2) will depend 
very closely on that of the terms of the series (1). For example, the 
sequence (2) will be steadily increasing if and only if the terms 
Uz, Us, Us, --. Of the series (1) are all positive; the sequence will be 
steadily decreasing if the terms of the series (after the first) are all 
negative; the terms of the sequence will alternately increase and 
decrease if the terms of the series are alternately positive and nega- 
tive; and so on. It will be our concern to endeavour, as far as is 
easily possible, to find rules and methods by which the convergence 
(or otherwise) of the series is deduced directly from a knowledge of 
the terms of the series. 

One simple central fact is at once noticeable in this regard: An 
infinite series U, + U, + U; +... cannot be convergent unless the sequence 
of its terms, U,, U2, Uz, ---, has the unique limit zero; for the sequence 
whose nth term, s,, differs from its (n—1)th term, s,4, by wun, 
clearly can have a unique limit only if uv, > 0. 

This simple fact may be sufficient to shew at once that a series 
is not convergent, but it must be pointed out that a series in which 
the terms tend to zero is not necessarily convergent, and that some 
such series (e.g. (vi), p. 67 below) are in fact not convergent. This 
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necessary condition for convergence cannot therefore be used to 
establish convergence. 

Other simple conditions of convergence depend on the type of the 
series concerned. We proceed to discuss two simple and important 
types of series. 


49. Series of positive terms. Necessary and sufficient con- 
dition. Let us consider any series, 
yg Fle Foes oleaetanvns omen (3), 
whose terms are all positive (or zero), and investigate conditions 
under which such a series may be proved to be convergent or not*. 


The sequence DG Sass Gaunt soe Oe ek dats ea eee (4), 
formed of the partial sums of the series, is necessarily steadily in- 
creasing (or non-decreasing) for sy4;—S,=Un>0 for all integral 

values of n. The necessary and sufficient condition, therefore, that 
the sequence (4) should be convergent is that it should be bounded, 
ie. that a fixed number K can be found such that all the terms | Se 
of the sequence are less than K (see p. 48 above). 

Hence the series (3) will be convergent if and only if a fixed 
number K can be found such that, for all values of n (no matter 
how large), 

Sn = Uy + Ug t Us +... $Un < K. 

Or the necessary and sufficient condition that a series of positive 
terms should be convergent 1s that a number (K) can be found to 
exceed the sum of any number of terms of the series beginning at 
the first. 


50. Examples of series of positive terms. Let us consider 
some examples of series of positive terms. 
(i) Take first the geometrical progression 
ee tits PO 
in which the common ratio «# is positive. 
The terms of this series are all positive and the sum of the first 
n terms (if «+ 1) 
=S,=1+a+a?+...44"7 
aa ae tS he 
prepara ear. 
* The slight modifications needed to cover the tase of series whose terms are all 
negative are left to the student. 
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If x, being positive, is less than 1, the number #*/(1—~) is 

necessarily positive, and it will follow that 
Sx < 1/1 — 2) 
for all values of n. 

The condition of convergence is satisfied (with K =1/(1 —#)) and 
therefore the series is convergent for all positive values of x less than 
1. If, however, # > 1, the number #”/(1 — 2) is negative, and it will 
not follow that s,<1/(1—.). Moreover we can easily prove that no 
number, K, can be found in this case so that s, < K for all values 
of n; for, if <>1, 

S,=ltaete'?t+...+a% 
>1l+141+...4+1 


and, whatever number K be taken, n can be taken to exceed it; 


Le. by adding together sufficient terms of the series we can obtain 
a sum exceeding any assigned number whatever, however great. 
The necessary and sufficient condition of convergence is not satisfied 
and therefore the series is not convergent for values of a exceeding il, 
It is similarly evident that when #=1 the series is again not 


convergent. 


Dele. faye ce 


(ii) The series 1+ 5+ a 


a a ae rs 
has its terras all positive and the sum of the first n terms 
Uy said Fog Ce 1 1 
ee eat eT ra 


Saeed) AS) ain (5) 
This last expression is the sum of the first n terms of a geometrical 
progression with common ratio 4 and therefore equals 


Le paat = is a1 
i -2-@) 


which is necessarily less than 2, no matter how great n may be. 
Hence s, is bounded, and the series is convergent. 


soe a u 1 : 
See TAS oe 8 1.2.8.4 
ees Seer gas 
ee l+antatatat:: 


has its terms all ae 


WMA 5 
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ae 1 
aS Ti of a epee! 
(alee 1 
Sicha ty Mowat ian 2 eta aly 
Pettey 1G 
Tt att: + ge 


in which the rth term is (4)"-2; because, if 7 >2, the rth term of 
the original series 
=1/(r—1)!=1/[2.3...(r-1)] < 1/(2.2...2)=1/(2"%); 

whence, by summing the geometrical progression, 

&<1+2-(3)"> 

=o—(5)" ?< 3: 

Hence s, is bounded and the series is convergent. 

(iv) The series 1+ “5 + os + sot - 
also has its terms all positive. 


Se 

12, io 3 (n—1).n 
In this case a little trial will soon convince us that we cannot 
replace the terms of s, by the corresponding terms of any geo- 
metrical progression, with common ratio less than 1, whose terms 

would exceed the terms of s,; we could argue that 


je ey eee : 
w=) 150-9. 9.924) ee 
<1) GG) ee) 

n—2 
=1+3+ 9? 


but this number increases indefinitely as n increases and therefore 
we cannot by these means find a number K such that, for all values 
Offi 8), he 

However, it happens exceptionally in this case that we can actually 
find an algebraic expression for s,, thus: 


1 
S,=1+ SF 


1 
RE ht ree 


ih at il + J) 1 1 1 
aT a a | oes 
+(5 3) +(5 5) tt (4 5) 2m 
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Hence, for all values of n, s,< 2, and therefore the series is con- 
vergent. ins. 


: Lee ee 
(v) The series I+atatpet-. 
has all its terms positive. 
1 1 
Sn = 1 = 92 + eee + ce e 


Attempts either to find an algebraic expression for the sum of the 
n terms of s,, or to find a geometrical progression with a common 
ratio less than 1 whose terms exceed those of s,, will, in this 
case, fail; but we notice that the terms of this series, after the first, 


are all less than the corresponding terms of the series (iv) just 
considered, 1.e. 


1/2?<1/1.2, 1/8? <1/2.3,...1/n’<1/(n—1).n; 


and therefore 


ele Dit eee 
erence 
A Bn ence 
Woh OnGarr sys Shyer 
< 2, 
by the preceding work; and therefore the series, is convergent. 
(vi) The harmon series 1+ ; + + : +... 
has all its terms positive and 
eUb ee ery t= 
bee Uhlig tin het 


As with the series (v), the methods which have succeeded with 
series (i)—(iv) will not apply. Also, here we cannot argue that the 
terms of this series are less than the corresponding terms of one of 
the series dealt with and so prove the convergence as with the 
series (v). The fact is that this series is not convergent, for it is 
possible, by taking n sufficiently great, to make s, (ie. the sum 
of n terms of the series) exceed any number whatever, however 
great. 


I 
— 
hoje 


1 
5 ~ In fact: the sum of the first two terms = 1 + 2 
L 
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$5 the sum of the first 2? (ie. 4) terms =1+5+5+3 
i 1 
>14+5+(5+3) 
i 
ner 
s =the sum of the first 2*‘(.e. 8) terms 
: See ee ee Cena 
2 3 Ags ei; ae UP 
Tae (+4 all (Gtatets) 
2 oy er 8) 


lope 
Se eek rt rege oe 


ae mee ea ee ees 
De 3 al Oma se Qm 

Sa ts jeu 

Dy ah Qm 


=1+4$+4+...4+4 
there being m terms 4, 
m 
a 1 ar Do) ° 
Thus, by adding the first 2” terms of the series, we get a sum 


3 ;—whatever integer m may be, however great. 


Hence we shall get a sum exceeding any number, K, if we add 
the first 2 terms of the series, where M is any integer not less 
than the number K, for the sum of 2?” terms 

2M 
>1-+ apy > M; 
eg. S, >5 if n>2"°=1024, 1e. the sum of the first 1024 terms of 
the series exceeds 5; or s, >100 if n>2™, or s, >1000 if m > 270, 
The necessary and sufficient condition for convergence is not satisfied 
and therefore the series is not convergent. 


greater than 1 + 


51. Evaluation of the sum. The above examples will suffice 
to shew the nature of convergent (and non-convergent) series of 
positive terms, and to shew how, in the most tsual cases, the 
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question as to whether or not such a series is convergent may be 
settled. We will now consider the question of the actual evaluation 
of the sums of such series as are convergent, partly for its own 
sake, and partly for the light it throws on the question of conver- 
gence itself. In cases (e.g. series (i) and (v)) where a simple precise 
formula for s, can be obtained, the sum,—being the limit of the 
sequence whose nth term is s,,—can generally be obtained precisely. 
Thus, in (1), if # <1, 


and, as we saw above ((iil), p. 50), per as n increases 1n- 
—2x 


; i : ; : 
definitely, and therefore Su > 7» he. the sum of the infinite 


series is precisely 1/(1 — 2). 

Or, in (iv), 8, = 2—1/n, and we know that 1/n— 0, and therefore 
Sy -—> 2, and the sum of the series is 2. 

In cases, however, where a formula for s, cannot be found, the 
precise evaluation of the limit of the sequence s,, s,,... will not, in 
general, be possible, and we have therefore, in general, to be content 
with approximations to the actual sum. If, as is most often the 
case, the sum of the series is an irrational number, this approxi- 
mate evaluation is necessarily the most that is possible if (as is 
usual) we wish to express the result as a decimal. What is essential 
in such approximate evaluation of the sum of a series (as with the 
limit of a sequence) is that we should know with certainty the 
degree of accuracy of our approximation, and that we should be 
able to obtain approximations of any desired degree of accuracy. 


52. Estimate of error. Let us consider series (ii) above, viz. 
celery eae 
ie 2 D2 308 
Call the sum of this infinite series s and let s, denote, as before, 
the sum of the first » terms. 

We will call the difference between the sum of the series (s) 
and the sum of the first n terms (s,) (i.e. $s — S,) the error after 
n terms* of the series, and we will denote it by #,,; so that 

$= S,-+ Ens 


* Often called the remainder after n terms. 
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We will try to obtain an estimate to the value of H,, for any 
value of n. 
We have evidently that Z, is the sum of the infinite series 
beginning with the (n+ 1)th term of the original series, viz. 
TRL EL 
12” Oil 273 a 
which is clearly the unique limit and upper bound of the sequence 
whose (m+ 1)th term is 
LE 1 1 a 1 
ne np AT ym Dem 
m being any positive integer. 
The sum of these m+1 terms is clearly less than 
(4)™ = (4)r4 Jb dk (xa 
1 
1.e. (4)" ao) pe: (4)"7 we Gyr, 
which is less than (4)"7, no matter what integer m may be (1.e. no 
matter how great). 
Hence Ee eh ae 
If now we add up say the first five terms of the given series: 
1:00 
"50 
“12 
‘04 
‘02 
1-68 


we know that this number is less than the sum of the infinite 
series, but that the error, #,, is less than (4), i.e. 0625, which 
<‘07*. Therefore the true sum of the infinite series lies between 
168 and 1°75, and the sum of the series correct to the first 
decimal place is certainly known to be 1:7, the five terms of the 
series considered sufficing for this degree of accuracy. 

Moreover, if we desired to find the sum of the series to within 
‘0001 say, it is easily seen, by using the estimate for the error 
E,, < (4)"4, that the first 15 terms will suffice; for 

(4)"1 < 0001 if 27> 10,000, 


* Strictly s; exceeds 1:68 by something less than -003, but the sum of this error 
and H; is still less than -07. 
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which is the case if n—1>14, ie. if n>15; and therefore Eis; 
which is less than (4)%, is less than ‘0001, and the sum of the 
infinite series is given by the sum of the first fifteen terms with 
an error less than ‘0001. 

Evidently the sum of the series can be found correct to any 
desired degree of accuracy simply by ascertaining what value of n 
will suffice to make H#,, less than the assigned degree of error and 
adding up the first n terms of the series. 


The student may have noticed that in passing from the ex- 
pression 


ea . il 1] reer 1 il 
n2™ n+ Lorn 6 a+ m Qem 
é i 1 1 
to the expression a oe or 


we have made a very generous allowance;—not only is the first 
of these expressions less than the second, but it is very consider- 
ably less, being in fact, almost as evidently, less than one nth of 
it. We can indeed assert that 


Pal il il 1 il 
nr nt] gnats la Qn+m 


1 
< ye [()” + (4) are LS (yer ], 


and from this we deduce that 


ie al 

En << 8 Qn 4 
This estimate for Z,, is clearly less than the former estimate, (3)""'; 
by using this estimate we can assure ourselves that the error after 
five terms, H,, is not only less than ($)* (i.e. (0625), but is actually 
less than (dy (i.e. 0125); so that, by summing the first five 
terms, we know that the sum of the infinite series lies between 
1°68 and 1°70. 

Further, in order to obtain the sum of the infinite series to 
within ‘0001, we need only have 


*qy < ‘0001, i.e. m. 2” > 10,000, 


which is so if n>11; so that, by using this new, closer, estimate 
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for the error, we know that 11 terms will suffice, instead of the 
15 terms which appeared to be necessary when we used the less 
accurate estimate for the error. 

We could go further and get even closer estimates to the error, 
but in this case, to obtain any considerably closer estimate would 
entail an amount of labour not commensurate with the advantages 
to be gained. We have always, in estimating the error after n terms 
of a series, to find an estimate as close as possible without involving 
an inordinate amount of labour. 

Consider now series (111) above, 


bial a rea 


Ege sane 
1 1 
We have ES ia ey a 
<a + Gre arent 
= (4 ys Se a(S Ee ec ee ste etme (a), 
or, to obtain a closer estimate, 
1 if 
lw CREAN 


cel iene i 
Tlie pte (He 1) eee 


n+1 
From the first estimate, (a), we see that, to calculate the sum 
of the series (iii) to within ‘0001 say, 16 terms will suffice, for 
(4)"-? < 0001 if 2"-? > 10,000, which is so if n —-2>14. 
From the second estimate, (b), we see that, for the same degree 
of accuracy, 8 terms will in fact suffice, for 


ee 0001 if n! 
n.n! 


which is so if n> 8. 


i: 4 > 10,000, 
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Actual calculation gives 
8, = 1:000000 
+ 1:000000 
500000 
166667 
041667 
008333 
0013889 
"000198 


= 2718254 


+++4+4+4+ 


which therefore gives the sum of the series (iii) with an error less 
than ‘0001. 

The sum of this series is e. (See pp. 51—56 above.) 

For the series (v) above, 


1 1 1 
+ gt gt 
we have 
1 1 
""G@aly (n+ ay" 


i ik 
a eT) Ge. ah 


i) el )+ speiel| 4 
=(; n+1 ea ee 


whence, in order to obtain the sum of the series to within ‘0001, 
10,000 terms will suffice. 

This series is, as a matter of fact, only very slowly convergent, 
and it is easily seen that no substantially closer approximation to 
the error can be found, for 


jh, per ape a 
"(n+1yP° (n+ 2? 
1 1 Sal 
1G Sinn) CCE Oe 


so that the sum of the first 9,999 terms will differ from the sum 
of the series by more than ‘0001. 
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: ‘ J i : 
We can argue, if we wish, that, since nih ID yee a the sum of the series 


lies between s,+ a and oto so that the sum, though differing from s, by 


which 


i aa al ab Ser 1 
more than neiee yet known from s,, to within ears @41y 


is less than ‘0001 if 7100; so that the sum of the series may be found to 
within ‘0001 by adding only the first 100 terms. 


53. Diminishing series of alternating signs. Consider the 
series 


in which the terms are any real numbers of alternating signs, 
subject to the condition that the moduli of the terms form 
a monotonely decreasing, or non-increasing, sequence, or, more 
precisely, that 


Us Unt Une cons, 0 Sere eee oe eee (6). 
The sequence of partial sums 
Sh, Sae Spee der Peehioae sae ae se eee (7), 
where Sp = Uy — Up + Us — ... $ Un, 


is not steadily increasing, but is alternately increasing and de- 
creasing. 

By resort to the necessary and sufficient condition of convergence 
of general sequences (p. 48 above) we can see at once that our series 
(5) will converge if (and only rf) the sequence uw, U2, Us, ... has the 
umque limit zero. 


For the sequence (7) is convergent if |s,4,)—8,|< any arbitrary positive 
number ¢, if 7 is sufficiently great, for all positive integral values of p, i.e. if 


| Un+1—Un+2t+Un+3— wee ats Upeniae, 
which is so if [eega be 
[because, if p is odd, 
Uni — Unga t+ Ens p=Unsgi nm Unga Un43)— 0 — (Una pa1 — Un +p) 
and, if p is even, 
Un +i—Un4o ..e EUn 4 p=Un41— (Une — Un +3) — soe —(Unap-2— Une p—1) — Un + p> 


and therefore, all the bracketed and unbracketed numbers here in either case 
being positive or zero, 
| Unpi— Unset Uns p|<| Una |3 


i.e. the sequence (7) is convergent if w,,,—0 as 7 increases indefinitely ; i.e. 
if uv, > 0 as 7 increases indefinitely. 
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Or we may argue directly thus*: 
Let us divide the sequence (7) into two sequences : 
the sequence of odd partial sums s,, 83, 85,.... ...(7@) 
and the sequence of even partial sums 82, 8, 55... «.. (7b). 
The sequence (7a) is steadily decreasing and bounded below, 
because the typical term 
Sond = Uy — Uy + Uz — ... + Uonty 
= Uy — Uz + Us — --. + Yona — (Von — Usa) S Sona 
because Un — Unt = 9, 
aNd Sin47 = (thy — Ue) + (ug — U,) +... + (Ulan a — Uon) + Uengr > 0- 

Therefore (p. 43) the sequence (7a) has a lower bound and 
unique limit, S say; or 8, s3, s5,... \\ 8. 

Similarly the sequence (7b) has an upper bound and unique 
MSGS) SAY OF 84.8458,; 2. Ss 

Furthermore, every number s,,4, of the sequence (7a) > every 
number s,,,, of the sequence (7), for 

Sont1 — Som = (Uem+1 — Uom+2) + +. + (Uon—1 — Usn) + Uonsy if n>m, 
or = (Usaey — onan) oes 4 Uon—a— Uom—1) + Uda 1k Som. 

Therefore the lower bound S of the first sequence (7a), which 
exceeds (or equals) every number less than all the numbers s,, s;,... 
of the sequence (7a), must exceed (or equal) every number of the 
second sequence (76); and therefore S exceeds, or is equal to, the 
upper bound S’ of this sequence. Thus S > 8’. 

But, on the other hand, we have also S< 8S’. For s,4,>S and 
Son < S’, and therefore 

Ue = Seni on SO 
for all values of n; and this would be impossible if S > S’ because, 
by hypothesis, w, (and therefore n+) tends to zero. 

Hence the two limits S and S’ are identical. 

Finally this common unique limit (S or S’) of the two sequences 
(7a) and (7b) must evidently be the unique limit of the original 
sequence (7); and the proof that the series (5) is convergent 
under the conditions stated is complete. That the series is con- 
vergent only if u,— 0 follows from the simple general necessary 
condition for convergence (p. 63 above). 


* The student is advised to sketch rough graphs, as suggested in the footnote to 
p. 57 above, to represent the sequences (7), (7a) and (7b). 


76 NUMBER [ou. I 


We may state this theorem shortly thus: 

The serves Un, — Us + Ug — oe 
converges if Uns 0. 

In dealing with series of this type it is again necessary to 
discuss the error after n terms. In this case the discussion is 
particularly simple. 

We have in fact 

E,=+ (Una — Unto + Unzs — -- 2); 
which is clearly less in absolute value than the term wn4:, and has 
the same sign as that term*. 

Or we may argue that the sum of the series lies between the 
sum of any odd number of terms and of any even number, with 
the same conclusion, viz.: 

The error after n terms of a convergent series of the type (5) of 
alternating signs ts less than the neat (the (n+ 1)th) term. 

The remarks of pp. 71—72 above, concerning the scope for choice 
in the degree of closeness of the estimate for the error, are applicable 
here also. In view of the simplicity of this estimate, however, it is 
not usually advisable to attempt to obtain any closer estimate for 
series of this kind. 


54. Examples of diminishing series of alternating signs. As 
an example, consider the geometrical progression 

(a) l+e+a+... 
in which the common ratio, a, is negative. 

The terms alternate in sign. The sequence whose nth term is 
| 2 |" \, 0 if and only if |#|<1. 

Therefore the condition for convergence is fulfilled if # is negative 
and greater than — 1. 


(b) The series 1 ye 


SS ayaa 
has its terms alternating in sign and steadily decreasing to the 
limit zero. It is therefore convergent and the error after n terms 


is less than the (n+1)th term, 1e. LH, < in absolute 


te 
(2n4+1)!’ 
value, 


* Excluding the case when the terms from the (n+1)th all =0. 
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To calculate the sum of this series correct to within ‘0001 it will 
suffice to take the first four terms, for 


E,, <-0001 if (2n +1)! > 10,000, 


Le. if n> 4. 
We have * s,= 1:00000 — °16666 
+ ‘00833 — -00020 
= 100833 — -16686 
= ‘84147; 
giving the sum of the series (b) with an error of less than ‘0001. 
: hey ee 
(c) The series ee a 


has its terms alternately positive and negative and steadily de- 
creasing to zero in absolute value, and is therefore convergent. 


ile ee } ; 
mT in absolute value; so that, to obtain the sum correct to 


within ‘0001, 9,999 terms will suffice. 
This series is only very slowly convergent; it is easily proved, 


E,< 


in fact, that E, >be i in absolute value, so that, in order to 


obtain the sum to within ‘0001, at least 4,999 terms will be 
needed. 


55. Absolutely convergent series. Series which do not belong 
to either of the above two types may give more difficulty. There 
is, however, one important type of series which is in fact sub- 
stantially as simple as that of series with only positive terms. 

If a series MEA ig Ae Ug Sis A eos Seca sinepiive cine s% (8) 
as convergent, and the series would remain convergent if all the 
negative terms it may have were replaced by their moduli, then the 
sertes (8) is said to be absolutely convergent. 

It is seen that not all convergent series are absolutely con- 
vergent. For example, the series (c) above is convergent, whilst 
if its negative terms are replaced by their positive absolute values 


the series becomes 
sek ee al 
1 Sa 


which is the harmonic series (v), p. 67 above, and is not convergent. 
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A theorem of fundamental importance in connection with abso- 
lutely convergent series is: 

If a series of positive terms wu, + Uz+Us+ --. is convergent, then, of 
the signs of any of the terms are altered, the series is stall convergent. 

This theorem can be proved easily by an appeal to the necessary 
and sufficient condition of convergence (p. 48) or thus: 

For convenience, let us suppose that the modified series is 

Un = Ug — Us 1 Ug Ws Ug Tm oieie 
The positive terms of this series, viz. 
Uy + Ugt+ Ug t..., 
if not finite in number, will form a convergent series of positive 
terms, because the sum of any number of them is clearly bounded, 
being less than the sum of the original series. Call the sum of this 
series (or of the finite number of terms) P. Similarly the negative 
terms —%U,—%;—U;—... form a convergent series (or a finite 
number of terms) having a sum —W say. If, now, enough terms 
of the series are taken, i.e. for a certain value of m and all larger 
values, if s,’ is the sum of the first n terms of the modified series, 
Se>(P —e)=N and 3, <PS(N =e) 

for all positive values (however small) of the arbitrary number e; 
Le. Sy lies between (P — NV) —e and (P—WN) +e. 

It follows that s,’—» P—N and the modified series is convergent, 
having P —J for its sum. 

The argument is plainly general. 

From this theorem we are able to reduce the consideration of 
absolute convergence of series to the consideration of series of 
positive terms. We have clearly that if the series of moduli 
|W, | + | U.|+|uUs|+... 1s convergent then the series u, + U,+ s+... 18 
also convergent (and absolutely convergent). Thus we could argue that 
the series (a), p. 76, is convergent (and absolutely convergent) if « is 
negative and greater than — 1, because, when the terms of the series 
are replaced by their moduli, the series is the series of positive terms 
(i), p. 64, which is known to be convergent; or again, the series (), 
p- 76, is convergent (and absolutely convergent) because the series 
of positive terms formed by replacing all its terms by their moduli, 


, Lae : 
viz. 1+ 3; + 5, +--+) 1s convergent (because the sum of any number 
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of terms of this series is clearly less than the sum of the same 
number of terms of the series (iii), p. 65, and is therefore known to 
be bounded). 


56. Comparison theorems and tests for convergence. Series 
of positive terms are therefore seen to be of added importance. In 
view of this we add here two theorems by which the convergence 
(or otherwise) of a series of positive terms (or, therefore, the absolute 
convergence or otherwise of any series) may be established in some 
cases of frequent occurrence. 

L Ifq +++... is a convergent series of positive terms and if 
every term, €.g. Un, of another series of positive terms Uy + Uz + Us +... 
is less than the corresponding term, Cn, of the first series, then the 
second series, U, + U,+Us+..., vs also convergent. 

Il. [f+ +¢,;+... is a convergent series of positive terms, and 


a ee LE A 

uf, for all values of n, the. ratio a of two consecutive terms of 
n 

another series of positive terms, uw+U.+u;+..., ts less than the 


ae 
corresponding ratio ae for the first series, then the second series, 


i 
Uy +My +Us+..., 1s also convergent. 
The proof of I is almost intuitive and is left to the student. For 
II we see that the sum of the first n terms of the second series 
=U, + Ug +Ugt ... +Un 
5, (1 Ug , Uz U2 i Us Uz Up m ze Un Un—-i Us =) 


Un Up Uy Ug lg, Una Un. = Ua Uy 
Uy Cy Co , C3 Co , Cy Cz Cy Cn Cn—-1 Cz Cy 
= 1+—+ +... ae 
Cy Cr OC, C30 Gy Cn Cn—-2 = On 


u 
a (4, + Co+¢3 +... +6n), 
1 


which is less than a fixed number, K, however great n may be; 
whence the theorem follows from the necessary and sufficient con- 
dition for the convergence of series of positive terms (p. 64). 

Knowing that a geometrical progression of common ratio & is convergent if 
0 <k <1, we have, as direct corollaries of these two theorems, the following 
practical tests for convergence of series of positive terms or for absolute con- 
vergence : 

Cauchy’s test: The series uj +uUytus+... ws absolutely convergent if, for all 
values of n, X/|Un|< some fined number k, which vs less than 1. 


« . than 1. 

SS For the series may be compared with the convergent series 1+4+4+#?+.... 
ES In using these tests a possible value of the number & should always be deter- 
f x mined ; it is not true that if the ratio | w41|/|un|< 1 the series is absolutely 
S convergent. (See Ex. 11 below.) 


aN) 

* 

SS 
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3 a d’Alembert’s (ratio) test: The seriés uj+Ug+U3t+... 7s absolutely convergent 
Sy tf, for all values of n, the ratio | Un 41|/|Un|< some fixed number k, which is less 


arithmetical operations on series; e.g. to add or multiply two series 


® 
} . SY . . . 
: 57. Operations with series. It is sometimes desired to effect 
together. The following two theorems are fundamental: 


A. If the sertes uy, +Us+ us+... is convergent and has the sum U, 
and the series 0, +%,.+0;+... ws convergent and has the sum V, then 
: “ the series (t+) + (ust) +(U; +2) +... 78 also convergent and 
YN has the sum U+V. ew UeyY p subline . 
B. If the series u,+U,+U;,+... 1s absolutely convergent and has 
the sum U, and the series v, + v2 + 3+ ... 1s absolutely convergent and 
has the swm V, then the series 


Uy Vy + (Uy Vg + Ug) + (U1 Vg + Uy Ve + Us) +... 
is absolutely convergent and has the sum UV. 


Theorem A is simple and the proof is left to the student. 
In theorem B the “product series” 
Uy Vy + (Uy Vy + Uy V1) + (Uy Vg + Uy Ve + UgV,) +... 
is the series, as we should normally write it, if we wrote down the 
two series %+ U,+Uz+... and ,+%,+4;+... and proceeded to 
multiply them systematically, as a “long multiplication” sum. The 
nth term of this series is therefore 
Uy Un + UgUn—y + --- + Un Ve + Un. 
To prove theorem B, we suppose first that all the terms of the 
series are positive. 
We then have that the sum of the first n terms of the product 
series 
= UyV, + (Uy Ve + Uy) +... + (Uy Un +. + Un%) 
< (Uy + Ug t+... Un) (Uy + V2 +... + Un) 
Poe OS 


whence it follows that the product series is convergent and its sum 
<a Ve 
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But the sum of n terms of the product series 
= Uy Vy + (UVa + U1) +... + (Un +... + Un) 
> (th +... + Up) (01 +... +n) 
2 2 


if n is even, or 
2 (ty + 0 + Uni) (t+... + Un 41) 
2 2 
if nm is odd, and, by taking n sufficiently great, 


Uy +... Uy (OF Uy +... + Un+1) 
2 2 


and V+... + Uy (COV Oy +... + Up 41) 
ale) oe 


differ from U and V respectively by arbitrarily little, and therefore 
the product differs from UV by arbitrarily little; whence it follows 
that the sum of the product series > UV. Therefore the sum of the 
product series = UV. Q.E.D. 

If now the terms are not all positive, let us denote their positive 
absolute values by w,’, te’, ...5 Uy, U2, --+- 

The difference between n terms of the product series, viz. 

UV, + (Uy Vg + Ug) +... + (Un + 0. + Und), 
and the product = (wu, + M+... + Un) (V1 + V2 t ... + Un) 
consists of a certain set of terms, which, if replaced by their positive 
absolute values, would be precisely the difference between 

Uy Vy, + (Uy/Ve + Us'Vy’) Hoe. FU Up! + oe + Un’) 
and (Uy + Uy + 206 + Un’) (Oy + 09 +... + U7’), 
which is known to tend to zero as n increases indefinitely, by the 
part of the theorem just proved. 
Therefore the difference between 

UV, + (Uy Ve + Ug) #0. (Uy Un +. + Un) 
and the product (t+ Ugt... +Un) (M+ Ut... +%) 
must, a fortiori, tend to zero; whence it follows at once that the 
product series is convergent and has the sum UV, Q.£.D. 

We do not here lay stress on these theorems (nor on the comparison theorems 
and tests for convergence proved above) but they are nevertheless of great 
importance and utility. We have only touched the fringe of the subject of 
convergence, but the results obtained and the methods discussed will suffice 
for our purposes*. 


* For further information on convergence of series and sequences the student is 
referred to Hardy’s Pure Mathematics and to Bromwich’s Infinite Series. 
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58. We have now laid the foundations of analysis. That is 
to say, we have placed on a sound basis the notion of real 
number. In §§ 1—8 we observed the nature and fundamental 
properties of the different types of real number, and in §§ 6 and 7 
we have considered a systematic method of effectively representing 
all real numbers (rational and irrational). We shall find later that 
this notion of real number, and the considerations involved in its 
discussion, lead to other notions of far-reaching importance—such 
as that of a function of a real variable, continuity, differentiation, 
ete.—and that many other similar notions, acquired from other 
sources, are satisfactorily explicable by means of our knowledge 
of the real number. In the next chapter we shall consider the 
somewhat special problem of logarithms—ain particular the problem 
of their evaluation—in the course of which we shall be led to 
consider certain aspects of the notion of function and the behaviour 
of functions, which it will be our concern in the third and fourth 
chapters to consider more fully. 


EXAMPLES VII. 


1. Discuss the convergence of the following series, giving in each case an 
estimate to the error after n terms and finding the number of terms sufficient 
to obtain the sum of the series to within ‘0001; calculate to this degree of 
accuracy the sums of the series ee ye (e), (f), (2), and (j): 

fel 1 
ON eee sens 


10 ue 103 
OMe seers ey 


Le | eel) 1 1 


(¢) oe 102? 3 iotZ eee 


1 
gtpt- 
,3_4 
OM ony eae 
Ps es a ae Pe 
(1) 97 Le 10 & 10h 
1 1 


(d) fete oat 


(g) 1- ata gt... 
LOR 1025 02 
OL peti) atau 
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: il 1 1 
(J) och ay eit 
1 1 1 
(k) esa hot 


2. Shew that the series 
(a) 1424274284... 


(ele toh 6, 


il 1 1 
(d) CUS ap Ae ue ge 
(e—) l-1+1-1+... 
(f) 1-24+3-4+... 

are not convergent. 


3. Shew that the series 
1 1 1 1 il 1 
Seer Mest Al Sloe 7 
(in which two positive terms are followed by two negative terms) is convergent, 


and find its sum correct to two decimal places. 


ataises 


4. Discuss the convergence (or otherwise) of the series: 
sinl> sin2 | sind” 
(a) ih gi eet 
(6) sin 1°+sin 2°+sin 3°+..., 
(c) sin 1° ms sin 2° ze sin 3° com 
1 2 3 
[By Abel’s equality lemma (p. 26, Ex. 3) 
sind” sin 2° sin 2° 


ii 2 ae aan 


iat iy al 1 1 1 
= 51 G = 3) + 82 G = j) tet ont (4- 7) Fen) 


where 51, So, ..., 8. represent sin 1°, sin1l°+sin2°,..., sinl°+...+sinn’. All 
the sums 51, 82, ... 8, are positive and less than some number (< 180). There- 


1 Pet 
fore Sy, Pree and the remaining terms 


pot Tt Pee 
Sy eo “0s t+ Spot anil n 


are the first n—1 terms of a positive convergent series. The series (c) is 
therefore convergent. | 
5. Shew that the series 1+”+.2?/243/3+... is convergent if -l<a<l. 
6. Shew that the series 
(a) 14424 27/2!+4+93/3!4+... 
(6) 1—#/2!4+a4/4!—-... 
(ec) #—#3/3!1+a5/5!—... 
are convergent for all real values of w. 
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7. Shew that the series 
ae ES fe De eae 


1+n2z%+ 


where 7 is any real number ane than 0 or a positive integer, is convergent 
for all values of w between —1 and 1. 

Under what circumstances is the series convergent also for #=1 and for 
“v=-1? 


8. Shew that if w+u.+u3+... is a series of positive terms, and if, for all 


U . 5 : 
"+151, then the series is not con- 
Un 


vergent. 

9. If u+u,+u3+... is a series of positive terms, shew that if %/u, >1 for 
all values of 7 sufficiently great, then the series is not convergent. 

10. Use d’Alembert’s ratio test to establish the absolute convergence, for 
all values of the real number , of the series of Ex. 6. 

11. Shew that no number 4, as required in the tests of pp. 79—80, can be 


found for the series 
( ) 1 + 1 + oh 
iz OHNE ia ie ys er = 


Lead 

and (0) gta tpt 
though in each case X/u%,<1 and Up 4.1/%, <1 for.all values of x. 

[The tests will not apply. We know otherwise (p. 67) that (a) is not con- 
vergent but that (b) is convergent. | 

12. Ifa series is absolutely convergent the terms may be deranged (without. 
omissions) in any way without affecting the convergence or the sum. This is 
not true of a series which, though convergent, is not absolutely convergent. 

[Non-absolutely convergent: series are said to be conditionally convergent. ] 


13. Shew that the conditionally convergent series 


pe il eral 
(a) Lag ta ages 
when deranged into the series 
ah, Agaks Pal Seatlcesi| 1 
(b) l+3 Dera itate Ete 


(whose law of formation is evident), remains convergent, but that the sum of 
series (0) is greater than 1 whilst that of series (a) is less than 1. 


14. Shew that the absolutely convergent series 


1 1 1 
(a) I-55 +35 Bete 
when deranged into the Bia 


1 
(b) lta -at; ata TEP 


remains absolutely eee and that the sums of the two series are 
identical, 
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59. Exponentiation with positive integral indices. Laws /~ ) 


of indices. In the preceding chapter we have considered the four 
cardinal operations of arithmetic—addition, subtraction, multipli- 


cation and division—applied to real numbers. A fifth operation— 


that of eaponentiatcon—will now be considered. 

Just as the repetition of the operation of addition leads to 
multiplication (by a whole number) so the operation of exponen- 
tiation is arrived at by the repetition of multiplication. In symbols, 
a being any real number and m any positive integer, we write a” 
to mean the continued product of m a’s, and we call a” the mth 


power of a, a being the base, and m the index. It is essential here re, 


(as it was in the first instance in the case of multiplication) that 
the index m should be a positive integer. 

The laws governing calculations with powers are easily obtained. 
The addition and subtraction of two powers are operations which 
cannot in general be simplified to any extent, but multiplication 
and division lead to the laws expressed in symbols as 

Ciynca x of = a"t" and 

CD) a®+a"%=a"™ if. m>n; 

m and n being positive integers and a any real number whatever. 

To prove (II) for example we have, direct from the definition of the 

powers a”, a”, and a”, that 

OG -ar=(AXaXaX...)+(@AX@XaX...), 

there being m a’s in the first bracket and n a’s in the second, 
SUX aXaX w, 

there being (m— 1) a’s, 
= qn”, 

and the jaw (II) 1s established. 

A third law arises from the application of the operation of 
exponentiation to powers; in symbols it aa 


(IID) (a) — qi, 


Vr 5 


(2 
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a being, as before, any real number, and m and m any positive 
integers, 
The proof of this is also simple, thus 


Ly ECO ae 


there being n terms a” in this product, which, therefore, by law (1), 
— UMM ees 


there being n terms m in the sum m+m+m-+... figuring as 
index, whence 
(am)” — an, 

and the theorem is proved. 

The law corresponding to the distributive law, viz. 

(abc) =q™ bm Ce 

a, b and c being any real numbers, is also easily established. 

Observing that the operation of extracting t the oR 1s s Inverse to 


unique *, w we can deduce certain laws for this operation, such as, 
Seemann Ile 
for example, that ~ 


vam =a", and W(i/a) = (Wa) = V/a; 
but it is essential here to introduce restrictions on the numbers 


a, m,n; for if m or n were 2, for example, and a negative, /a or 
,/a would be meaningless as real numbers. 


60. Negative integral and zero indices. Our laws of indices 
an with the ordinary simple operations, but slight consideration 
shews that all such operations are not covered by the laws. Our 
law (II) for division is valid only if m >~n, or, in other words, such 
an operation as a?~+ a? is not covered by the law. In the spirit of 
generalisation, however, there are two points which suggest them- 
selves: firstly, such an operation is not in the least meaningless, 
it being evident that a?+a* (or in fact a™+a" if n=m+1) is 
equal to 1/a (provided a+0); and secondly, the law (II) ceases 
to be applicable in this case only because of the meaninglessness 
of such a symbol as a7 

These two remarks suggest that we may “generalise” the 
notion of exponentiation to include “powers” with negative or 


* That this is the case if all the numbers (and roots) occurring are restricted to 
be positive will be proved below (pp. 88—89). 


= 
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zero indices, by ascribing to the meaningless symbol a” (where 
m<n) the quite definite meaning a™/a", That is, we use the 
equality = 


m 
qm—n = 


q” D 

which is a statement of fact in cases for which m>n, as the 
definition of the left-hand side of the equality in other cases. 
Any self-consistent definition of a hitherto meaningless symbol is 
logical, but it remains to prove (if possible) that our definition will 
preserve the same laws of indices as hold in the ordinary cases, for 
then our extension will prove useful, in that we shall be enabled 
to operate with both the old and new symbols (the positive and 
negative integral powers) with equal facility and to use, if need be, 
the new powers to help in discussions concerning the old powers. 

Our definition may evidently be expressed in the simpler form : 

a—™ = l/a™ if m 1s a positive a 
PSI. 

where a may be any real number except zero. (*,-  Q * / ) 

That law (1) still holds is seen as follows: 

If m and n are positive integers, 

a”™xa "=a" x an 

by our new definition; 
Le. =v" if m>n, 
by law (II) for positive integral indices, or 


= qe ifm<n 
=—qin-n 
by our new definition. 
If m=n, Ox Ge = I 
=n 
by our definition of a’. 
Also me — se x Ly 
am a” 
by our definition; 
: 1 
1.e. = Gmtn 
= qr 


by our definition. 
That laws (II) and (III) also still hold can be proved similarly. 
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Our extension of the notion of exponentiation to negative 


integral and zero indices is thus a useful extension with no 
disadvantages. 


61. Fractional indices. In the same way, assuming tentatively 
Lat roots can be defined uniquely*,.the question as to the possi- 
bility of a useful extension of the notion of exponentiation to 
include fractional indices would lead to the definition 

arI= Var, a Pt= 1/(“/a”), 
p and q being positive integers; for we know that a?/?, whenever 
p/q is a positive integer, does equal 4/a”, and by arguments similar 
to the above for negative indices it is seen that the same laws of 
indices continue to hold. Thus, to prove the law (1), 
ala x ars = k/aP x sa" 

by definition, 

= Maks x Kar 
from the laws for positive integral indices, 


= N/(aPs x a’) 


: v Y We argue similarly for negative fractional indices, and for the other 
X Atwo laws (II) and (IIT) i in all cases. Our suggested definition there- 


62. Existence 2 theorem for root extraction and fractional 
powers. The definition will be properly applicable only if the 
operations involved are possible—a somewhat drastic restriction 
if we were to confine ourselves to rational numbers, since (as we 


have shewn in the case of /2) the majority of roots of the type #/a 


cannot exist as rational numbers. As we saw in the case of /2, /, 


however, it is easy to see that any positive real number necessar uly 
has one and only one positive real root of any order whatever, i.e. 
whatever positive real number a, and whatever positive integer g 


_.may be, there exists one and only one positive real number b whose 


qth power is a, Le. such that 6? =a, or b= W/a. 


* The proof follows immediately below. 


Vans Gi © pe a ma 


4 ” V : 3 
= ‘ a4 ¢ 7 ao 
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YC to prove this we observe that if all real numbers are classified 
“S into those positive numbers y whose gth powers exceed a and 
those numbers « which are negative or have their qth powers less 
than or equal to a, a real number, denoted by («| y), is defined in 
accordance with Dedekind’s definition, because it is clear that 
such classification includes all real numbers and every x is less 
than every y (because if «>y and both w and y are positive, 
21> vy, and therefore if #7 <a and y?>a we must have #< y). 

‘} g From the definition of multiplication of real numbers (p. 18) we. 
see at once that the gth power of this number (#|¥), which is 
(x2| y?), is the real number a} any positive number other than 
this number («| y) evidently has a gth power differing from a. 
Our statement—which we may call the existence theorem for root 
extraction—is therefore proved. gama: i a 5 ama oem ce 

‘Tt follows from this existence theorem that if a is any positive 


real number, there exists one and only one positive qth root of a”, 
p 


Le, one and only one positive p/qth power of a, viz. at=W/a?. Our 
definition of a non-integral rational power of a real number, a, is 
therefore properly applicable in all cases when that number, a, is 
positive. 

The restriction we have introduced—that the base, a, should be 
positive—is essential in any theory of indices confined to deal only 
with real numbers. It is also very desirable in any such theory to 
consider only positive values of the powers, Le. for example, to 


consider 4? or ./4 to mean only; +2) and not — 2. In this course 
we shall adhere to these restrictions. With these restrictions the 


power a”, where a is any positive real number and m any rational | / 
nnteneeemnmntnet NW Mi iaiirtt ate -7 nee ananl 


number, necessarily exists and 1s unique*. 


* 63. Irrational indices. The question now arises: Can powers 
\V 


ith irrational indices be satisfactorily defined ? 

Let a be any positive real number and m any real number de- 
fined by the Dedekingian classification (x | y), where the numbers x 
are all rational numbers not exceeding m and the numbers y all 
greater rational numbers. We have defined all such powers as a* 
and a¥, # and y being rational, and it therefore seems natural to 


* With the altered definition appropriate when complex numbers are used, this 
statement must be modified. See Appendix. 
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lay down the definition of the power a” as the real number defined 
by the classification (a*|a¥)*. This definition is in fact sound, but 
in order to assure ourselves that this is so we must first prove that 
the classification (a*|a¥) is in fact a Dedekindian classification, 
i.e. (1) that all rational (or real) numbers are included in the 
classification, and (2) that every number of the a” class exceeds 
every number of the a* class (or conversely). 

The proof of (2) is not difficult. If # and yare rational numbers, say p/g and 
r/s, then a¥ > a%, i.e. a”? > a, if att > a; ie. if rg >ps if a>1, or rg <ps 
if a<1; ie. if y> or y<w according as a>1 or a<1; so that if y>z, 
a’ > a® or a’ < a according as a>1 or a<. 

To prove (1) we remark that, supposing a> 1, if 6 is any real number ex- 
ceeding the upper bound of the set of numbers a, there is a positive number e 
such that b—a*> e for all numbers a® of the a” class; but there are numbers 
z and y of the two classes respectively for which a —a* < e, because 

av — at®=a* (av-*-1)< a* (y- #) (a—1) 
by the inequality of Ex. 2, opposite, for rational index (taking y—w <1), 
<e if y-"%<e/(a-1)A4, 
where 4 is any number exceeding all the powers a*. But y—.w can be taken 
as small as we like; it therefore follows that any such number 6 must exceed 
some number a of the upper class. 

On the other hand any number less than the upper bound of the numbers a 

must be exceeded by some numbers of the lower class. 


We are therefore justified in asserting that the classification | 
(a*| a¥) defines a real number and in calling this number the 
power a™. 


64. It is easy to see that this definition of a” agrees with the 


Lee other definitions in those cases where the index m happens to be 
\ j»’ rational (or integral). That the same laws of indices hold—and 
i that therefore there is no inconvenience in this introduction of the 
| \ idea of irrational powers—is eS. evident; the formal proof 
Wy . of the first law is as follows: R aS is aa 


“Let m and n be the real Oe ber defined by the classifications 
‘a (a\y,) and (#|y2) of the rational numbers; then a™ x a” is the 
Cc product of the two real numbers (a| a) and (a*| a’), ie. is the 


by real number (a%+% | gnt%), where a, #2, 41, Y2 are given all values 
admissible. 

* We use the notation (a*|a¥) to denote the classification, not merely of the 
numbers expressible in the forms a*, a¥, but of all numbers respectively less than 
or greater than the numbers so expressed. Thus, if a>1, the lower class consists 


of all numbers which < any number of the type a*, and the upper class of all 
numbers which > any number of the type a”, 
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But the classification (#7, + 2,|y, + y2) defines the real number 
m+n, and the classification (a%*+:|a%+%) defines therefore the 
real number a”*”; whence it follows that aa” = a™*”, Q.E.D. 

We are now in a position to use and develop the properties of 
powers of any positive real number to any real index, and in doing 
so to assume any algebraic developments of the original laws of 
indices for positive integral powers, since the laws are formally 
the same. Such irrational powers are of vital importance, not only 
from the theoretical standpoint of the theory of functions, but also 
in the practical matter of logarithms. In future we shall use such 
irrational powers as may be desired without distinction except 
where special discussion is desirable. 


EXAMPLES VIII. 


1. Prove that the inequality (ii) of p. 29 above, viz. (1+z)">1+n2, holds 
if n be a negative integer provided « >-—1. (See also Ex. 3, p. 132 below.) 
qr — br 

Gj 

na” and nb"—}, a and 6 being unequal and either both positive or both negative, 
is true for all real values of n, positive or negative, rational or irrational (except 
when z=0 or 1, in which cases all the three numbers are equal). 

[For the rational case use the inequality (iv) of p. 29.] 


2. Prove that the inequality (iii) of p. 29 above, that les between 


3. Prove that if a is any real number greater than 1 then a* >a’ if e>y 
in cases: (#) when w and y are positive integers, (b) when x and y are any 
rational numbers, and (c) when w and y are any real numbers; and that if a 
is positive and less than 1 then a* < a” under the same circumstances. 

[This property may be described by saying that the exponential function a” 
is monotone. Case (a) is proved by direct application of the fundamental laws 
of inequalities to the definition of a* etc. ; case (b) can be deduced from case 
(a) by raising a and a” to the gsth power where « and y are taken to be p/q 
and 7/s respectively, with simple extension to the case of negative indices; case 
(ce) follows from case (6) and the definition of an irrational power as a Dede- 
kindian classification obtained from rational powers. | 

4. Shew that if 2, 2, #3, ... 18 (@) any monotone sequence, or (b) any 
sequence, monotone or not, tending to the unique limit m, then the sequence 
of corresponding powers of a, viz. a, a2, as, ... is convergent and tends to 
the unique limit a”, where a denotes any positive real number, and 4, #», ... 
are supposed all positive. 

[This property is the continuity of the exponential function. The proof of 
this property is essentially contained in the proof that if (# | y) is a Dedekindian 
classification then the corresponding classification (a” | a) is also Dedekindian. 
The proof of (a) may be expressed differently thus: 

Let X be the upper bound of the sequence 2, 2, ... (supposed increasing) 
and suppose a>1; the sequence a, a%, ... is increasing and has its upper 
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bound <a*. We prove that the upper bound of this sequence actually =a* by 
shewing that there are numbers of the sequence exceeding any number (A) less 
than a*, If bis any number less than X, a* —a’=a?(a*~?—1)<a?(a—1)(X— 6) 
by Ex. 2 above (taking Y—b<1). Hence if A is any number less than a* and 
if b(<_YX) is chosen so that 
X —b<(a*— A)/[a* (a~—1)], 
the number @? will be such that 
a*—qrb<a*—A4, 

i.e. such that a? > A. But there are numbers 7, of the sequence 21, 2, V3, «. 

- which exceed b, and therefore there are numbers a» of the sequence a1, a, ... 
which exceed a? and therefore, a fortiori, exceed A, any number less than a*, 

The case when a <1 can be dealt with similarly, or can be made to depend 
on the case discussed. 

For case (b) we notice that the sequence 71, Ys, ¥3, .-.» Where y,;=upper 
bound of x, #2, 3, ..., Ys=upper bound of x2, 73, #4, ..., ys= upper bound of 
U3, Ly, Us, ..., ..., is steadily decreasing and has the unique limit XY and that 
the corresponding sequence of lower bounds is increasing and has the same 
unique limit X; whence case (a) shews that the sequence a”, a%, avs, .. 
steadily decreases (and the corresponding sequence of lower bounds steadily 
increases) to the unique limit a*. By shewing now that the upper bound of 
an, a%, a%,... equals a”, etc. the proof is completed. See also p. 47 above. | 


5. Shew that ifa>b>0 then a” > b’ if x is (a) any positive rational number, 
(6) any positive real number. [Monotony of «”.| 


6. Shew that if z,, v2, 73, ... is any convergent sequence of positive numbers 
having the limit a, and if 7 is any real number, the sequence 2”, 7”, #3", ... 18 
convergent and has the limit a. [Continuity of «”.] 

[See the proof when ~ is a positive integer, Ex. 14, p. 60 above. ] 

7. Shew that if the sequence 2, z2, 73, ... tends to the unique limit a, and 
m is any real number, then the sequence 

aa A 
RO? Geta? 
tends to the limit na”~!. [Differeniiability of x.) 

8. Taking as an alternative definition of a fractional power that a”/1=(£/a)?, 
prove from first principles the laws of indices. 

9. Shew that if the base, a, were allowed to be negative in the definition of 
fractional powers, or if double values for square roots (and other even roots) 
were admitted, #4 and a??/4 might differ. Shew also that the definition of 
aria as X/a? might apply when the alternative definition as (¢/a)? would not 


apply. 
p 


10. Shew that if a7 when a is negative were defined as ¢/a” (or (#/a)?), 


: having been reduced to its lowest terms, then, independently of the fact that 
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the exponential function a* would not exist for some rational values of the 
index, the function would not be “continuous” for any value of x; and that 
similar difficulties would arise if the definition were modified to %/a?” when ¢ 
is even. 


' ; i 
} 
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65. Definition and existence theorem for logarithms. We 
have seen that the equation a” = 6, in which a is any positive and 
m any real number, can always be solved for 6 in terms of a and m 
(6 being, in fact, always positive). The operation involved is that 
of exponentiation—the raising of a to the mth power—an opera- 
tion always possible within the syste of real numbers, whether 
m be integral or not. Ifa be regarded as the unknown, the equation 
can still be solved,—again by the operation of exponentiation,— 
for a=b”™. If however m be regarded as the unknown, we have 
as yet no regular means of solving the equation. The operation 
involved is a new operation. Such a solution is however possible 
for all positive values of a and b (except for a=1), as can be 
proved as follows: 

If zis any real number, and a any positive real number other 
than 1, a? exists and necessarily either >b or <b. 

Let x denote any real number for which a* <b, and y any real 
number for which a > b. 

Then the classification («| y) divides the system of real numbers 
into two classes, such that there are numbers in each class, 

To proye this: If a>1, let a=1+e. Then, if » is any positive integer, 
a” =(1+c)">1+4nc by inequality (ii) of p. 29; and therefore m can be found 
so that a*> 6. This number z belongs to the y class. Also, since 6> 0, another 


1 1 


= + eee b P 
(1+c)™ ae and therefore the 


integer m can be found so that a~™ 


number ~-m belongs to the w class. If a<1, we write a= and the proof 
proceeds on the same lines. If a=1 the statement is of course untrue, for then 
a?=1 for all values of z. 

Also (1) all real numbers are included in one or other of the 
classes, and (2) every #< every y; because, if any # > any y, the 
corresponding a* would be > the corresponding a¥ (Ex. 3, p. 91 
above)*, which would contradict the supposition that a* <b < a’. 

i i is a Dedekindian classificati 

Therefore this classification (# | y) is a Dedekindian classification 


CORSINS Wa ROOM 
* Assuming a>1. If a<1, the signs of inequality must be reversed. 
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and defines a real number, m say. The number a™ is then the 
number defined by the classification (a*| a”), i.e. is the number 6, 
ie. a”=b; and it is evident that there is only one such number m 
having this property. 

Hence the equation a” =b, in which a and b are any positwe real 
numbers, and a is not equal to 1, necessarily has a unique real 
solution for m. This real number m is called the logarithm of b to 
the base a, and is written log, b*. > 


66. It is interesting to notice that, except in rare cases, one at 
least of the three numbers a, b, m must be irrational; and in fact 
that the logarithm to a rational base (a) of a rational number (b) 
must be irrational, unless the numbers (a and b) are positive or 
negative integral powers of a single rational number. 

To prove this in the special case when a=10 and b=2—.e. to prove that 
the logarithm of 2 to the base 10 is irrational—we argue: If logy) 2 were rational 
it could be expressed as a fraction j/g, p and q being (positive or negative) 
integers, and we should have the relation 10%%=2; whence 10?=2%, an im- 
possible relation, since 10” is an integer ending in 0 (or a decimal consisting 
of the digit 1 following a number of 0’s following the decimal point) whilst 2¢ 
must be an integer ending in 2, 4, 8, or 6 (or a decimal whose last figure is 5). 
Therefore logj)2 is irrational. The proof of the general case is left to the 
student. The student will notice, in consequence of this property, that the 
introduction of irrational numbers (in particular as indices) was essential if 
we are to use logarithms at all generally. 


67. Properties of logarithms. In virtue of our knowledge of 
the power, or exponential function, of which the logarithm is 
the imverse, we at once see that logarithms have the following 
two important properties: 

(1) If the base a is greater than 1, and # and y are two positive 
numbers, then log,#>log,y if and only if #>y; and if a<1, 
log, 2 >logay if and only if y>a. We say in either case that 
the logarithmic function is monotone. 

(2) If a, a%,... is any sequence of positive numbers tending 
to the unique positive limit b, the corresponding sequence of 
logarithms, viz. logy 7, logy #.,..., tends to the unique limit loga b. 
We say the logarithmic function is continuous. 

* With the introduction of complex numbers logarithms can be defined even 


if the number or the base is negative (or complex). Such logarithms are not 
unique. See Appendix. : 
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The proofs of these properties are almost immediate. 
ORR, 


The proof of (2) may be expressed in terms of monotone sequences (see 
pp. 47—48) thus: 


Because the sequence 2, v, ... > 0, ‘ 
we know that the sequence Uj, U2, ... \ b, 
and the sequence Z,, Ly, ... (7 b, 


where U, represents the upper bound of #,, x2, v3, ..., U, the upper bound 
of #2, %3, 4, ..., ete, and Z,, Ly, ete. represent the corresponding lower 
bounds. 
Hence the sequence log, U;, log, U2, logy, U3, ... \s log, b, 
and the sequence log, Z, log, Z,, log, Ls, ... ( log, b, 
supposing « > 1* and using property (1) to prove that if y;, y2, ... (” 6, then 
loga%; loga Ye; loga Ys, ae (~ log, bt. 
But log, U;=upper bound of log, x, log, x2, logy #3, ...3 ete. 
Therefore the sequence 
(upper bound of log, #,, log, #2, ...), (upper bound of log, x2, log, 23, ...), 
.»» \s log, 3, 
and the sequence 
(lower bound of log, 7, log, #, ...), (lower bound of log, w, logy #3, ...), 
pee faaloo. tp: 


whence the sequence log, 7, log, 7), ... > log, b. Q.E.D. 


We notice further that, whatever the base (2), log, 1 = 0, because 
a=). 

Thus we know that 7f the base (a) 1s greater than 1, every positive 
number b has a logarithm, which is positive or negative according as 
the number is greater than or less than 1, and that the logarithm 
increases steadily (and continuously) as the number increases. If the 
base is less than 1, the logarithm is positive or negative according 
as the number is less or greater than 1 and the logarithm decreases 
as the number increases. 


* The modifications when a<1 are evident. 

+ That the sequence log, y,, log, y2, ... is increasing and therefore has its upper 
bound as its unique limit and that this upper bound <log,,b is evident from (1). 
That this upper bound is log,b is proved thus: if B is any number less than 
log, 2; a® <q'%ab=b, and therefore some of the numbers y,, Yo, ... exceed a8 
and therefore some of the numbers log,y,, log, ys, .,. exceed B, so that B is 
less than the upper bound of the sequence log,y,, log,y,,... and the actual 
upper bound =log, b. Similar remarks apply to decreasing sequences and to lower 


bounds. 
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It should be noticed that negative numbers have no logarithms 
and that the base of the logarithms must in all cases be positive*. 

We shall in this course, wherever for the sake of definiteness 
appears desirable, always assume that the base of the logarithms 
is greater than 1; the modifications necessary to cover the case 
of a base less than 1 will be found to be nowhere vital. In practice 
the base is invariably taken to be either e (2°718...) or 10. 


68. Laws of logarithms. It is of natural interest (and of 
practical utility) to discover laws concerning the logarithms to 
a fixed base of various combinations of different numbers. We 
have in fact already found three laws of indices, which in view of 
the fact that logarithms are indices, can evidently be restated as 
laws of logarithms. 

Thus we have firstly, from the first law that a” x a”=a™*”, that 
the logarithm to the same base a, of the product of two numbers, 
is the sum of the two logarithms of those numbers ; or 


loga (a X y) = log, # + loga y, 
x and y being any two positive numbers; it having been seen that, 
whatever numbers # and y may be, their logarithms, m and n, exist 
such that a" =a and a”=y. area 
Secondly, a+ a" =a" gives at once 


loga (*) = log, « — log, y. 
Y 


As in the case of indices this law is only a particular case of the 
first law, for we have, in virtue of the relation 1/a"=a-, that 
log, (1/y) =— log, y, and thence 


loga G)= = logy (« x )= =loga # + (— logy y) = logy w — logy y. 
Thirdly, the law (a”)"=a™ gives 
logy (2) = n logy a, 
n being any real number. 
To sum up these three laws: logarithms of products and quotients 
are equivalent to swms and differences of logarithms, and the loga- 
rithm of a power is equivalent to the product of a number and a 


* With definitions in terms of complex numbers this statement is untrue. See 
Appendix. 
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logarithm. If we happen to know the logarithms to any base of 
all numbers we need, we can therefore replace the operation of 
multiplication by that of addition, division by subtraction, and 
exponentiation by multiplication. In numerical calculations in- 
volving such operations of multiplication, etc.—operations which 
are tedious if the numbers concerned are large (or have many 
significant figures)—we can therefore simplify the work by using 
logarithms, thereby reducing the operations of multiplication, ete. 
to the simpler operations of addition, etc. Since in practical work 
numbers with many figures are of frequent occurrence, the reduction 
in labour involved in such a use of logarithms is of considerable 
importance, provided only that tables of logarithms can be con- 
structed and used with ease. 


69. Logarithms to different bases. Common logarithms. 
There is so far in our logarithms an element of arbitrariness—the 
base a may be any positive number whatever. The choice of the 
most suitable base is not of much theoretical* but of considerable 
practical importance. If we take for example a=2, we have 
evidently (straight from the definition) the following logarithms 
to the base 2: 

log, 1=0, log,2=1, log,4=2, log,8 =38, 
log, 10 = an irrational number greater than 3 and less than 4, 
log, 20 = log, 2 + log, 10=1+ log, 10, log,80=3 + log, 10, 
and generally 
log, (2x) =n + log, a, and log, (10"«) = n log, 10 + log, «. 
The last two relations shew that if a number is multiplied by a 
power (positive or negative) of 2 its logarithm is modified only by 
the addition of the index of that power, whereas if multiplied by 
a power of 10 the logarithm is modified by the addition of a multiple 
of the irrational logarithm of 10. Or, if the logarithm of a number 
to the base 2 is known, the logarithms of all numbers got by 
multiplying (or dividing) the number by powers of 2 are also 
known immediately, whereas the logarithms of the numbers got 
by multiplying by the powers of 10 are not so known. Since, 
however, the normal system of notation is the decimal notation, 
* But see § 4 below. 


WMA rt 
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it is easier to see the similarity between numbers whose ratio 
is a power of 10 than that between numbers whose ratio is a 
power of 2. If we chose 2 for the base of our logarithms we should 
therefore lose the particular advantages of our customary notation. 
It is therefore preferable to discard 2 as our standard base of 
logarithms and to choose 10 for base. We then have the relation 
logy (10"x) =n + logy, so that if we find (from tables) the single 
logarithm log, # (e.g. logy 1:2345) we have immediately all the 
logarithms of the numbers got by shifting the decimal point 
in @& (eg. logy 12345 or log, 0012345), and it becomes thereby 
sufficient for the tables of logarithms to take no cognizance of the 
position of the decimal point but to tabulate only for values of 
(with a sufficient number of digits) within a certain range (e.g. 
between 1 and 10). It is for this reason that 10 is nearly always 
chosen as the base of tables of logarithms designed for numerical 
calculation. Such logarithms are called common logarithms*. If 
ever the decimal system of notation were displaced by the duo- 
decimal system it would be necessary to replace all tables of common 
logarithms by tables of logarithms to the base 12. 

It is nevertheless desirable in some kinds of work to use a 
base other than 10. The investigation of the relation between 
logarithms of the same number to different bases is, therefore, of 
practical importance. 

An appeal to the definition of logarithms shews at once that: 
If a and 6 are the bases (positive) of two systems of logarithms, 
and « any given positive number, then logy x =log,a x logy x, or 
log, a = = loga x. 

For, if log, « = a and log, # = 8, we have a* = « = b®, whence 

alog,a=log,#=Blog,b and alog, a = log, # = B logy b, 
giving log,«=log,a x log,# and log, v= — logy x. 
084 b 

We can now at once obtain the logarithm of any number to any 
base if only we know the logarithm of both the number and the 
base to any particular base. 


* In elementary and practical work the suffix denoting the base (10) of common 
logarithms is usually omitted. We shall follow this custom in the next section, but 
not elsewhere in this course. In theoretical work the suffix is usually omitted when 
the base is the irrational number e, but we shall avoid this practice. 
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EXAMPLES IX. 
1. Given that log;) 2=-30103, find the common logarithms of 
32, 8, 1/2, 1/8, /2, 1/(¥/2). 
2. Given that logy9 3= "47712 and logy 2=:30103, 
find the common logarithm of 
6 £37Q10 
62/3 *° 


3. Given that logy) ¢=-4343 (“e” being the irrational number, defined above 
(p. 51), which is the base of the Napierian logarithms), and given the common 
logarithms of the preceding questions, calculate log, 2 and log, 3. 

4. Shew that log, b lies between 

a(b—1) b-1 

b(a—1) one a—1° 
Hence prove directly that if h,, he, hy, ... is a sequence of positive numbers 
tending to the unique limit zero, then the sequence whose zth term is 


logy) (1+%,) has zero as unique limit ; deduce the continuity of the logarithmic 
function for all values of x. 


5. Shew that the logarithm of a fixed number is a continuous function of 
the base (i.e. if a, a2, a3, ... >a then log,, b, logy, b, logy, b, ... > log, 6) for 
all positive values of the base except unity ; and monotone for all values of 
the base exceeding unity (i.e. log,, 6 > log,, 6 if and only if a, >a, or else if 
and only if a, < a). 


6. If a>1 and z is any real number and wx positive, prove: 
(i) a®> 2” and a-* < x” for all values of x greater than a certain value ; 
(ii) "> log, x for all values of x sufficiently great ; 
(iii) 2” >| log, x| for all (positive) values of wv sufficiently small. 

[For (i) put #"=X. a*=(a/*)*> X by Ex, 10, p. 36.] 
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70. By the use of logarithms the operations of multiplication, 
division, and exponentiation can be replaced by the operations of 
addition, subtraction, and multiplication. In practical calculations 
these latter operations, as explained above (p. 97), are simpler 
than the former. If the logarithms of a// numbers could be tabu- 
lated once for all, such calculations would be made easy, for all that 
would be necessary in any particular calculation would be to look 
up directly in the tables the logarithms required and the numbers 
corresponding to given logarithms. Such a complete tabulation 
is, however, manifestly impossible. But it might be possible to 

7—2 
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tabulate all the integers up to, say, 10,000, and their logarithms 
correct to, say, four decimal places. Before entering on the question 
as to whether (and how) such a tabulation can actually be carried 
out, it will be well to inquire whether such limited tables can be 
of sufficient utility to make the labour of compilation worth while. 


71. The first remark which suggests itself in this connection is 
that any tables of logarithms, however accurate, cannot be used for 
arithmetical calculations where absolute accuracy is required (except 
in certain trivial cases),—for, as we have seen, logarithms are in 
general irrational numbers and therefore cannot be obtained ac- 
curately as decimals, but only to some degree of approximation 
(though this degree of approximation is variable at our choice). 
This lack of absolute accuracy.is not however a vital objection to 
the use of logarithmic tables, for, generally speaking, numerical 
calculations are met with only in practical work (an the physical 
sciences and elsewhere) where the accuracy of the actual data of the 
calculations is by no means absolute;—in some surveying problems 
the direct measurements may be in error to the extent of one per 
cent., and in very few measurements are the errors known to be as. 
small as one in a million. It would be absurd to desire absolute 
accuracy in calculations on such approximate data. 

Thus, if only the tables can be so constructed and used as to 
preserve any desired degree of accuracy, the lack of absolute accuracy 
will be of no consequence. Our object will be attained if the suc- 
cessive numbers tabulated are so chosen as to differ only by the 
range of error to be allowed for in the data of the calculations, so 
that there will be a separate entry giving the logarithm of every 
distinguishable number, and, if, at the same time, the logarithms 
tabulated are obtained to such a degree of approximation as to 
render successive entries of logarithms distinguishable; that is to 
say, if the numbers for successive entries are taken sufficiently near 
together and the corresponding logarithms are tabulated to a suffi- 
cient number of decimal places. If, in using such a table, we en- 
counter a logarithm which does not occur in the table, it will lie 
between two of the entries of logarithms and therefore, in view of 
the monotoneness of the logarithmic function, the corresponding 
number will lie between the two corresponding number-entries; and 
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this will suffice for our needs. One proviso only is needed,—that 
the number of decimal places to which the tables are carried must 
be the same throughout and sufficient for the accuracy of the least 
favourable part of the tables. For work of different degrees of accu- 
racy different tables will be needed,—e.g. four-figure tables for most 
practical work, or seven-figure tables for more accurate work. As 
has been noticed before, there is no need in a table of common 
logarithms to tabulate numbers beyond a certain stage, since, ¢.g., 
in four-figure tables 16013 would be indistinguishable from 16010, 
whose logarithm is 1+log 1601; so that in four-figure tables we 
need only tabulate logarithms of integers from 1000 to 9999. 

It should be observed that it does not follow that the sum (say) 
of a number of logarithms will have the same degree of accuracy 
as the several logarithms. It is true that in some cases the various 
errors may compensate each other, but on the other hand it is 
possible that they may be all of defect (or of excess) and thus add 
up, or accumulate, to a considerable total error. In performing 
calculations we must of course allow for this possible accumulation 
of errors, and it is best always to write down the limits between 
which the numbers and logarithms occurring are known to lie. 
Thus, for example, if we know that a measurement a, given as 2°000, 
is liable to an error (of excess or defect) of ‘001, we read from the 
tables that log 1:999 = 3008 and log 2:001 =°3012, to four places 
of decimals (i.e. with a possible error of (00005). All we can guar- 
antee about log from these data is that ‘30075 < log # <'30125. 
If we work with inequalities of this kind we shall know with certainty 
the outside limits of error of the result. This method can be simpli- 
fied in practice. 


72. Tables of common logarithms. In tables of common 
logarithms in actual use certain conventions are used, which it is 
desirable to mention here. The logarithm of any number will in 
general consist of an integral part and a decimal part; the integral 
part is called the characteristic and the decimal part the mantissa 
of the logarithm; in the case of a negative logarithm the character- 
istic is always taken to be the negative integer next less than the 
logarithm itself, and the mantissa is the positive decimal by which 
the logarithm exceeds the characteristic. Thus for log 20, which 
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= 1'30103, the characteristic and mantissa are respectively 1 and 
‘30103; for log*5, which = — 30103 = — 1 + ‘69897, the character- 
istic and mantissa are respectively — 1 and ‘69897. Such a loga- 
rithm is written 1:69897. 

Tables of logarithms tabulate only the mantissae, and the decimal 
point is usually omitted; the characteristics and decimal points 
have to be added. The determination of the characteristic of a 
common logarithm is simple, for we have from the laws of logarithms 
that if, e.g., log 2= "3010, then 


log 20 = log (10 x 2) = log 10 + log 2 = 1°3010, 
log 2000 = log (10° x 2) =3 + log 2=3'3010, 
log ‘2 = log (2/10) = log 2 — log 10 = log 2— 1 = 1.3010, 
log 00002 = log (2/10°) = log 2-5 = 53010; 
or if log 1302 = 1146, then 
log 130°2 = 21146, log 001302 = 3:1146. 


The characteristic of the logarithm of a number greater than 1 
is always one less than the number of digits preceding the decimal 
point; the characteristic of the logarithm of a number less than 1 
is always negative, and is numerically one more than the number 
of zeros immediately following the decimal point. 

In most published tables space is saved by the use of a “column 
of differences,” the precise form of which varies with the publica- 
tion, and the use of which will give no difficulty to the student. 


The “principle ‘of roportional parts” is of considerable use in mathematical 
tables in order (e.g.) to obtain the logarithm of a number intermediate to two 
numbers tabulated. It is, briefly, that if the difference between the inter- 
mediate number and the smaller of the two tabulated numbers is e.g. 1/10 or 
2/10 of the difference between the two tabulated numbers, then the corre- 
sponding difference between the intermediate logarithm and the smaller of the 
two tabulated logarithms is 1/10 or 2/10 of the difference between the tabulated 
logarithms. The investigation of the degree of accuracy of this principle and 
its general justification depend on the notions of differential calculus and will 
not be given here. Generally speaking, the principle will be reliable only in 
parts of the table where the “differences” do not vary rapidly. 


The student will probably already have had sufficient exercise 
in the performance of calculations with the help of logarithms, but 
in any case he will be able to find, in the course of practical work 
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in natural science or elsewhere, practical examples for practice *. 
In all cases the student should use tables appropriate to the 
degree of accuracy of the work in question, and should so use 
the tables that he will be able to assign with certainty outside 
limits of error, 


73. Construction of tables. Having satisfied ourselves of the 
utility of such tables as those contemplated, it remains for us to 
investigate how such tables can be compiled. That is to say, we 
wish to calculate the logarithms to any desired degree of accuracy 
(e.g. within (00005 or 00000005) of all numbers of a certain number 
(e.g. 4 or 7) of significant figures. Owr problem is that of calculating 
the logarithm of any given number to any desired degree of accuracy, 

For definiteness we will suppose that the logarithms required 
are common logarithms, i.e. logarithms to the base 10. 

The logarithms of certain numbers are known at once; e.g. 

log 10 =1, log 100 = 2, log 1000 = 3, log 1 =0, 
log ‘1=—1, log 01 =— 2, ete. 

To find the logarithm of another number, e.g. 2, we have firstly 
that log 1 < log 2 < log 10, i.e. that log 2 is positive and less than 1; 
but we notice further that 2*=8<10 and therefore 2<10? and 
therefore log 2 < 1/8, ie. log 2< 3. Also 2!=16 > 10 and therefore 
2 > 102, whence log 2 > 1/4 = "25. We have thus already obtained 
log 2 correct to one decimal place, viz. log 2 =°3. 

For further accuracy we may try repeating this process of raising 
2 to some integral power and comparing with a power of 10; we 
have 


Oe 32, 28 = G42 = 128, 2° = 256, 2 = 512, 2° = 1024; 


whence we have, selecting the one actually useful result, 


2 — 1024 > 1000 and therefore log 2 > - log 1000 = °3. 


From these results we have found that log 2 lies between ‘3 and ‘3. 
We can find other logarithms similarly. 


74. Two-figure tables. Evidently this process has limitations, 
which must: be removed if it is to be useful for our purpose. 


* Worked examples and detailed instructions on the use of logarithmic tables will 
be found in any good modern book on elementary algebra, 
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We could, as a last resort, calculate the values of 23, at, 2", ... by re- 
peated application of the operation of extracting the square root,—or we 
could calculate the values of Qrv, gto, 21°, etc. and then gro, groo, $5 
by the fundamental method of “trial” (e.g. to find 270 we argue 1M=] <2, 
1:1°=2°6...>2; therefore 27° lies between 1:0 and 11, etc.). But clearly, 


no matter what simplifications be made in this method, the work involved is 
prohibitive. 


We have used the fact (e.g.) that 8 < 10 to shew that log 8 (ie. 
3 log 2) < log 10; but we have no information as to how much log 8 
is less than log 10. Clearly what is needed is some estimate of the 
magnitude of the difference between two neighbouring logarithms, 
such as log 10 — log 8, or, what comes to the same thing, an estimate 
of log (1+), where « is fairly small, for 

log 10 — log 8 = log (10/8) = log (1 + }). 

Let us consider this question in the simplified form when ~z is the 
reciprocal of a positive integer; ie. let us try to find an estimate 


of log (a + *); where n is a positive integer. 


Taking first the case mentioned, that of log(1+4), we notice 
that the successive powers of (1++4) are 5/4, 25/16, 125/64, etc., 
and of these, the third, viz. (1 + 4)’ = 125/64, differs only slightly 
from 2 and that 3 log (1 +4) < log 2, 1e. 3— 9 log 2 < log 2, whence 
log 2 >'3,—a result which we found before by proceeding to the 
tenth power of 2. Similarly for other logarithms. 

However, we know in general (see pp. 52—53 above) that if m 
is any positive integer not exceeding n, 

(lan Ti) <= lin) 73; 
and therefore in general 
log (1 + 1/n)” < log 3, 
or indeed log (1 + 1/n)” < log 3, 
Le. n log (1 + 1/n) < log 3, or log (1 + 1m) < 283, 


so that if we can obtain a close upper estimate to log 8, we shall 
have here a close estimate for log(1+1/n) for all integral values 
of n, and there will be no need to carry out the process of raising 
the particular value of (1 + 1/n) to the various powers each time. 
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Moreover, we see that the greater the number n, the more accurate 
will be the result. Using the evident fact that log 3 <°5, we may 
state our result as 


log (1 + 1/n)< . or 1/2n. 


We can also improve our results if we obtain an under estimate 
for log(1 + 1/n) as well as the over estimate found. A sufficiently 
good estimate is obtained at once if we notice that if n is any 
positive integer whatever, 

(14 1/n)">2, 
and therefore n log (1 + 1/n) >log 2, which we know >°3; whence 


log (1 +1/n) ee 
Combining our two results, we have proved that log (1+ 1/n) lies 


between ‘3/n and ‘5/n; whence we have log (1 + ) correct to 


within an error of less than ‘2/n. 

Certain logarithms can now be found to a considerable degree 
of accuracy; for example log 101 = log 100 + log (1 +1/100) and 
therefore les between 2:003 and 2:005. 

The logarithms of the integers from 1 to 10 can now be deter- 
mined to a substantial degree of accuracy. Thus log 2 can be found 
correct to three decimal places thus: 

2° — 1024, which lies between 1020 and 1025, and therefore 
10 log 2 lies between log 1020 and log 1025, i.e. between 

3 + log (1 + 20/1000) and 3 + log (1 + 25/1000), 
i.e. between 3 + log (1 + 1/50) and 3 + log (1 + 1/40), whence 10 log 2 
lies between 3 + 3/50 and 3 + ‘5/40. Therefore log 2 lies between 
*3 + 0006 and °3 + 00125, ie. log 2 lies between ‘3006 and ‘30125, 
whence, correct to three decimal places, log 2 = 301. 

There is now no real difficulty in calculating the logarithms of 
all integers, say up to 100, to a degree of accuracy corresponding 
roughly to “two-figure tables.” The student is advised, as an exer- 
cise, to calculate by this method the common logarithms of all the 
integers up to 20; there is scope for much ingenuity in choice of 
the particular numerical relations used, but the student will not 
have much difficulty in obtaining the results correct to within 
‘005. 
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75. Limitations of method. There is still a fundamental draw- 
back to this method of calculating logarithms. We cannot obtain 
unlumited accuracy. 


The possible error in our approximation to log(1+1/z), on which the 

calculations rest, is ‘2/n, which, even in the favourable case of 
log 101 =2+ log (1+1/100), 

allows an error of 002. We can improve the method by realising that the 
result used—that log (1+1/n) lies between ‘3/n and °5/n—is not the best 
possible result of the kind. For we can easily shew that log 3 is not only less 
than ‘5 but less than 48. We know also that the inequality (1+1/n)"<3 is 
not the best result of its kind ;—it is in fact not hard to prove directly that 
(1+1/n)" < 23 for all values of the positive integer 2, or we know already (see 
pp. 51—55) that the upper bound of the increasing sequence whose wth term 
is (1+1/n)" is e, which, correct to six places of decimals=2°718282, and there- 
fore (1+1/n)™"<e< 2°72. | 

We can therefore replace ‘5/n in our upper estimate for log(1+1/n) by 
-48/n or log 2°72/n, or even log e/n. 

At the same time, the lower estimate (*3/n) for log (1+ 1/7) can be increased. 
Using the result of Ex. 7 of p. 59 above, viz. that the increasing sequence 


ntl 
whose 7th term is (1 - si) has 1/e for its upper bound, we have 
7 


1 i n+1 1 é n nt+1 1 
( - <5) AWD, Ses (4) <e; 


’ 1\2t1 
e ) Se, or (l-alp)es sees 


and therefore 


whence log (1+1/n) > oe for all positive integral values of n. Our result can 
now be modified to 
log e at log e 
n+l =e (1+;) < mu ~ 
If we had the precise value of loge, we should now have an estimate for 
log (1+1/n) with an error of less than log e/n— log e/(n +1), i.e. a eey Since 
n(n 
log ¢ is certainly less than 4, our possible error is seen to be less than 
oe 
2n(n+1)° 


If n is large, this error is very small, and indeed is much less than our 
previously obtained possible error; e.g. if »=100, we obtain log (1+1/100) 


b 1 , 
with an error of less than 510071017 ' less than ‘00005, as compared with 
002. 
The degree of accuracy of this method is however still limited. 
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Evidently further modifications of a vital character are necessary 
before we achieve the unlimited accuracy we need. In the next 
section we shall see how the result that log (1 + 1/n) lies between 
log e/(n + 1) and log e/n can be extended and developed to gain this 
end, 

EXAMPLES X. 

1. Given that the square, fourth, eighth, 16th, 32nd, 64th, 128th, 256th, and 
512th roots of 2 are (to three places of decimals) 1-414, 1:189, 1:090, 1:044, 1-022, 
1011, 1-006, 1:003, and 1-001 respectively, calculate the logarithms of all the 
integers from 1 to 20 to the base 2, correct to two decimal places. 

2. Shew, by the methods of the text, that log 3 lies between -476 and ‘478 
and log 7 between ‘844 and ‘847, 

3. Construct that portion of a “two-figure table” of common logarithms 
which gives the logarithms of integers between 30 and 40. 

4. Use tables to calculate the sum of 20 terms of the geometrical-progression 
having 13 for its first term and 1-045 for common ratio. State the degree of 
accuracy of the result. 

5. Given the four-figure values of the common logarithms of 8 and 21, 
obtained from tables, and that loge lies between ‘4 and °5, use the relation 
13?=169 to obtain, by the method of the text, log 13 correct to four decimal 
places. 

6. Calculate the common logarithms correct to three decimal places of 10:1, 
10:2, 10°3, 10-4, 10°5, 10°6, 10°7, 10°8, 10°9, and 11. 

7. Calculate the logarithms of the integers from 1 to 12, to the base 12, 
correct to one decimal place. 

8. Calculate to one place of decimals: 

(log 20 —log 10)/10, (log 15 — log 10)/5, (log 12 — log 10)/2, 
(log 11 —log 10)/1, (log 10—log 9)/1, (log 10 — log 8)/2; 
and to two places of decimals: 
(log 10°5 — log 10)/*5, (log 10°4 —log 10)/"4, (log 10°3 — log 10)/°3, 
(log 10°2 — log 10)/*2, (log 1071 — log 10)/"1, (log 10— log 9°9)/-1, 
and (log 10 — log 9°8)/*2. 
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_ 76. Proof of inequality. In view of the rédle which the relation 
proved in the last section, viz. 
log e 
n+1 
plays in the development of the Lopaarithiate series—which is the 
means whereby we are to be enabled to calculate logarithms to an 
unlimited degree of accuracy—we here set out the proof in full. 


< log(1+1/n)< a2 
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Firstly, the two sequences, whose typical terms are (1 +1/n)” 
and (1—1/n)~”, are respectively steadily increasing and decreasing, 
are convergent and have the same unique limit e. 

Combining the two proofs by using the alternative signs +, ¥ in 
the respective sense, we have, if is any positive integer greater 


than 1, 
1 n+1 i P: 1 nN+1 
Giga —|[hrs eeeem| 
IN\e il n oon 
ay lee = sll Sete eee ee BL ee 
( t 1) (1 - 7) E a (nt1)n(m+ al 


Aceh ped hs eae ae n(n +1) 
>(145) ” E FD: 


z 1 
GisDy all) ea 


n+1 ; 
Hence (1 + 4) Sy @ F a (n+1)n a (a " ae 
n+1 n} n(n +1) 


by the inequality (11) of p. 29, since — 


n 
n 
Hence the sequences whose typical terms are (1 +=) and 
14 : : s 
(1 = -) are Increasing. 


These sequences are bounded above because, as proved on p. 52, 


Nn if! 1 
(1 +5) St oy gi aa 3, 
1 n 
and (1-=) <1 
n 


The sequences, therefore, have unique limits. That of the first is 
denoted by e*. 


Finally (1 “« “\" » (" a a2 n-1 


n n 

- il if 

a Lees 1 
1 a ees 
( iF =) seen 
1 

ice 
e 

ecaus ———— sates 
e ( a —>e and Pars na 


* The irrational number e, thus defined, has been proved (p. 55) to be approxi- 
mately 2:718282. ; 
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Therefore (1 = ~) (eo : , and we have established the two results 


l il n 1 —n 
( + 5) (76; (1 — 5) We QED, 
Secondly, from this double result, we deduce at once, since 


—(n+1) 
(1+1nyr<e< (1 - +3) ; 


n+l 
that nloga (1 +2) < logge < — (n+ 1) loga (1 -—): 
where the base a is any number greater than 1; 
1.€. nloga (1+ *) < logge < (n+ 1) logy eta , 
Le. n logy (1 + 1/n) < logge < (n+ 1) tele + 1/n), 


_ or logg(1 + 1/n) les between log,e/(n +1) and log,e/n; and the 
relation at the head of the section is proved, where the logarithms 
may be taken to any base greater than 1. 


77, Extension of inequality. Omitting from this point the 
suffix a, the relation we have proved is 

loge 

n+1 

From it we deduce at once the relation 


< log (n +1) — logn < “8° a 


P loge < log (q¢ +p)—logq<Ploge 
+p q 


or 


OS Cele Uibae amt OS Tee 10S 
q+p 12 qd 
where p and q are any two positive integers. 
For log (q + p) — log g = log (q + p) — log (g + p—1) 
+ log (q+p—1) —log(q +p — 2) 


+ log (q + 2) — log(q + 1) 


+ log (q + 1) — log gq, 
and to each of the differences of logarithms occurring, the proved 
relation applies; whence 


1 i! *) 
= = ee 
log (q+ p) Peibed( a yt gaps q 


Pp 
<* loge, 
q 8 


| “4 
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there being p terms in the bracket, each at most 1/q; and 


1 i 1 1 
eee eee 
log(q+p)—logg> sleep taee=T" 7 oe # kel 
> —P_hoge. 
cae 


The relation stated is proved. 


78. Fundamental inequality. From this we deduce that 2f h 
is any rational number greater than —1, log(1+h) hes between 
hloge and hloge/(1 +h); for the rational number h can be ex- 
pressed as a fraction + p/q where p and q are positive integers * and 


log (1 +h) =lo ee =lo + »)—log gq, which lies between 
8 8 q S(arp £q 


+ploge/(q+p) and +ploge/q, ie. log(1+h) lies between 
hloge/(1 +h) and h loge. 

Finally ¢f h is any real number greater than —1, log(1 +h) lies 
between h log e/(1 + h) and h loge. 


For, if 2 is defined as the Dedekindian ¢ classification of, the rational numbers 


y log *) 


(~|y), we have — 
1+y 


h=(e|y), hloge=(a mS e), hloge/(1 +h)=(708 
and log (1+/)=(log [1+.]| log[1+y]), 
where, in the last two classifications, w is restricted to exceed —1, and the 
classes determining / log e/(1+/) are completed by the addition of all numbers 
less than and greater than those expressed. 

But we know, by the result just proved for rational numbers, that 

a loge 
1+” 
Er <log (1+) <yloge; } 
whence, by direct reference to the geometricalt or arithmetical idea of 
Dedekindian classifications, 


< log (1+) <az loge, 


and 


wv loge|y loge 

( as ay ) < (log [1+] | log [1+y]) < (wloge|y loge), 
; hi 
1.e. Te Slog (1 +h) <hloge. Q.B.D. 


By an evident slight modification of this result we obtain at once 
the fundamental inequality 

loge _ log(a+h)—log# _ loge 

o+h ie - op? 


aah: hat, q>Dp. + i.e. by reference to the straight line of Fig. 1. 
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if w and h are any positive real numbers, or 
loge e see) SES loge 


x x+h’ 
if @ is any positive real number and h any negative real number 
greater than — 2. 


This fundamental inequality gives upper and lower estimates for 
the ratio = 


log («+ h) —log 
h ? 


and determines not only the difference log (a +h) —log a, but also 


this ratio [log (# +h) —log #]/h, with an error which is small if the 
number /, is small. 


79. Limit of incrementary ratio of log x. The ratio 
log («+ h)—log x 
h 


is a kind of relative difference between the logarithms of the numbers 
a and «+h, compared, that is, with the difference between the 
numbers themselves. If the difference h between two numbers 
(+h and «) is small, we knew before that the difference between 
the corresponding logarithms is also small (see p. 94 above), but 
we had previously no knowledge as to how this difference between 
the logarithms compares with the difference between the numbers. 
By a study of this “relative difference” we shall be likely to obtain 
more precise knowledge of the logarithmic relation and of the values 
of the logarithms themselves. In conformity with the custom of the 
differential calculus we shall call this ratio the incrementary ratio 
of log x from « to «+h, or over the range (a, «+h). 

Let us consider this incrementary ratio 

log (@+h)—loga 
ree 

for a sequence of values of h (other than zero) having the unique 
limit zero. The corresponding sequence of values of log e/(# +h) 
clearly is also convergent and has the unique limit loge/x*. But, 
by our fundamental inequality, the incrementary ratio 


log (a + h).— log « 
h 
* The proof of this is left to the student. 


’ . 
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lies between log e/a and log e/(« +h); whence it follows at once 
that: 

If hy, hy, ... be any sequence of real numbers tending to the unique 
limit zero (and such that «+h,>0 for all values of n), then the 
corresponding sequence of incrementary ratios, 

log (#+h,)—loga log («#-+h,) — log « 


1 2 


re) 


sree reat 
is convergent and tends to the lumit =, x being any positive real 


number. 


80. The student will have noticed that as the sequence for / tends to zero, 
the numerators of the incrementary ratios (viz. log (#+/)—log #) themselves 
tend to zero, and it might be tempting to argue that therefore the ratios tend 
to _ But this expression, 0/0, as we know, is quite meaningless, whereas the 
limit to which the incrementary ratios have been proved to tend (viz. log e/2) 
is a perfectly definite number. The student should find no difficulty in this and 
log (47+hy) — log « 

hy, 
ing to a sequence h,, which tends to zero, means something totally different 
log (a@+hy) — log x 
or 


will realise that the limit of a sequence such as , correspond- 


from the value of the expression when f, is put equal to zero, 


which, as we have said, is meaningless, 


81. Graph of logx. Inclination of tangent. Derivative. A 
recourse here to the ideas of graphs will be suggestive and useful. 
From the knowledge of logarithms we have so far acquired, we can 
sketch a rough graph of log. It is as drawn in Fig. 2. 

Let P, Q be the points on the graph corresponding to the values 
a2, “2+h of the variable «; PM, QN the respective ordinates; so that 
MP = log x, NQ=log(#+h)*. 

The incrementary ratio of log w from # to +h is 
log(«+h)-—loga NQ-MP RQ 
h Co ARN ene 
where RPQ is the angle of inclination of the chord PQ to the w axis; 
Le. the incrementary ratio from « to «+h is the trigonometrical 
tangent of the inclination to the x axis of the chord joining the points 
on the graph corresponding to the values « and x + h of the variable x. 


= tan RPQ, 


* In the figure, h is taken to be positive. This is unnecessary, provided x and 
«+h are both positive and the usual conventions as to sign are followed. 
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If we take a sequence of values of h, say hy, ho, hs, ..., tending to 
the unique limit zero, we obtain a sequence of ae LOPE. 
PQs, ..., angles RPQ,, RPQ,, RPQ,, moran Incrementary ratios 
[log (a + hy) — log why, [log (@ + hs) — toe mle ee a 


[log (@ + hs) — log x]/hs, 


such that 4 
l hy) — p 
og (x ar ) log ue = tan He Oe 
log (@ + a — log # = tan RPQ., 
] —_ A 
og (@+ =) log @ _ tan RPQ, 
ete, 
T 


Fig. 2 


The points Q,, Q, ... visibly tend to approach P indefinitely 
closely along the graph, and the chords PQ,, PQ, ... tend to coincide 
with the tangent PT to the graph at P; so that the angles 
RPQ, RPQ,, ... tend to coincide with the angle RPT, which the 
tangent at P makes with the « axis. 

Therefore the incrementary 1 ratios, which are the sameas tan RPQ,, 
tan RPQ., ..., tend to tan RPT*; or the limit of the sequence of 


* This is, of course, not meant to be a proof. 
WMA 8 
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ancrementury ratios is the trigonometrical tangent of the inclination 
to the « awis of the tangent PT to the graph at the point P (a, log «) 
on the graph corresponding to the value w of the variable. 

It is customary to call this trigonometrical tangent simply the 
slope or gradient of the graph at the point P. ; 

Thus we have seen—intuitively and without any kind of proof— 
that the limit of the incrementary ratios represents this important 
property of the graph, its slope. 

In view of its importance we give this limit of the sequence of in- 
crementaryratios a name,—the differential coefficient or the derwative 
with respect to « of the function log #,—and we write it D log a. 

We have in fact, for any function*, that if the sequence of in- 
crementary ratios (defined as above for log) has a unique limit, 
this limit is called the differential coefficient, or derivative, of the 
function and the function is said to be differentiable. 

Thus we have proved, on p. 112 (Par. 79), that log « has a dert- 
vative with respect to x for all positive values of x, viz. log e/a, 


or D log « = loge/a. 


82. Graph determined by its slope. Reverting to geometrical 
language, we observe that we have here the slope of the graph of 
log «, for all (positive) values of # A little reflection of a practical 
nature will convince us that this knowledge of the slope of the graph 
at all points carries with it implicitly a complete knowledge of the 
graph if any part of the graph is known. It seems evident that there 
can be only one graph starting from a given point and having, for 
every value of #, a given slope. Thus we can expect to be able to 
determine the behaviour (and value) of log w for all values of x by a 
use of this relation, 

D log « = log e/z, 
giving the slope. 

Arithmetically this seems at least slightly hopeful as a way of 
calculating log for all values of x, because the expression giving 
the slope (viz. loge/#) is in a very simple form in terms of the 
calculable expression 1/x (assuming that we know the single loga- 
rithm loge). We will therefore consider this relation and how it may 
be possible to deduce from rt the nature of log a. 


* y is a function of « if y is given in terms of z. A function may be represented 
by a graph. i 
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83. Modification of problem. We will first modify the problem 
in two ways: 

For the sake of brevity we will consider logarithms to the base e; 
for then all the preceding work is valid and we have log, e=1, so 
that our relation giving the derivative of log, « is 

D log, # =1/z. 
We shall find also (because log, 1=0) that it will be more con- 
venient to consider log, (1 + «),—with > — 1,—rather than log, a. 
It is clear that 


D log, (1 + #) = ~. Rah onatigt en gate (1), 


because 
log. (1 + # +h) — log, (1 + x) 
h 

hes between 1/(1 +.) and 1/(1++h), whence the limit of the 
sequence of incrementary ratios is 1/(1 + 2). 

Our problem is to find, if possible, expressed in calculable form, 
a function of # which has 1/(1 + ~) for its derivative for all values 
of « (exceeding — 1). It would then be necessary for us to prove 
that the function obtained actually is identical with log, (1+). 


84. Polynomial approximations to derivative. We have 
gr 
1+ 2’ 
where 7 is any positive integer and the upper or lower signs are 
to be taken according as m is even or odd. 

Since we are assuming 2 >—1, let — 0 be a negative number 
between — 1 and 2, so that 0< 06< 1; we have 


Diog. (1+ 2)= 7 == 1a tar... + 2" + 


anti — 


—— f 
vee FI Gf x + 0), 
and therefore D log, (1 + «) oy between 
l—-w#+e—... +a” 
TE Nee pa taste Sa oe (2), 
c a see i 
and l-#+a@-...42 Pas p 


for all values of # exceeding — 6, and of these expressions the second 
is the greater, except for positive values of # and even values of n 
taken together*. 
* If <=0, Dlog, (1+2) is equal to both of the expressions (2). 
8—2 
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85. Differentiation of simple functions involved. Now*, the 
incrementary ratio of the function « from # to «+h is 
[((a+h)—a]/h, i.e. 1; and therefore the sequence of incrementary 
ratios for this function x, corresponding to the sequence h,, hz, hs, ..., 
is 1,1,1,..., which is convergent and has the unique limit 1; or 
the function x is differentiable and its derivative is 1 for all values 
of #. 

Again, the incrementary ratio of the function 2° from # to 
a+h is [(a+h)—2°|/h, i.e. 22+h; and therefore the sequence of 
incrementary ratios is 2a+h,, 27+h,, ..., which is evidently con- 
vergent and has the unique limit 2w if the sequence fy, hz, ... has 
the unique limit 0; or the function x is differentiable and its deri- 
vative is 2x for all values of x. 

Also the incrementary ratio for x is [(#+h)’— #*]/h, Le. 

32? + 8ha 4+ h?; 
and therefore the sequence of incrementary ratios, viz. 
3a? + 8h,e +h, 3a?4+ 8h." 4+ h2, ..., 
is convergent and has the unique limit 3; or the function x ws 
differentiable and its derwative is 3x? for all values of x And so on. 

In general, if n is any positive integer, the incrementary ratio 
of the function x” from w to «+h is [((«@+h)”—a")/h, which, by 
the inequality (11) of p. 29, lies between n(#+h)?— and na”. 
But the sequence 

(e+ hy)", on (eb ihe)P 4, «05 

is convergent and tends to na” if the sequence y, hy, ... > 03. 
for [n(a@+h)"*— na" ]/h les between n(n—1)(a@+h)” and 
n(n—1)a#"*, whence the numerator, n (@ +h)" —na"—, is less. 
numerically than the numerically greater of n(n —1)(a@+h)2h. 
and n(n —1)a"~*h, and therefore the sequence 

n(a+h)" 7 —nar, n(e+h) — ne, ... +0 
whence the sequence 

n(e+h) 4, n(at+h)*4,... na", 
Therefore the sequence of incrementary ratios 
(a2+h,)"—a (a+h,)”— «a 
hy eS he : Spe 


* The student familiar with the facts of elementary differential calculus will realise: 
the truth of the equalities (3) and (4) below without the discussion of Par. 85. 
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itself is convergent: and tends to na”; ie. the function «” is differ- 
entiable and its derivative is na" for all values of «. 

We notice further that the incrementary ratios of 2a, 2a, ... 2a” 
are twice the incrementary ratios of a, 2,... a”; and therefore 

D2e = 2Da2=2, D222 =2D2? = 4a, ....D2x0” = 2 Dx" = 2na"—; 

and in general, if & is any fixed (positive or negative) number (ie. 
independent of «), 

Dkx=kDa =k, Dka? = kDa? =2ke, ... Dka” = kDa” = kno”. 
Hence, in particular, we have 

Dea Dae) =4 260, D (40 )= ta? = 23... 


- 1 Ae == 1 Me pal 
rare Poe re 


Finally if we have a function, such as 3x + 4a?— 62°, composed of 
several of the functions just considered combined by signs of addition 
and subtraction, the incrementary ratio of the compound function is 
just the same combination of the incrementary ratios of the separate 
functions as the combined function is of the separate functions. 
Such a compound function is therefore differentiable and its deri- 
vative is the same combination of the derivatives of the separate 
functions as the compound function is of the separate functions. 
In the case instanced, 


D (8a + 4a? — 62°) = D (8x) + D (4a?) — D (62°) 
= 3Dx + 4D2? — 6Da' 
=38.144.2¢-6.3# 
=3+ 8x — 182%. 


86. Applying these results to the compound function 
a — 0/2 + 0/38 —... + a /(n + 1), 
n being any positive integer, we have 
Dla—#/24+...+ 4° /(n + 1)] = Da — D(a?/2) + D(a/8) 


—...+ Dla"? /(n+1)] 
ase, tag | 2 oe +1 
= Dax —4D2?+4Da Pewee Ve 

1 
=1—4.22+4.32'-... he arate ay ee 
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which is the first of the two expressions (2) of p. 115; and 
iI +2 
D|o— a2 +28/8—... + aotl(n + 1) F as | 


1] na2 

1 1 
a oe 2 t. 352 S|) pitt ae Oh had a a” N+Z 
= Dx —4 Da? + 4 Dx + ty De | +2) 
=l-ata—... ba" FA anh ede ae AG eee (4), 


which is the second of the two expressions (2). 


87. Graphical illustration. Reverting once more temporarily 
to the geometrical ideas of graphs, let us interpret the results (2), 
(3) and (4) and see what we may expect to deduce from them. 
Let us consider first the simple case when n = 1. 

Our results may now be stated: Dlog.(1+«) les between 
D (a — 4/2) and D [x — #?/2 + «3/3 (1 — @)], where @ is some fixed 
number between 0 and 1,—except for «=0 when all three ex- 
pressions are equal, 

Sketch the graphs of y = #— «7/2 and y= — 2/2 + a3/3(1 — @). 

The graphs are drawn roughly in Fig. 3 with 0 = 2/8. 


Fig. 3. 


Compare with these two graphs,—which we will call O, and C,,— 
that of log, (1 + x),—which we will call C;. 

When «=0, log, (1 + #) =0, Le. the graph C; of log, (1 + x) passes 
through the origin O, through which both the graphs C;, and C, pass. 
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Also the slope of the graph of log,(1+ «) for all values of « is 
intermediate between the slopes of the two graphs O, and (,. 

It is therefore geometrically intuitively evident that the graph 
C; les entirely between the two graphs C, and C,. 

Granting this intuition, we have obtained the result that 
log.(1+2) lies between #— x*/2 and x — «2/2 + «*/3(1—6) for all 
values of x exceeding — 0, 0 being any positive number less than 1*. 

If now, for example, x is positive and less than ‘1 say, @ can be 
taken to be 0 and a*< ‘001, and therefore «3/3 (1 — @) <-0003, so 
that we have obtained the value of log,(1+.) expressed in the 
simple rational calculable form x — «?/2, correct to within ‘0003. 

This result is itself an improvement on the results of the last 
section. It is moreover evident that the argument used is general, 
and will shew similarly that log, (1+) lies between 
2—-2/2+...¢a"/n and w—97/2+... 440% nF a f(n+1) (1-8), 
for all values of the integer n, however great*; and therefore, by 
taking n sufficiently great, we can calculate the value of log, (1 + x) 
to any desired degree of accuracy if « is small and positive, or in 
fact, if x is any number between — 1 and + 1 (Le. —1 <a <1). 


88. General theorem on derivatives. We prefer however not 
to rely on “ geometrical intuition,’—a misleading, if suggestive, pro- 
cess. It therefore behoves us now to substantiate, by a strict ana- 
lytical proof, the deductions we have thus made. We must prove 
that if y,, y2, and ys are any three functions of # which are ditter- 
entiable for all values of x in a certain range +, and whose derivatives 
throughout that range satisfy the relation 

Dy, < Dys < Dye; 
and if the three functions all have the same value for the lower bound 
of the range, then throughout the range, 
Yr <3 < Y2- 
This will follow at once if we can prove the following theorem. 

If y is a function of « which, for all values of « in a certain range 

(a, b) and for the upper and lower bounds, b, a, of the range, 


* Or equal to both expressions if «=0. 

+ A range is any connected set of values of x. The range (a, b) means all the rea} 
numbers between a and b, with or without the addition of either or both of the upper 
and lower bounds, b and a. If a range (a, b) includes the upper and lower bounds: 
(as in the above theorem) it is called an interval, and the bounds a and D are called 
the end-points. If a<x<b, x is said to be interior to the range or interval (a, b). 
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is differentiable and has its derivative positive (or zero) (v.e. Dy > 0) 
whilst the function y has the value 0 when x = the lower bound a, then 
y > 0 throughout the range; or, if y=0 when x = the upper bound b, 
then y < 0 throughout the range. 

Because, assuming this theorem, if Dy, < Dy;, we have D(y;— 4) 29, 
and if y, =y; for # equal to the lower bound of the range, y; — y, = 0 
for that value of x, and therefore y;— 4, >0 throughout the range, 
Le. 4, <Y3; and similarly y; < yp. 


89. Proof. To prove the theorem we have: 

For definiteness take the first part of the theorem and suppose that 
the range of values for x is (0, K), where K >0. If the theorem is 
untrue there will be at least one number (k say) for which the value 
of the function, y (/) say, is negative. 

The incrementary ratio of y from 0 to k, which 


=[y(k)—y O)/k = y ()/k, 
would then be negative. 

From this it would follow that at least one of the two incre- 
mentary ratios: 

(1) that from 0 to k/2, viz. y (k/2)/(k/2), 

(2) that from k/2 to k, viz. [y (ke) — y (k/2)]/(&/2), 
is also negative, and in fact <y(k)/k, for the sum of these two 
incrementary ratios is twice the incrementary ratio between 0 and k. 

If (eg.) the first of these ratios is negative and <y(k)/k, it 
will follow similarly that at least one of the two incrementary ratios: 

(3) that from 0 to k/4, (4) that from &/4 to k/2, 
is negative and <y(k)/k. 

If (e.g.) the second of these ratios is negative and <y(k)/k, it 
will follow again that at least one of the two incrementary ratios: 

(5) that from k/4 to 3k/8, (6) that from 3k/8 to k/2, 
is negative and <y(k)/k. 

And so on, repeating this halving process indefinitely. 

We thus obtain an unending succession of negative incrementary 
ratios,—for the ranges (0, /), (0, 5). G. 5) ...;—which are such 
that the sequence of lower bounds 0, 0, &/4, ..., is non-decreasint, 
is bounded above, and therefore (7 a unique limit which > 0 and <k, 
and the sequence of upper bounds, k, k/2, k/2, ..., is non-in- 
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creasing, is bounded below, and therefore \ a unique limit which >0 
and <k; and these two limits are the same, since the sequence of 
differences between corresponding terms of the two sequences, viz. 
k, k/2, k/4, ..., > 0. 

Call this common limit a. 

This number a@ will belong to all the above ranges, and it will 
be possible to find a sequence, h,, hy, hs, ..., tending to the limit 0, 
such that the corresponding incrementary ratios, 

ylath)y—u(a) y(aths)—y (a) 

h, sd pone Wasa 
are all negative, and in fact, < the negative number y(k)/k. If 
this sequence of incrementary ratios has a limit, the limit must 
< this negative number y (k)/k. 

But, by hypothesis, the function y(z) is differentiable for the 
value a, and the derivative >0, ie. any such sequence of incre- 
mentary ratios as this has the unique limit Dy (a) >0. 

Our supposition that there was a value of a, viz. k, for which 
y (k) < 0, involving the existence of such a sequence of incrementary 
ratios less than or equal to the negative number y(k)/k, is un- 
tenable; and the theorem is proved*. 


ee 


90. Corollaries. The slightly modified theorem where the signs “>” and 
“<” are replaced by “>” and “ <” respectively is proved similarly. The cor- 
responding theorems when the derivative is negative (or not positive) are also 
proved similarly, or deduced by considering the function —y. 

An important theorem which is needed below (Chapter rv, § 6, and else- 
where) is: 

Tf the derivative Dy of a function y is zero throughout a range then the function 
y ts constant throughout the range, i.e. y has the same value for all values of « 
belonging to the range. 


* The student is unlikely on a first reading to appreciate fully the above arith- 
metical proof. The idea of the proof is more easily grasped if recourse be had once 
more to the graph. The above proof may then be expressed in the form: 

If there is a point P of the graph (which passes through the origin O) below the 
gz axis, then the chord OP will slope downwards, and therefore if Q be the point on 
the graph midway (horizontally) between O and P, at least one of the chords 0Q, 
QP, must also slope downwards (and at least as steeply as OP); whence again if R 
be the mid-point of the graph between the ends of this downward-sloping chord, one 
at least of the chords so formed, having one extremity at R, will also slope down- 
wards as steeply as OP. Proceeding in this way we see that there must then be a 
point, A say, at which the tangent to the graph slopes downwards, —contradictory 
to the supposition that the graph everywhere slopes upwards or is horizontal (because 
the derivative, i.e. the slope, is positive or zero). 
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For, if c is the value of y for # equal to the lower bound of the range, a say, 
and if y’ denotes the function y—c¢, we have 


Dy >9 and Dy' <0 
throughout the range and 
¥=0 for =a; 


* whence y >0 and 7 <0, 
i.e. y =0, or y=ce 
throughout the range. 


The above theorems are true even if nothing is known as to the existence or 
values of Dy at the bounds a, 6, provided the function y is known to be “con- 
tinuous on the right” at @ and “continuous on the left” at b, in the terminology 
of the next Chapter (p. 139). The above proof (modified) will apply. 


91. Upper and lower approximations to log, (1+x). From 
(2), (8) and (4) above, we know that, for e>—1 (and #+0), 
D log. (1+) lies between D {a — 42/24... + a /(n+1)} and 


ip gre 
Dio a/2+... 4 e[(n +1) F . 


1-—On+2 
Also, of the two derivatives, 


D (log, (1+ #) —{w—a?/2 +... 4 a"7/(n+1)}], 


and 
D | log. (1 2/2 n(n 1) Ee 
og. (1+ 2)— \e—at +... 40°71 (n4+1)F as ’ 
the first is positive and the second negative for all (non-zero) values 


of « greater than — @ (where @ is any number between 0 and 1)*, 


whilst both =0 for «=0. Further the functions in square brackets, 
v1z. 


log. (1 + 2) —{a#—o/2+...4 a" /(n+ D} 
and 


log, (1+ 2) — mer pas oe £a™O/(n +1) F Bais 
i } ge 1—@n+2)’ 
are zero for the value #=0. 
Therefore, by the theorem of p. 119, of these two functions last 


written, the first must be positive and the other negative for all 


* Except when n is even; in which case the first and second of the two derivatives 
mentioned are respectively positive and negative only for negative values of x and 
are respectively negative and positive for positive values of w. 
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positive values of «, and the first negative and the other positive 
for all negative values of « exceeding — 6*. 

Hence, whatever real number x may be greater than — 1, log, (1 + #) 
hes between x — 7/2 +... + a*#/(n +1) and 


2— 2/2 +... + a /(n +1) F 


gn 


AGG eDo (5), 
where @ may be taken to be 0 if x is positive, or any positive number 
between — # and 1 if « is negative; if =0, log,(1+~) is equal to 
both the expressions (5). This is true for all values of the positive 
integer n. 


92. Logarithmic series. If x lies between — 1 and + 1, or, more 
precisely, if — 1 <a <1, the difference between the two expressions 
(5), viz. a”*?/(1 — 0) (n + 2), diminishes indefinitely as n increases 


indefinitely, and in fact, 
gn 


(1 — 6) (n+ 2) 

Hence the sequences whose nth terms are, respectively, the ex- 
pressions (5) are, in these circumstances, convergent, and have 
log, (1 + #) for unique limit. 

Or the infinite series 

Ba Hal IAA taal ene eee chads (6) 

as convergent for all values of x between —1 and 1 (1 included but 
—1 excluded) and its sum is then log, (1 + «). 

The series (6) is called the logarithmic series. 

By its help we are able to calculate logarithms to the unlimited 
degree of accuracy we need for the complete solution of the problem 
of the tabulation of logarithms, stated in the last section. 


>OQasn—>o, 


93. Calculation of Napierian logarithms. Certain Napierian 
logarithms,—i.e. logarithms to the base e,—can be calculated direct 
from the logarithmic series. 

Thus, ¢.g. log, 1-1 =<1— (1)/2 + (1/3 —..., 

The error after n terms of this series (see p. 76 above) is less 
than the (n+ 1)th term, viz. (1)""/(n +1), which < 00005 if 
n+12>4;ie. if n> 3; so that log, 1:1 is obtained correct to within 
00005 from the first three terms of this series; giving log, 11 
to four decimal places as 0953. 


* Except when n is even; in which case the first of the two functions is negative 
and the second positive for all values of « greater than - 0. 
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Or again log, 2=1—1/2+1/3—...; but this series (see p. 77 
above), though convergent, is only very slowly convergent, and in 
order to guarantee an error less than 00005 it would be necessary 
to sum the first 20,000 terms; or even to obtain the result correct 
to within ‘1, we need to sum the first nine terms. 


In such cases, however, the problem may be tackled in modified ways. One 
simple way in which the logarithmic series may be modified for this purpose 
is as follows: 


3+1 1+1/3 
log, 2= log, (4/2) =log. 55 = log, G a) 


=log, (1+ 1/3) — log, (1 — 1/3) 


71) CO ee et eee ae 
a SO Gi Mi 7: aR mes en es 
ih lb Wal 
-2(5 Te 3 33 Ws Bet 3) Fa aiein eas on ae waite sie sieis's e\ocseiearaisraasianie (Zp 
by using theorem A of p. 80. 
The error after 7 terms of this series 


-2( is salen lie al 
Ae sett = 


uM 
2 4 
para gen (I +1/8 +1/3 Te. 


2.1 2 


eet a 
‘ iP 8 (27 22n-1 
@n+1)3"+1 (1-5) ener): 
1 . 
es a 


and therefore, in order to obtain log, 2 correct to within ‘1, one term of this 
series (7) will sufiice, or, to obtain log, 2 correct to within ‘000005, five terms of 
the series will suffice, for 8.5.39 > 20,000 and therefore 1/8.5.39 < ‘000005. 
The result is: 
S;=  °666667 
+ 024691 
+:°001646 
+:000131 
+ 000011 


= 693146 


and L; < 1/8.5.3% < 000002; whence log, 2, correct to five decimal places, is 
69315. 
In general, if v is any positive number greater than 1, integers m and n can 


always be found such that m>n and poe 
m — 


have then 
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m+n 

a =log. (1 + a — log, (: - : 

ai Oeil tn Mie Le 
“\|in St 3 me m 2m? 3m os 


m 38m 5m? 


The sum of this convergent series of positive terms can always be evaluated 
as above. 


94. Calculation of common logarithms and log,,e. In order to 
calculate common logarithms we need to calculate first the Napierian 
logarithms and transform by means of the formula (p. 98) 

logy) = logy e. log, x. 
To calculate log, e correct to four decimal places we have 
log, 10 = log, (8 + 2) = log, 8 + log, (1+ 4) 
=3 log, 2+ log.(1 +4) 
= 2079435 +(3 <spte-] 
with an error of defect of less than ‘000006 (p. 124). 

Five terms of the series in brackets will suffice to ensure an error 
of less than ‘00005, for #;< 1/6. 4° = 1/24576 < 00005. 

The sum of the first five terms of the series 

- =s,= 250000 — 031250 
+ 005208 — 000977 
+ 000195 
= ‘255403 — 032227 = 223176. 
Hence, with an error of defect of less than ‘000006 or an error of 
excess of less than ‘00005, we have 
log, 10 = 2079435 + 223176 = 2'302611. 

Finally log, e = 1/log. 10 = 1/2°3026 = 48429, with an error of 
less than ‘00002; whence, to four decimal places, log, e = °4343. 

Common logarithms, such as log,, 2, can now be found thus: 
logy) 2 = logy e. log, 2 

= ‘4343 x 6931, with an error of less than ‘00004 (p. 124), 
= °30101, with an error less than ‘00004, 
= ‘3010 to four places of decimals. 
The student will have no difficulty in calculating, correct to four 
places of decimals, the common logarithms of all the integers from 
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1 to 10 and those of the interpolated fractional numbers,—and 
thus to construct a “four-figure table” of common logarithms. In 
using series for such calculations it is essential (see Chapter 1, § 7) 
always to estimate the error involved, so as to be able to 
guarantee the degree of accuracy obtained and to save the extra 
labour which would otherwise often be involved in evaluating terms 
of the series which are not in fact relevant. 


EXAMPLES XI. 


1. Use the result that, if 2 is positive, D[log,(1+.)—.] is negative and 
> —« to shew that, if # is positive, log, (1+%)<#and > #— x?/2, sketching the 
graphs of all the functions concerned. 

2. Given that D[log,(1+wx)-—#+.?/2] lies between 0 and ‘01 for all values 
of « between 0 and j4, shew that log, 1*1 lies between ‘095 and -096. 

3. Obtain with the help of trigonometrical tables the angles of inclination 
to the w axis of the tangents to the graph of log,x at the points where 
¢=1/100, 1/2, 1, 2, 100; and of the tangent to the graph of logy) 7 at the point 
where c=10. Compare the trigonometrical tangent of this last angle with the 
numerical results of Ex. 8, p, 107. 

4, Express in precise analytical language the theorems described as: 

(a) If the slope of a graph is at all points zero, then the graph is a straight 
line parallel to the w axis. 

(6) If the slope of a graph which passes through the origin lies between 
+1/10 at all points, then, for all values of 7 between + 4, the ordinate v of the 
point on the graph lies between + 4/10. 

Give strict analytical proofs of these theorems. 

5. Express the theorem of p. 119, and the corollaries of pp. 121—122, in 
general geometrical language (as in Ex. 4). Give proofs of these theorems 
(a) in geometrical language, as in the footnote to p. 121, and (0) in precise 
analytical language. 

6. Calculate to four places of decimals the common logarithms of the integers 
between 2000 and 2010. 

7. Shew that if y>1 whilst </y differs from 1 by less than 10-8, then, 
correct to within 1077+! » loge y=n(/y—1), where n and s are positive integers 
and 2 < 20. 


Under what conditions is the formula logy) y= ae = correct to the same 


degree of approximation ? 

8. Use the formulae of Ex. 7 to calculate log,)¢ and logy3 correct to four 
decimal places. 

9. Prove the formula 

ioe, y= Sea =F y= D+. 
(2/10 —1) —$ (2/10 -1)? +...’ 

where 7 is such an integer that %/y and %/10 lie between 1 and 2, and use it 
to calculate logy) 2 correct to four decimal places. 
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10. Shew that if the positive real number a is less than 1, the fundamental 
inequality of p. 110 remains true when a is the base of the logarithms, provided 
the signs of inequality are reversed. 

11. Shew that if the sequence of real numbers (positive or negative) 


1, L2, U3, ... > 0, 
then the sequence 


1 1 
(1+2)™, (1+ x), ... >. 


12. Shew that the logarithmic series is not convergent if «>1 or # <—1. 
[If |z|>1 the terms of the series do not tend to zero. If 2=—1 the series 
is the known non-convergent harmonic series (vi) of p. 67, with signs changed.] 


13. Prove by induction that, if 7 is a positive integer, x” is differentiable for 
all values of w, and Da”=na"~1, Also v~” is differentiable (except for «=0), 
UNG! 1G GS SE AOE 

[The incrementary ratio for 2*1, viz. [((a@+A)"*1—a"*1]/h, can be rewritten 

Wan < 
ee x Da, 


which tends to (n+1) #” if x” is differentiable and De"=nz"-1!, Similarly for 
Ges] 

14. Byconsidering the derivatives of the functions, y,; =1+n2zand y2,=(1+2)", 
and using the methods of the text (pp. 118—122), obtain an independent proof 
of the inequality (ii) of p. 29. 

15. Obtain similar proofs of the inequalities (1) and (111) of p. 29. 

[For (i) consider the functions y,=(%+6)/2, y2=/(xb). For (iii) consider 
yn=nb"—! (x —b), yo=a" — 6”, y,= na"! (x —b).] 


§ 5. THE EXPONENTIAL SERIES 


95. Evaluation of powers. The problem inverse to that dealt 
with in the last two sections, viz. that of the evaluation of’ the 
powers of a given base (or anti-logarithms of numbers to a given 
base), leads to a similar solution. The power a* can be expressed 
as the sum of an infinite series similar in type to the logarithmic 
series for log,(1+). A tabulation of anti-logarithms is not, of 
course, a practical necessity, once tables of logarithms are con- 
structed, for it is easy (it 1s in fact customary) to use a table of 
logarithms for the dual purpose of finding logarithms of given 
numbers and of finding the numbers corresponding to given 
logarithms; but theoretically the solution of this problem is, like 
the solution of the corresponding problem for logarithms, of con- 
siderable interest and importance. The importance of the expo- 
nential function in the physical sciences is moreover sufficient 
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justification for the study of this. problem. The problem can be 
tackled on the same lines as those which have proved successful 
in the last section in the establishment of the logarithmic series. 


96. Lemma on differentiation of a product. We need a simple 
lemma concerning the derivative of the product of two functions: 

If wand v are any two functions of « which are differentiable, then 
the product wv is also differentiable and 

D (wv) = u Dv + vDu. 

To prove this we argue: 

The incrementary ratio of w from w to #+h is 

[u(a+h)v(a@+h)—u(e)v(«)I/h 
=u(e+h) eee ee) 
where u(#+h), etc. are written for the value of u corresponding to 
the value «+h of a, ete. 

But, if h takes on the values h,, h., ... of a sequence which tends 
to zero, the corresponding sequences for 

[v(@+h)—v(a)|/h and [u(a+h)—u(ax)V/h 
respectively tend to Du(«) and Du(«), whilst the sequence for 
u(« +h) must also > u(«), because the sequence for 
u(a+h)—w (a) clearly +> 0. 
Hence the incrementary ratio for wv tends to 


u(x) Dv(x) + v(#) Du (a). Q.E.D. 


+ u(2) 


u(a+h)— u(x) 
h , 


97. Derivative of e*. Let 2, h be any real numbers; put 
y= e, y+ k= etth 
so that x=logy, #+h=log.(y +k). 
The incrementary ratio for e* with respect to w from # to +h 
= (" — &)/h = k/[log. (y + k) — log, y}. 
Now, if h has the values /,, he, ... of any sequence which tends 
to zero, k has the corresponding values 


k, = etth — @, key = et the — ev 
=e (eh —1), =e (e%—1),..., 
and the sequence h,, k,,... is convergent and — 0, for 


(Dike al) 
hes between he" and h, by the inequality of Ex. 2, p, 91. 
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But we have proved in the last section (p. 112), that if a sequence 
ky, ky, ... > 0, the sequence 


(log. (y + ky) — log. y}/, {log, (y + ke) — log, y}/ka, ... > 1/y. 
Therefore the sequence of incrementary ratios for e* from « to 
“+h, «tox+hgs,..., which is 

k,/{log. (y+ k,)—log, y}, ha/{log. (y + ky) — log, y}, 
tends to the unique limit y, ie. e*. 

The function e is differentiable and De® = e*. 

Similarly we prove that e~* is differentiable and De-* =—e-?. 

A difficulty here arises in that the derivative obtained, e*, is the 
function whose properties we are investigating and not a simpler 
function, as was the case with log,(1+.). It is clearly hopeless to 
expect to use the fact De® =e* to discover a simple infinite series 
to represent e”. We have, in fact, at this stage to resort to other 
methods to suggest what the result might be; and then we shall 
be able to use this method to prove the result. 


98. Suggestion as to exponential series. We defined ¢ as the limit 
of the sequence whose nth term is (1+1/n)". From our fundamental inequality 
of the last section it is easy to deduce that the sequence whose nth term is 
(14+2/n)"* is also convergent and has the same limit e; whence it follows that 
the sequence whose nth term is 


( + 5) > SrA et AD a ees (2). 


But, by the binomial theorem (p. 22), 
n(n —1) 2 fs we 


2! ee n 


1 a 1 2, 
=1404+5(1 hae G-3) (1-2) +... 
ee 


As n—> o the first few terms of this expression (3) clearly — 1, x, w?/2!, x3/3!, 
etc., and, though there appears to be some doubt as to how the terms near the 
end of the expression (3) behave, yet it at least seems plausiblet that, as 
n—> o, the expression (3) tends to become the infinite series 
1+¢4+07/2!+43/3!+.... 
We will use this suggestion and proceed with the proof. 


qd +ujnyr=l+n= + 


* The proof of the obvious theorem in sequences that if a sequence s,, s,, ... —> 
a unique limit s (which+0) then the sequence 1/s,, 1/s,, ... > the unique limit 1/s 
is left to the student. 

+ See alternative proof below. 


WMA Y 
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99. Proof of exponential expansion. For brevity write 
Sn(v) for 1+a4 a2/2!4+...+a4"/n!, 
n being any positive integer; 
and y for e* — 8, (a). 
As in the last section (pp. 116—117), s, (x) is differentiable with 
respect to w and its derivative is 


Dsy (a) = D1 + Dax + D (a?/2!) + D (a/3!) +... + D (a"/n!) 


= D1 + Da + D (a/2)+ = D (23/3) +... + C 2 DI D(a"/n) 
=O+1l+e0+o/2!+...4a"7(n—-1)! 
= S724 (£): 
Therefore 
Dy = D {e* — sy, (a)} = De® — Dsy (@) = €* — Sp (2) 
= e* — 8, (xv) + a"/nl=y + a/n!. 
Hence D (e* .y) = e-* Dy + yDe™®, 
by the lemma proved above, 
=. Dy sie" = eS eet) saa eat meen (4). 


Therefore, if zis positive and less than some positive number, K, 
we have 
O<.D (659) eee (5a), 
or, if z is negative and greater than some negative number, — Kk’, 
we have 
—e& Kn! < D(e*.y) <0 
or O< Dey) eo hee 
according as n is odd or even. 

Now for the value #=0, y =e” - s,(#)=1-—1=0 and e*.y=0. 
Our theorem of the last section (p. 119) will therefore apply and 
we thus deduce that, for all positive values of w less than K, 
e-”.y is positive and less than #K"/n!< K™*/n!; and for all 
negative values of w greater than — kK’, e~*.y lies between 0 and 
a (— K’)" eX'/n!, or, a fortiort, between 0 and (— K’)"** e*'/n!. 

Now, whatever positive number K may be, K"/n!—+0 as 
m—> oo; and similarly for (— K’)" 1 eX'/n!*. 

* This may be proved thus: Let m be the integer next greater than K, so that 
K/(m+1)<1. Then for all positive integral values of p, 

KmerPH (m+ p)! = (Km!) {KP /(m + 1)...(m+p)} <(K]m !) {KE ] (m+ 1) }?; 
and therefore, as N=M+p— > oO, p> 
and KPA rn! = KM PH] (m + p)!<(K™/m!) LK] (m+ 1)}? > 0. 
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Hence as noo, e*.y—0 and therefore y>0; 
Le. e* — s,(#)—>0; whence s, (x) > e*, 
Le. 1+ a@4+a7/2!+...+a"/n!— é&, 


or the infinite series 1 + @ + a°/2!+ #/3!4... is convergent for all 
values of x and its sum is e*. 
This series is called the exponential series. 


100. Alternative proof. An alternative proof of this expansion can be 
obtained starting from the relation (3) above. We have only to prove that the 
sequence whose zth term is 


14045 (1 —1/n)+ =a —1/n) (1-2/n)+.. + 5(1-1/n).. (1-7),..@) 


_ tends to the sum of the infinite series 1+”+27/2!+..., proved convergent. 
If m is any number less than 7 we have that the expression (3) 


=14¢0+5 (1 = 1) +. = (1-1 r).. (.-"=) | 
m+ (scenes (6). 
+eepid- 1/n)....1—m/n)+.. 45 71 1/n).. fate | 


Now, the line last written, if «> 0, 
gmt gmt 2 ev 


= 35) 
Unt Geee)io cn! 


gmt x x 2 ( v mee 
<Geryil tacit (ea) asa | 
1 


gmt 


ee ifv<m+l 
(m+1)! 1 


gmt tl 
“mn! m+l-2 
or, if «<0, the same terms <a”+!/(m+1)! numerically if -7<m+2. 
m+. 1 qd gmt 
m! m+1—2 is (m+1)! 
any positive number e, however small, if m is chosen sufficiently great,—as can 
be done (see footnote to p. 130). 
The first line of expression (6) clearly tends to 


Both the expressions are numerically less than 


L+aotv2/2!+...+27/m! as n>. 
Hence, from (3), 
(1+a/n)"=14+04+02/2!+...44"/m!+A+B 
(say), where d > 0 as n> and B<e numerically. 
But (1+.2/n)” > e*. 
Therefore L+e4+a7/2!+...+-2"/m!+B—> & as n>. 
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Therefore 1-++2+2/2!+...42™/m! differs from ¢” by less than e; and it follows 
that the infinite series 14+v+22/2!+... is convergent and its sum=e*. Q.E.D. 

A third and simpler proof (using only the theorem of p. 119 and the relation 
De#=e*) is given in Ex. 5. 


101. The exponential series differs from the logarithmic series 
in that it is convergent and its sum =e® for all real values 
of «, whereas the logarithmic series is convergent only for values 
of « such that —1<a#<1*. The rate of convergence of the ex- 
ponential series will of course depend on the value of w. Thus if 
az ='l, the error after three terms will be less than ‘0002, whilst 
if «=10, 33 terms will be needed to obtain the sum correct to 
within this same error. 

The corresponding series for a* and 10” are: 


a® = Be (2) — et l08e4 1 + log, a + (wlog, a)?/2!+. 


and 10” = ¢% 108. 10 — ol/H) where fp = logy e = 43429..., 
2 
=1 +245 (2) aya 
wo 2!\u 


EXAMPLES XII. 
1. Calculate the common antilogarithms of ‘5, 2°5, 2°5 correct to within ‘005. 
2. Evaluate to two significant figures e” and e—* for v=0, 4, 1, 2, 10, 100,— 
using the exponential series or logarithmic tables. 


3. Prove that if ¢ >—1, then for all real values of w, (1+c¢)*>1+.2, except 
that, when 0< a <1, the inequality is reversed, and when z=0 or 1, or c=0, 
(1+c)*=1+.e. (Compare inequality ii, p. 29 and Ex. 1, p. 91.) 

[Consider the derivative D[(1+¢)*—(1+.c)] and use the theorem of p. 119. 
Or apply method of Ex. 2, p. 36 to Ex. 2, p. 91. See also Ex. 14, p. 127.] 

4. Shew that Da*=a*.log,a, where a is any positive number. 

5. By argument similar to that of Ex. 3, prove successively that 

&>1, ef >1+s4, @>1+24 v7/2!, fF >1+e+27/2!4+273/3!, ... 
if‘ is positive, and 
ew <1, &>1l+n, &<14+r4+27/2),... 
if x is negative. Deduce the exponential expansion. 

[ De® =e*> 0 for all values of 7 and e’=1 when #=0; therefore e* > 1 for all 
positive values of # and e” <1 for all negative values of x. D(e*—1— 2) =e 
and therefore >0 for >0 and <0 for 7 <0, whilst e¢*—1—#2=0 when r= 0; 
and therefore e—1-—>0 for all values of x. Again 

D (e—-1-—a-£7/2!)=e-1—--«@ 
* Ex. 12, p. 127 above. 
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and therefore >0 for all values of x, whilst ¢*—1—w«—- «?/2!=0 when #=0; 
therefore e*—1—#—2/2!>0 for e>0 and <0 for «<0. This process may 
be repeated indefinitely and gives e*>1+#+42/2!+...+4"/n! for 2>0 and, 
if m is odd, also for <0; and e&<1+wx+27/2!+...42"/n! for «<0 if nis 
even, This suffices to establish the exponential series for negative values 
of «. To complete the proof for positive values of « we proceed: Also if 
“< K, e&<eK=A say and we have as before D (e*—1-— Ax) =e*— A <0 for all 
values of x concerned; whence e*—1— Az <0 for #>0, and so on; whence 
<< 14+ 44+47/2!4+...42"%/n!4+Aa*t(n4+1)!. Since Aa™t1/(n+1)!—0 as 
n—> ow, it follows that the exponential series is convergent and its sum is e* 
for all values of x. The student will find it instructive to sketch the graphs of 
the functions concerned, say for values of 7 up to 3 and w between —10 and 10. ] 

6. Prove that if a>1, whatever number 7 may be, a*> x” for all values of 
x exceeding a certain value, 

[Let y,=a*—-2", y,-1=Dy,=a* log,a—na"—1, etc., yyo=a* (log,a)"—n!. 
Then Dy, =y)>1 if «>[log.(1+2!) —nlog, log, a]/log.a=ay say. For 7> a9, 
the slope of the graph of y, exceeds that of a straight line inclined at 45° to 
the w axis (because tan 45° =1) and therefore, however small (e.g. — H) y, may be 
when #=ag, for some value of « (certainly for 7 >a)+ XH) y; is positive, and in 
fact y;> 1 for all values of w exceeding some value, say a,,—by the theorem 
of p. 119. That is Dy,>1 for x>a,, and the argument can be repeated to 
prove 7 >1 for z>a,; and soon. Finally y, >1 for #>a,,] 

7. If w is sufficiently great, log, v<a" <e* <[xv]!<.«*, however great or 
small the positive number n may be (7+0), or log, # and e” may be replaced by 
log, # and a* if a is any real number greater than 1. ([~] denotes the integral 
part of z, i.e. the greatest integer not exceeding x.) In fact the sequences whose 
ath terms are the successive ratios log, #/”, etc. all have the unique hmit 0. 
[See also Ex. 6, p. 99.] 

8. The monotony of e” and of log, wv are direct consequences (wa the theorem 
of p. 119) of the facts De* =e” > 0 and D log, # =1/#>0 for all significant values 
of #, independently of any special knowledge of the functions e* and log, «. 

9. Shew that the series 


; a xt 


Hf Be Se 
ae (i) «+++ 


are convergent for all values of 7 and that the sums of the series are respectively 
(e*+e-*)/2 and (e*—e-*)/2. 
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102. So far we have been concerned almost exclusively with 
fived numbers: the letters employed have denoted numbers which, 
though most often indefinite, have been looked on as remaining the 
same throughout the operations applied to them. In many places, 
however, we have been implicitly concerned with the notion of a 
variable, i.e. of a letter capable of taking up various values. We 
wish now to direct our attention to the variability of the numbers. 

The idea of a variable is itself of great practical utility in the 
sciences from the fact of the variability of almost all measured 
quantities. Thus the time, measured in solar or sidereal units, varies 
as the world’s history progresses; or, while a train is travelling from 
one station to another, both the time and the distance travelled from 
the station vary; or, again, the temperature of a chemical mixture 
varies while the mixture chemically combines; or, the score in a 
cricket match varies as the game proceeds; and soon. While these 
practical variables are not capable of assuming all real values, as the 
completely general real variable is, yet they are capable of taking 
on all real values within certain ranges (except in the last example,— 
where the variable score is restricted to integral values). In addition, 
in such a case as that of the train, if we know the speed of the train we 
can express the variable distance from the station in terms of the vari- 
able time: or we may say that the distance is a function of the time. 

In directing attention to the notion of variability we are led to the 
notion of a function. In this chapter we shall study these notions of 
variables and functions in various cases of simplicity andimportance*. 
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103. Functions of a real variable. Let « be any real number, 
or,—as we may say in order to bring into prominence the possibilities 
of variability,—a real variable. We have already a graphical repre- 
sentation of this real variable in our straight line of Chapter 1, § 3. 

Suppose now y is a second number, or variable, depending on a; 
i.e. Suppose we have some means whereby for every value of the 


* We have to some extent already used the notions of variable and function in the 
last chapter. In this chapter we begin the study independently. 


§ 1] THE GRAPH OF 22 135 


number « considered (which may include all real numbers),a definite 
corresponding number y can be found. Thus, for example, if we 
agreed that whatever « is y should be its double (y = 2a), we should 
know at once the number y corresponding to any given number a. 
When y can be determined in this way for every number # belonging 
to a certain class of numbers, we say that ¥ is a function of a, defined 
for « belonging to that class. Thus if is any real variable, 2a, 2°, 
1/« would be functions of «,—the first two defined for all real values 
of «, the last for all real values of # other than zero. We shall in- 
variably use y to denote the function (or dependent variable), and « 
the original (or independent) variable. If the function is not specified, 
it is often denoted by f(x). The value of y (or, simply, the number 
y) corresponding to a value, a, of # (or the number a) is then written 
F(ay*. | 

In analysis the functions with which we are mainly concerned 
are functions defined by means of algebraic and similar operations; 
that is to say such functions of w as 

x, 20° + 384 —2, a/1—2), (14+), (14 2)", 
10*, a®, log, #, log, #, (1 +1/x)*, (1 — 1/2), 
and sums of infinite series, such as 
1 +a4+97/2 + 0/3+.... 


104. The function x2. Let us begin with the function a”. 

For convenience we shall denote the function by y. 

For different values of «, y will have different values. If we wish, 
we can draw up a table giving the values of y corresponding to any 
number of values of , thus: 


w|o{1{2]3| 100 |12/13} 14 | 23 3/4 | 2/5 |—1| 


| 
k | 
yfo fa 4 9 | 10000 1/4 | 1/9 | 1/16 | 4/9 9/16 | 4/25 1 


@ | 2100" |~12 | -1a-}—1/4 |—9/3 | -3/4 | -9/5 | ...... 
ead ae | 


y | 10000 | 1/4 | 1/9 | 1/16 | 4/9 | 9/16 | 4/25 | ...... 


* Tn this definition of a function,—appropriate to the case of functions of a real 
yariable,—it is implied that the value of y corresponding to a given value of 2 is 
unique; and the function is one-valued. For functions of a complex variable it is 
essential to consider multiple-valued functions,—where y may have more than one 
value corresponding to a single value of «, See Appendix. Multiple-valued functions 
of real variables are definable, but are not important in analysis. 
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Such a table, if arranged in orderly fashion (e.g. on the model of 
logarithmic and other tables), would give at a glance the value of ¥ 
corresponding to any tabulated value of # Such tables, however, 
do not give at a glance any kind of a picture of the function. To 
get such a picture a graphical representation is desirable. In 
Chapter I, § 3, we had occasion to represent the single real variable 
« by points along a straight line. We could represent our function 
by using a second such straight line for the values of y. But the 
extension best suited for the graphical representation of such a 
functional correspondence of one variable, y, with another, #, is 
that obtained by applying the elementary ideas of Cartesian (or 
analytical or coordinate) geometry. 

105. The graph of x*. The principle of Cartesian geometry is 
the correspondence of a point of a plane with a pair of numbers, in 
the same way as our representation of Chapter I, §3 relied on the 
correspondence of a point in a line with a single number. The actual 
machinery effecting the correspondence is, to some extent, arbitrary; 
but the most useful method is to erect through a point O, called 
the origin, two mutually perpendicular straight lines, X’OX, 
Y’OY, called the ames of reference, and to assign the two 
numbers, or coordinates, x, y, to the point P, « (the abscissa) 
being the distance (measured in terms of some appropriate unit) 
from Y’OY of the point P, and y (the ordinate) the distance from 
X’OX; with the convention that 
these distances are to be con- Pi ae = 
sidered positive or negative ac- 
cording to their directions. It is 
customary to agree that, taking x= 


OX to be horizontal and OY zs ee | 
vertical, x is positive if the point pee 
P represented by (#, y) lies to ES 

the right of Y’OY and negative es 


if to the left; and y is positive or 
negative according as P is above or below X’OX. See Fig. 4. 

- Ifnow we take the pairs of numbers («, y) which we have tabulated 
for the relation y = a, and mark off on the plane on which our axes 
OX, OY are drawn, the corresponding points, we obtain a figure like 
that of Fig. 5, consisting of an indefinite number of points. 
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It is seen, by taking more and more values of #,—e.g. by taking 
all «’s differing by 1, and then all a’s differ- y 
ing by ‘01, and then all a’s differing by ‘001, 
and so on,—that the points lie on some kind 
of curve. This curve is the graph of the 
Junction a. We cannot as yet say definitely 
that the graph is a continuous curve: it may 
be broken. But the graph in any case gives 
some kind of picture of the whole function 
simultaneously. Properties and questions - 
at once suggest themselves which were ob- 
scured in the tabular representation. 


106. Monotony. In the first place,it seems probable, from its 
appearance, that the graph slopes upwards everywhere to the right 
of the origin O,—or, in more precise language, if P and Q are two 
points on the graph (to the right of the origin) and Q is to the 
right of P, then @ is also above P. Is this surmise definitely 
provable? 

That is, in analytical language: 

Does it follow from the relation y=. that if 2, > 2, x, and a, 
being any two positive real numbers, then Yi > Ys, Y. and y, being 
the y’s corresponding to #, and «#,? a 

That is, can we prove that if 

i, >t, >0 then 77> x7? 

The answer is @adent. This inequality is indeed an immediate 
consequence of the law of inequalities that if a > band c >d, a, b, ¢,d 
being positive, then ac>bd; for we have #, >, and #, >, and 
therefore 7,2, > %_Xo, 1.e. 02 > 22°. 

At the same time we see that if #,>, and a, and z, are both 
negative, then «? < #,. 

“What we have proved may be stated: the function x steadily 
increases as x increases when x is positive and decreases as x increases 
when « %s negative. When a function of x either steadily increases 
(or never decreases) throughout a certain range of values of the 
variable a (e.g. for a < # <b) or steadily decreases (or never increases) 


throughout the range, we say that the function is monotone (or Sr fay 


monotonic) throughout that range. 


at Oye ze 
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Monotone functions belong to a wider class of functions, known as functions 
of bounded variation. A function is said to be of bounded variation throughout 
a range (or over, or in, a range) if it can be expressed as the sum or difference 
of two functions each of which is bounded and monotone throughout the range, 
Thus the function v? is of bounded variation over any range because it can be 
expressed as the difference y,;—y2, where vy; is the non-decreasing function 
which is zero for all negative values of w and equals 2? for all positive (or zero) 
values of wv, and yw, is the non-decreasing function which equals —w? for all 
negative values of # and is zero for all positive (or zero) values of 2. 

Another definition is given in Ex. 14, p. 152 below. 


107. Continuity. A second important question has already arisen: 
Is the curve continuous? 

Let P (Fig. 6) be any point (a, y) on the graph to the right of 
the origin; Q, any other point (a, y;) 
on the graph to the right of P. a 

We have 

YH, Y= 4", > ke, YW>y 
by the property just proved. 

If Q, be another point (a, y.) on the 
graph horizontally between P and Q,,— 
1e. so that #, >#,>a,—we shall have 
also Y, > Y2>y. 

Take a sequence of points Q,, Qe, Qs, - 
corresponding to the sequence of abscissae 4, %, #3, ..., Which is 
such that 2, >a#,>a,>... >a and &, &, %,...\ a”. Then we have 
Yi>Yo>Ys>-..>y and ¥,, Yo, Ys; .-- \\ y3 because, 1f(Z)1s any 
number greater than y, /z >/y =a, and therefore ./z must exceed 
some number of the sequence a, #,..., which \\ 2, so that z must 
exceed the corresponding number of the sequence %, Yo, ...; the 
lower bound and unique limit of the sequence yj, ys, ... therefore 
<y; it evidently >y; therefore it =y. - 

Hence, if we take any sequence of abscissae, #,,#,..., such that the 
feet of the corresponding ordinates, viz. N,, Nz, ..., tend to coincide 
from the right with M,—the foot of the ordinate from P,—the 
corresponding points Q,, Q.,... on the graph tend to coincide with P. 

Whatever our ideas of continuity, or unbrokenness, may have 
been*, it seems clear that this property will satisfy them, at least 


* E.g. if we look on a continuous curve as one which could be drawn without 
removing the pen from the paper. oe 
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as regards the continuity of the graph at the point P on the right- 
hand side. We have not so far* given any definition of continuity. 
Let us then lay down the definitions: ; a 

The graph of a function f (x) is said to be continuous on the right 
at a point P (a, y) if, corresponding to any convergent decreasing 
sequence of abscissae a, #2, ... which \s a, the sequence of ordinates 
Yr> Yas ++» (2.6. f(%), f (a2), -.+) ts convergent and > y, ve. f(x). 

Similarly the graph is continuous on the left at P if the sequence 
Yrs Yo, ++» > ¥ corresponding to any increasing sequence #, Xo, ... 
which (7 x. 

The graph is continuous at P if rt is both continuous on the right 
and continuous on the left. 


108. Continuous functions. These definitions specify properties 
of the function defining the graph. We therefore express them 
directly in terms of the function: 

The function f (x) is continuous on the right for the value a (or at 
the point «) if, corresponding to any sequence 2,, #,... which \ a, 
the sequence f(a), f(z), ... >f (x); f(a) is continuous on the left 
at wif f(a), f(x), ... > f (x) corresponding to any sequence #1, a, ... 
which / x; f(x) is continuous at x if it 1s continuous on the right 
and on the left at P, or, expressed differently, f(x) is continuous at 
x uf the sequence f(x,), f (2), ... > f(x), corresponding to any sequence 
1, @,... Which > «rt. 

We have proved that our graph, y = 2”, or the function a’, is con- 
tinuous on the right at any point P to the right of the origin. It is 
proved similarly that it isalso continuous on the left, and itis therefore 
continuous at P. It is easy to see that these properties hold equally 
well if P lies to the left of the origin, or if P actually is the origin O. 


109. These two simple properties proved of the function 2*,—its 
partial monotony~(decreasing for # negative and increasing for # 
positive) and its continuity,—are pr operties of considerable im- 
portance and are possessed (often only in a limited range) by all 
the most useful functions of elementary analysis. It would perhaps 
even seem somewhat unreasonable to expect to be able to use, for 


purposes of analysis, functions which do not have such properties. 


* In this chapter. 
+ The proof that these last two statements are equivalent is left to the student. 
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1 i ossess the fundamental property : 
Continuous functions poss ti tal property : 


Tf f («) is continuous at all points from a to b, and k is any number between f (a) 
_ and f(b), then there is at least one value of x between a and b for which f @eaTs- 


This theorem,—which is easily verified for simple functions such as x°,—is 
merely the precise analytical statement of the geometrically intuitive fact that a 
continuous graph cannot pass from one side of the straight line y= to the other 
without cutting it. We can avoid use of this theorem throughout the greater 
part of this course. A proof is outlined in Ex. 8, p. 151. See also Chapter Iv, § 5. 


110. Tangent and slope. There is a third question suggested 
by the graph. The graph is visibly steeper in some parts than 
others. Can we obtain an expression for this steepness or slope? 

We must first settle, in more or less geometrical language, what 
we mean by the slope of the curve at a point P. To find practically 
the slope at the point P we should evidently draw the tangent and 
measure the angle it makes with OX. Agreeing to this we must 
now ask what is the tangent ? 

In elementary geometry (e.g. Euclid, Book 11) the tangent to a 
circle is defined as the straight line perpendicular to the radius 
passing through the point concerned. Such a definition will clearly 
not do for such a curve as that under consideration. Instead the 
following more general definition is used: oo dak 

A curve is said to have a tangent at a point P on it if the chords 
joining P to points Q,, Q2, etc. on the curve become closer to a fixed 
line PT through P as the points Q,, Qo, ... are taken nearer to P, 
so that the degree of closeness of approximation is greater than any 
assigned degree if only the points Q be taken sufficiently near Be 
and in this the points Q may be on either side of P. 

That this definition is the natural definition of a tangent to a 
curve the student will readily agree +) Though it is still somewhat 
vague, let us try to apply it to our graph y=2*. 

Let P (Fig. 7) be the point (a, y) on the graph,—so that y = a. 
Let Q,, Qo, ... be the points (a, 41), (a, Y2), ... where 

Oy = Ot Ny a a eae 

w= aeP=(@t+hyP=y+k, say, 

Yo = #2 =(a+hyP=y+t ky say, 
ete. 


(Le. for all points Q nearer to P than a certain distance depending on the 
assigned degree of closeness of approximation. It is not necessary that the chords 
should become steadily closer to PT’. 

+ This definition is in fact given in many modern textbooks on Geometry. 
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Let the numbers h,, h., ... be all positive, so that the points 
Q:, Q,... lie to the right of P; and 
let the sequence hy, hy, ... \\ 0, so that Mf 
&,, %,...\ se and , Yo,...—>y and 
k,, ky, ... > 0, in virtue of the proved 
continuity of the graph on the right 
at P. 

The angle R,PQ,, which the chord 
PQ, makes with the « axis, OX, is 
determined by the ratio R,Q,/PR,, 
which is in fact tan R,PQ.. Let us 
take this ratio as the measure of the rae 
slope of the chord PQ,. The slope of the chord 


_MGa-MER,_yp-y_h 


PQ: PR a—xe h, 
= (@+hy-# = on a. Tins 
h, 
Corresponding to the sequence of numbers hy, h., ... which tends 


to zero, 1.e. corresponding to the sequence of points Q,, Q.,... which 
tend to coincide with P, in the manner contemplated in the geo- 
metrical definition of the tangent, the chords PQ,, PQ,, ... have 
slopes 27 +h,, 2a + he, ... 

This sequence of slopes tends to a unique limit,—viz. 2%. Hence 
the chords PQ,, PQ2, ... tend to coincide with a definite straight 
line through P,—viz. that line which has a slope 2u. This line, 
PT, is independent of the particular sequence of points Q,, Qs, ... 
chosen, and clearly fulfils the conditions of the geometrical definition 
of the tangent, as regards the portion of the graph lying to the 
right of P. 

We can now lay down the strict definitions for graphs in general. 

The graph of a function /(#) has a tangent on the right at a point 
P (a, y) if, corresponding to any convergent decreasing sequence of 
positive numbers /, hz, ... having the limit 0, the corresponding 
sequence of ratios (called incrementary ratios) 


(Yi — Y/Pay (Yo — Y)/Neay +++ 
Le. [f(ethn)—-f@) |r, [fe +ha)-f@) ha «+ 


is convergent and has the same limit, whatever such sequence 
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h,, ho, ... be taken. The limit of this sequence of incrementary 
ratios is called the slope on the right at P. 

Similarly the graph has a tangent on the left at P if the sequence 

Ple=h)— fa) fe=h)— fe) 
ah, ; 5 

or [ f(a) -—f(@—h)|/n, [f(@) — fe — he) |/he, --- 
is convergent when h, \s 0, and has the same limit, whatever such 
sequence Jy, hs, ... be taken. 

It will clearly not suffice for the existence of a tangent to the 
complete graph at P for the tangents on the right and left to 
exist;—they must also coincide. 

The graph of f(«) has a tangent at P of it has a tangent on the 
right and a tangent on the left and of these “semi-tangents” coincide. 
The slope of the tangent is the slope of either of these “semi- 
tangents.” 

Our graph, y = 2’, evidently has a tangent on the left, with the 
same slope (2) as that of its tangent on the right. It has therefore 
a (complete) tangent. 


111. Differentiability on the right and on the left. Differ- 
ential coefficients. These definitions apply primarily to properties 
of the function defining the graph., Hence we have the following 
definitions for functions: 

A function f(a) is differentiable on the right for the value x2 (or 
at the point x) wf, corresponding to every positive decreasing sequence 
hy, hy, ... which \s 0, the sequence of incrementary ratios 
f@t wy —f(@) fle +h) —f(@) 

1 


2 


as convergent and has the same limit whatever such sequence h,, hs, ... 
be taken. The limit of this sequence is then called the differential 
coefficient of f(x) on the right at «x. 

A function f(x) rs differentiable on the left at « vf, corresponding 
to any positive decreasing sequence h,, h,,... which \, 0, the sequence 
of incrementary ratios 

CAS De zee a AC, 
—h; ‘ —h, ; 


as convergent and has the same lumit whatever such sequence h,,ho,.. 


£ 
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be taken. The limit of this sequence is then called the differential 
coefficient of f(x) on the left at a*: 

A function f(x) is differentiable at x (or for the value «) if it is 
differentiable on the right and differentiable on the left at « and if the 
differential coefficient on the right equals the differential coefficient on 
the left. The common value of the two “semi-differential coefficients” 
as then called the differential coefficient of f(a) at «x. 

Phe term derivative is often used for differential coefficient. 
Alternative notations for the ditferential coefficient of a function 
SF (a), or y, are: 

Dy or Df(«), Dey-or Dz f(a), or gale) FAG): 
x da 
' The notation # is most commonly used. We shall here use Dy or 
Df («). 

112. Tangents parallel to y axis. There is one qualification 
needed. Geometrically a graph or a curve may have a tangent in 
any direction, and in particular parallel to either of the axes. If the © 
tangent is parallel to the w axis, its slope is 0 and the function has 
a differential coefficient equal to zero. But if the tangent is parallel 
to the y axis, the slope is not represented by any of our real numbers. 
(It would be if this number had been introduced into our system.) 
The function concerned will not be differentiable, for the sequence 
of incrementary ratios would clearly be unbounded. We could get 
over this difficulty by introducing infinite differential coefficients,— 
under specified conditions. But the difficulty is avoided simply by 
interchanging the # and y axes. 


113. Area bounded by graph of x? by simple process. A 
fourth question of interest arises. In elementary Euclidean geometry 
areas of plane figures are discussed. The areas there dealt with are 
bounded by straight lines. The consideration of other areas is 
however desirable. For many practical purposes the area enclosed 
between the w axis, a curve and two bounding ordinates (called the 
area under the curve between the ordinates) is of importance. Thus 
if a graph is drawn to represent the velocity of a moving particle 

* Tt should be observed that the differential coefficient on the right at « may exist 


even if the function is not defined for values of the variable less than «; and similarly 
as regards the differential coefficient on the left. 
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at a given time, the area under the curve between two given 
ordinates will represent the distance covered in the time concerned ; 
or, if # be taken to represent the distance, in a certain direction, 
moved through by a particle under the influence of a force, repre- 
sented by y, the area under the curve will represent the work 
done by the force in the motion. 

Let us consider the case of an area bounded above by a portion 
of our curved graph, y = 2’. 


Let A be the point (1, 1) on the graph y=a*, (Fig. 8.) 


For definiteness we will consider the “curved triangle” OBA and 
investigate its “area,” 

As we did in building up a definition of the tangent, we will 
begin by assuming what appears geometrically to be evident and 
then prove strictly that a property which clearly ensures all that 
we need geometrically, actually is possessed by the graph. We shall 
then be able to lay down a general analytical definition of area to 
be applied to other graphs. 

Complete the square OBAC. The area required of the “curved 
triangle” OBA clearly is less than the area of this square. 

Calling the required area A, we have 


OMANI Sha eg ee (1). 
Draw the straight line Q,,, bisecting OB at right angles, and let 
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Q,N, cut the graph at P,;. Through P, draw 8, P,R, parallel to OX 
cutting BA, OY in R,, &,. 

We have A < the sum of the areas of the rectangles V, BAQ, and 
ON,P,S, and > area of the rectangle V, BR, P,, i.e. 

4 (4 =40,P,< 4<4$(NiP,4+ BA)=4[(4)4+1]...... (2). 
Bisect ON, and N,B at right angles by straight lines V,P,, N;P., 
cutting the graph at P., P3. 

Drawing through P,, P; parallels to OX as before, we form 
altogether seven new rectangles,—of heights V,.P., N, P,, N,P;, BA, 
and equal widths OB/4= 4. We have A < sum of areas of rectangles 

ON,. N.P.+ N.N,.N,P,+N,N,.N3P3+N,B.BA 
and A > sum of areas of rectangles 
OF ONIN. Nok a t+ NUN: Nat + NAB ON.Ps, 
meme |O (7) Gy) EZ) <A <2 (Gy + Gy) +2) +1) 8). 

Bisect again the bases of all these rectangles, obtaining four new 
points on the graph, say P,, P;, Ps, P;, and corresponding new 
rectangles of width OB/8=%. As before A <sum of larger rect- 
angles 
ONO Pt Ni No Net ot NN, NPs + NN. NP, 

iN; Nebet Neca Neks tN. Nib t+ Ny BBA 
=4(G/+G@P+... +741] we... (4) 
and A >sum of smaller rectangles 
ONO N N,N, + NN, NCP + NN. Nels 
eV IN eV bie a ee Nel et NN NP, + NB UN, Pe, 
=$[04+ (4) + Qt... + (G)] occ eee (5). 

Continuing this process we obtain a succession of results of this 
kind. Corresponding to the nth division we have that the area A 
lies between the sum of rectangles of total area 


5 |0 ae (=) + (=) +...4+ C=) Seernasine (6), 


and = [é) + (5) + wage 1 eae hie bee (7). 


The process may be continued indefinitely, and evidently provides 
closer and closer approximations to the desired area. In fact, the 
smaller rectangles have total areas 

0, 4,44), [0+ (4+ GP + (2), 510+ GP + GP +... +Gyh-- 
10 


WMA 
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and, either by recourse to the figure, or directly from these arith- 
metical expressions, it is seen that this sequence last written is 
steadily increasing and bounded. It therefore tends increasingly to 
a unique limit,—say A). 

Similarly the sequence of the sums of the areas of the larger 
rectangles, viz. 

1,4$(4P+1) 414" +4P+@P4+1)..., 

tends decreasingly to a unique limit,—say Ay. 

And these two limits, A,, A,, are identical, for the differences 
between the total areas of the larger and smaller rectangles form 
a sequence, viz. 1, 4, 4, 4, ..., which > 0. 


This common limit, A, or A,, evidently is the area sought, 
v2. As 


114. More general process. We can clearly generalise this 
process. We could have divided the interval O.B* into any number 
(m) of parts,—say by the points 7, a, ... #m (where &» = OB =1),— 
erected perpendiculars through these points, and formed two sets 
of rectangles,—larger and smaller,—as before. If we denote by y, 
the ordinate through the point ,, etc., so that y, =~, etc., the sum 
of the areas of the smaller set of rectangles formed equals 


(a, rt 0) 0 ote (Gp ar @) YN ie (ag a #2) Yo St aeae ot (Lin a Sree AES ee (8), 
and the sum of the larger rectangles equals 
(@, — 0) 41 + (Ho — 21) Yo + (3 — Hs) Yg +... + (Gn — Xm—1) Ym -- (9). 


The required area will lie between these two sums. 

If we divide up further, by introducing additional points of 
division, we shall obtain new rectangles, which, as before, will form 
closer estimates to the required area,—from below and above re- 
spectively. Continuing the division indefinitely in such a way that 
the width of the widest rectangle decreases indefinitely, we shall 
obtain two sequences, whose typical terms are respectively 

(1) the sum of the areas of the smaller rectangles,—such as (8). 

(ii) the sum of the areas of the larger rectangles,—such as (9). 


* An interval is any limited portion of the axis, such as OB, or N,B, ete. See 
footnote, p. 119 above. 
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The sequence (i) steadily increases, is bounded above, and there- 
fore (7 a limit, say B,. 

The sequence (ii) steadily decreases, is bounded below, and there- 
fore \\ a limit, say B,. 

If A denotes the greatest of the widths of the rectangles, such as 

& — 0, #2 =, Ly — Le, Ss Ly — Vm—r, 

at any stage, then the difference between the larger and smaller 
areas 


= (x, = 0) (% ma 0) te (ae a 4) (Yo ae YN) sur 66 Sr Com ag Lm) (Ym aa Une) 
< A C Lm “x 0) + (Yo rE OW) ar dee Sp (Yin a i eae 
because all the multiplying factors 

Ure 0, Yo Yiy +++ Ym — Ym 
are positive,—the graph being known to be monotonely increasing. 
Therefore this difference < Ay» =A, because y= OB? =1. The 
division being continued in such a way that the maximum width 
A \, 0, it follows that this difference between the larger and smaller 
areas tends to 0, and therefore the two limits B,, B,, as before, are 
identical, = B say. 

It is indeed true that this limit B, whatever mode of division (of 
the type described) may have been adopted (provided the maximum 
width of the rectangles tends to zero), is identical with the limit A, 
obtained by the specialised mode of bisection first considered. 

For it can be proved easily analytically*, 
or it is clear from Fig. 9, in which the Y 
letters P, etc., P) ete. refer to the two 
systems of division, that the total area 
of any set of “small rectangles” for the 
second system of division is less than the 
total area of any set of “large rectangles” 
for the first system, and it therefore 


follows that the limit B,< the limit A,; ~o[w/n, Wy Ng Ny BX 
and similarly B,>A,; ie. B<A and He) 
Be A, ov B= A. ing: 


We have not quite proved that, if we divide up the interval anew at each stage 
(instead of subdividing the divisions already made), the sequences of total areas 
of small and large rectangles tend to this limit if the maximum width of the 
rectangles tends to zero. This is however true. For, if A is the maximum 


* See Chapter rv, § 6 below. ioe 
10—2 
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width of any set of rectangles and § and s the total areas of the corresponding 
large and small rectangles, we have S~A<S—s<A, as above, and there- 
fore S—> A (and similarly s— A) as A—> 0, no matter how the divisions are 
chosen. It is not however the case in general that S \Aands(/7 AasA 0: 
as it is with the modes of subdivision adopted above. 

115. We have now proved that the graph y = 2” is such that if the 
region between «=0 and w=1 be divided up into strips by lines 
parallel to OY, then the total areas of the smaller and larger rect- 
angles so formed, having one vertex on the graph, as above, form 
two sequences; and if the strips be taken successively narrower, so 
that the widths tend to zero, these sequences are both convergent; 
and their limits are identical, and the same whatever the particular 
mode of division. 

This much has been proved analytically, without presupposing 
any idea of area except as applied to rectangles. 

We have seen that this common limit will evidently represent 
the area of the region OBA, if any definition of area is given which 
agrees at all with our preconceived geometrical ideas. We may say 
then that we have proved that the area of this region (supposed, if 
possible, defined geometrically) 1s this common limit. Or, more 
logically,—in our desire for strict analytical definitions of all mathe- 
matical entities,—we may define the area of such a region as such 
a limit if (as is here the case) it exists. 

116. Definition of area under a graph. The general definition 
may be laid down thus: Consider the region bounded by the graph 
y =f («) (supposed bounded and, in the first instance, everywhere 
positive or zero), the # axis, and the parallels z=a, «=b; and 
suppose, for definiteness, a<b. Divide the region up into strips 
by parallels to OY. Within any strip the values of the function 
f(z) will have an upper bound*; with this value for ordinate draw 
a line parallel to OX to complete within that strip a “large” rect- 
angle with its base on OY. Do this for every strip. Call the sum of 
the areas of all the “large” rectangles so formed 8S. Form similarly s, 
the total area of all the “small” rectangles of heights equal to the 
lower bounds of f(x) in the various strips. If the strips be subdivided 
indefinitely, so that the width of the widest strip tends to zero, the 
corresponding numbers S and s will form two sequences. J T these 


* Te. a least number not exceeded by any value of f (x) in the strip. 
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two sequences have a common unique limit, which is the same for all 
such modes of division, the region is said to have an area. The 
common limit is called the area of the region. If /(«) is anywhere 
negative, one or both of the upper and lower bounds of f(«) in some 
of the strips will be negative. The “areas” of the corresponding 
rectangles in such strips are to be considered negative. The area 
of such a region will be positive if it lies entirely above the « axis 
and negative if entirely below the w# axis. If it lies on both sides 
of the axis it may be positive or negative or zero. 


117. Definitions of integrable function and definite integral. 
As in the case of the tangent to a graph and the differential co- 
efficient of the function concerned, so here we give a name to those 
functions whose graphs between two ordinates, c=a and «=b(a<b), 
bound a region which has an area in accordance with this definition. 
Such a function f(x) rs sard to be integrable between a and b. The 
limit which defines the area between the graph and the x axis, cut off 
between the ordinates a and b, ts called the definite integral of f(x) 


b 
from a to b, or over the range (a, b), and 1s written | F(a) de. 
We have proved that the function «is integrable between 0 and 1. 


1 
The area required of the “curved triangle” OBA = i ada. 
0 


118. Evaluation of area. The actual evaluation of the area of 
the region OBA,—now defined and proved to exist,—can in this 
special case be carried out directly from the above process: 

The expression (6), p. 145, giving the total area of the smaller 
rectangles at the nth stage of bisection 


1 ae 
TN. [aay + lay + ee +a) |: 
where JV is written for 2”, 
= all +.2? + 324... +(N —1)"]. 


The expression in the bracket can be proved,—by induction or 
otherwise,—to be equal to 

4(N-1)N(2N - 1)=N?/3 — N?/24 N/6. 
The expression (6) therefore equals 1/3 — 1/2N + 1/6N%. 
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As the process of division continues, as contemplated in the 
definition, VY’ «0 *, and the expression (6)—> 1/3. The required 
area of the region OBA = 1/3. 

This direct method is, however, only possible in specially simple 
cases. In other cases the evaluation is carried out by a much more 
powerful indirect method resting on the property which may be 
described as the inverse character of integration and differentiation. 
It is postponed to the next chapter, § 6. 

119. Properties of the funetion x? summarised. To return to 
our special function x’, let us sum up our acquired knowledge: 

(1) it is monotonely decreasing for all negative real values of « 
and monotonely increasing for all positive values of a; 

(ii) it is bounded above and below (i.e. < a fixed number & and 
> a fixed number K’) for all bounded values of x; (for, if |a|< K, 
Oia <i"): 

(iii) it is unbounded as w increases beyond all limit positively or 
negatively; (this is easily proved); 

(iv) it 1s continuous for all values of x; 

(v) it is differentiable for all values of x, and its differential 
coefficient is 2a; 

(vi) its differential coefficient is positive when « is positive and 
negative when # is negative, 

(vil) it is integrable between 0 and 1, and in fact between any 
two values a and b; 

(vil) the area bounded by the graph, the @ axis, and the ordinate 
z=1, 1s 1/3; and in fact the area bounded by the graph, the « axis, 
and the ordinate a, is #*/3; (this is easily proved as above); 

(ix) it is of bounded variation in any bounded range. 

We notice that the function is increasing wherever the differ- 
ential coefficient is positive, and decreasing wherever it is negative. 
This fact is not a mere accident ft. 

We leave as an exercise to the student the proof that the only 
point at which the tangent is parallel to the # axis is where w=0. 
Such a value of @ is called a turning value (or a maximum or 
minimum), if, as in this case, the function is, on one side of the 
point increasing, and on the other decreasing. The function has at 


* T.e. N increases indefinitely. 
+ See p. 157 and Chapter rv, §5 below and Ex. 8, p. 133 above. 
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this point its least value. The curve which is the graph of the 
function x is a parabola, with OY for “axis” and O for “vertex.” 


EXAMPLES XIII. 


1. Prove that the tangent to the graph of x? becomes more and more nearly 


parallel to the y axis as x increases or decreases indefinitely but is nowhere 
actually parallel to it. 


2. Prove the “fundamental property of continuous functions” for the 
function 2? (p. 140). 


3. Prove that the area cut off between the graph of x? and the x axis by the 
two ordinates =a, «=b (b>a>0), is 63/3 — a3/3. 


4, Draw the graph of the function z, and establish all the essential properties 


of this function. Apply the general process of the text to evaluate it ; adx. 
0 

1 

Shew that i 


xdx=0, The graph of the “function” 1 may be similarly dis- 
cussed, but the results are trivial. 


5. Draw the graph of #, shewing in particular that the function is increasing 
for all values of x and unbounded above and below, that it is continuous, 
differentiable and integrable for all values of x, that Dxz3=3x?, and that the 
differential coefficient is zero when =O but that this is not a turning value. 


6. The fundamental properties of the functions log,# and a* (where a is 
any positive number, +1) have been established in Chapter 11. Sketch the 
graphs of these functions for a=2, finding the slopes at all points and shewing 
that the area under the graph of a* between the ordinates =0, v=1 is logge. 


7. Prove that a circle has a tangent at all points according to the definition 
of p. 142. (See also p. 143.) 


8. Prove the “fundamental property of continuous functions” (p. 140). 

[Suppose for definiteness, a < b, f(a) < f(b). The set of numbers « for which 
f(a’) <k for all numbers 2’ from a to x inclusive, has an upper bound,—JX say. 
Let f(.X)= 

Because f (2) is continuous at Y, f(«) differs from A by an arbitrarily small 
amount for all values of # sufficiently near to XY. Therefore if (i) K>4, 
then f(z) >A for all values of x sufficiently near to Y, and therefore, in par- 
ticular, f(z) > & for values of w less than X ; and if (ii) <4, similarly f(v7)<& 
for all values of x greater than XY but sufficiently near to YX. 

Both these conclusions contradict the definition of XY. Hence f(X)=4, and | 
the theorem is proved. | 

9. Prove that if f(x) is continuous and monotone between @ and 6 and 
f(a) s0< f(b), then f(#)=0 for only one value of x between a and 0. 


10. Prove that the definition of differentiability may be expressed as 
[f(@th)—f (2) Vai, Lf @the) — f(x) ]/ho, ... tends to a unique limit, the same 
for any sequence fy, hy, ... which tends to zero. 
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11. If f(z) is differentiable at x it must be continuous there, but the con- 
verse theorem is not true. 


12, The function y defined as sin 1/7 when #+0 and =0 when #=0 (sin 1/0 
being meaningless) is not continuous at 7=0. 

[If e.g. for the sequence 2, 2, ..., which \ 0, 1/x, 1/27, 1/32, ... be chosen, 
the corresponding sequence 4, 7/2, ... is 0, 0, 0, ... and has the unique limit 0; 
if 2/m, 2/5, 2/9, ... be chosen for 2, 7, ..., the corresponding sequence for 
Y1) Y2) ++. 18 1, 1, 1, ... and has the unique limit 1; if the sequence 2/7, 2/27, 
2/32, 2/42, 2/57, ... be chosen, the sequence for 41, Ye, ... 18 1, 0,—1, 0, 1, ..., 
which is not convergent. Sequences 2, %:,... can in fact be found for which 
the corresponding sequence 7, Ya, ... tends to any limit between +1.] 


13. The function || is continuous at all points and differentiable at all 
points except z=0. At w=0 it is differentiable on the right and differentiable 
on the left but not differentiable. 

[The two “semi-differential coefficients” are +1 and —1.] 


14. The (positive) difference M;,—m, between the upper and lower bounds 
of a bounded function f() in an interval 6; (%~1, %x), 18 called the osedlation 
of f(x) in the interval 6,. If the sum-total of the oscillations of /(#) in all the 
intervals into which (a, 6) is divided (as in the text, p. 146) is bounded, i.e. 
is less than a fixed number, A say, no matter how the points of division, 
V1, Lqy «-- Lm —1, ave chosen, the function f(z) is said to be of bounded variation 
in the interval (a, 6). If f(z) is of bounded variation in (a, b) there must be 
an upper bound of the sum-totals of the oscillations of /(#) in the intervals 
into which (a, 6) is divided, i.e. a least number which is greater than or equal 
to all possible sum-totals of oscillations. This upper bound is called the total 
variation of f(a) in the interval (a, 6). Prove: 

(i) If a bounded function f(#) is monotone throughout (a, 6), it is of 
bounded variation in (a, 6) and its total variation is | f(b) —f(a)|. 

(11) If f(x) is expressible as the sum or difference of two bounded monotone 
functions then /(x) is of bounded variation. 

[If f(z)=u(x£)—v(£), where w and v are non-decreasing, oscillation of 
f(v) in any interval 6, < sum of oscillations of w and v in §; therefore 
total oscillations of f(#) in the intervals dividing (a, 6) < sum of total 
oscillations of ~ and v in those intervals. Therefore total oscillations of 
f(#) <|u(b)—u(a)|+|0(b)-v(a)|<K] 

(ii) If V(a, #) denotes the total variation in the interval (a, x) of a 
function of bounded variation f(x), then V (a, #) is a positive non-decreasing 
bounded function of 2. 

(iv) If V(a, #) and f(x) are as in (iii), the functions V (a, z)+f(«) and 
V (a, «)-—f (x) are bounded non-decreasing functions of a. 

(v) Any function of bounded variation can be expressed as the sum or 
difference of two bounded monotone functions. 


15. Prove that if u(#) and v(x) are any two bounded monotone functions 
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of x, the product wv and the quotient w/v are functions of bounded variation, 
provided, in the case of the quotient, that the lower bound of | v| is not zero. 

[For the product, if ~ and v are non-decreasing, u(v)=U(x)—A and 
v (©) = V(x) —B, where U(x), V(x) are positive non-decreasing bounded func- 
tions and A and B positive constants. w=(UV+4B)-(AV+BU). From 
laws of inequalities (Chapter 1, § 5) UV, etc. are non-decreasing (positive) 
functions. The result follows. For the quotient put u/v= — {u(—1/v)}.] 

16. Prove that, if w and v are functions of bounded variation in (a, 6), then 
U+?, U—v, uw and u/v are also of bounded variation,—provided, in the case of 
w/v, that the lower bound of | v| is not zero. 

[Result for w+ obvious. That for wv follows from Ex. 15. Result for 


quotient will follow if it is first proved that : = = is of bounded variation, 


y and z being non-decreasing. To prove this (with obvious notation): oscilla- 
tion of 1/(y—z) in 6,=upper bound of 


1 1 1 Eanes ee 
ta GaN Ae onl < Be (oscillation of y+ oscillation of 2), 
where &;,=lower bound of | y —z| in 6,; result follows. ] 
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120. The function x". The properties of the function #”, where 
n 18 any positive integer, are easily investigated similarly. 

(i) Since, if a, >a,>0 then 2,” >.2,">0, it follows that the 
function x” is monotonely increasing for all positive values of # and 
increases beyond all limit as x increases indefinitely, whilst for nega- 
tive values of x, as x decreases indefinitely the modulus of x” in- 
creases indefinitely, but the sign of «# will then be positive or 
negative according as m is even or odd. 

(ii) «” is bounded above and below in any bounded range. 

(iii) a” is continuous for all values of x, for, by inequality (111), 
p- 29 above, [(v+h)”—a"]/h lies between n(a+h)"™ and na”; 
therefore, as h \. 0 or as hf 0, (71 +h)” — a”, which lies between 
h.n(x+h)"— and h.nx”™, must > 0*. 

(iv) #” is differentiable for all values of x and Da” =nx"—, for 
[((a +h)” — x |/h lies between n (a +h)" and na”, and by property 
(iii), applied to the function #—“, we know (@+h)"1—> 2" as 
h\<0 or hf 0; whence the incrementary ratio 

[(a+h)” — a" |/h—> na. 

* T.e. as h takes on any sequence of values hy, he, ..., which \, 0 or (0 as the 
case may be, the corresponding sequence of values of (v+h)"—a"—>0. The ab- 
breviation h —> 0 is also convenient. 
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(v) Dx is positive for « positive whether n be odd or even; it is 
also positive when « is negative if n be odd, but is negative when 
x is negative if m be even. 

(vi) The only value of giving a horizontal tangent is #=0, 
which will be a turning value (in fact a minimum) if n is even but 
not if n is odd. 

(vil) 2” is integrable between a and b,—any two real numbers,— 
for the proof given in the last section of the integrability of «° 
depends only on the boundedness and monotony of a?; these pro- 
perties have been proved,—(i) and (ii) above,—to be possessed also 
by the function 2”, and the proof of the Jast section will therefore 
apply here also. 

(vill) #” is “even” if n is even,—i.e. the values of (— #)” and of a” 
are the same; whilst a” is “odd” if n is odd,—i.e. the values of 
(—«)” and of a” are numerically equal but are opposite in sign. 

Typical graphs are drawn in Fig. 10. 


Fig. 10*, 


* The graph of y=x° (or y=1), though not of the type discussed, is added for 
completeness. 
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121. Example of a polynomial. Let us now consider the graph 
of a function defined by an expression consisting of two or more of 
the functions 1, «, x, x, ... combined by the operations of addition 
and of multiplication by “constants,’—i.e. fixed numbers inde- 
pendent of the variable z For example let us consider the 
function 2 — 32+ 2a + 4. 

We have firstly that if # increases indefinitely, the function (which 
we will call y) will also increase indefinitely, and, corresponding to 
any indefinitely increasing sequence for «, the sequence for y will be 
unbounded; for we have (for x positive) y > # — 3a”, but «1/2 > 307 if 
«*>6 and therefore certainly if «>3 say, hence for «> 3, y > «4/2 
and therefore as « increases indefinitely y is unbounded. 

Also if « is negative and decreases indefinitely, y is similarly 
proved to be unbounded (above, as before), for 


4 
Jee if a — 8a? + 2a 4+4= a4 — 4a? + @(24+2)4+4 > w/2, 


which is certainly so if # < — 2 and a? > 8. 

Considering the question of continuity, we have, from the 
definition, that the function is continuous at a point # if and only 
if the sequence 

Got arin OM ee seie se oN eeG Sues anclea rs (1), 
where y=(a@t+hy—-3(@+h,)?+2(a+h) +4, 
Yo =(@ + h,)t —3(@+ hPr+2(a@+h,) + 4, ete., 
tends to the unique limit a — 3a? + 2u + 4 for all sequences hy, hy, ... 
which — 0. 

Now we know that the function 2‘ is continuous and therefore 
the sequence (x + h,)4, (a+ hg), ... > &4; 
and «? is continuous and therefore (7+h,), (v+h.),... >’, and 
therefore also the sequence 3(x+h,), 3(a@+h,), ... > 32°, 
and the function « is continuous and therefore the sequence 
oth, e©+hs,... >a, and 2(a+h,), 2(#+h.),... > 2; and the 
sequence 4, 4, 4, ... clearly — 4. 

It is easily proved in general that if the sequence $,, S.,... > a 
unique limit s, and the sequence s,’, 8:’,... >a unique limit s’, then 
the sequences (s, + S;’), (S: + 2’), ... are convergent and tend to s + s’ 
respectively *. 

* By the condition for a unique limit (p. 45), for a certain value of n and all 
greater values |s,+5,'—s-s’|<e because both |s, —s| and |s,’—s’| are less than 


5 say for all sufficiently large values of n. 
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Hence we deduce that the sequence (1) > a — 32° + 2a +4, and 
the continuity of the function for all values of x is established. 

In precisely the same way, arguing from the sequences of incre- 
mentary ratios, we see that, since the component functions #, 32”, 
2x, and 4 are each differentiable for all values of #, the compound 
function y is itself differentiable and we have 


D (a4 — 3a? + 22 + 4) = Dat — D382? + D2x + D4 
= Dat — 3Da? + 2Dxr+ 4D1 
= 4u> — 6% + 2. 


122. Integrability of sum of two functions. Generalisation. 

The integrability of this function y between any two values a 
and 6 rests on the same principles. 

We first prove the general theorem: 

If y, and y, are two functions which are integrable between a 
and b, then the function y,+ Yy2 ts also integrable and its integral 


b 
| (4, + Yo) dx is the sum of the two separate integrals, viz. 
a 


b b 
[ naw + | Yoda. 


The proof of this theorem is immediate from the definition of 
a definite integral; for if M, and M, are the upper bounds of y, 
and y, in any strip used in the definition of the definite integral, 
the upper bound of the compound function in that strip is clearly 
<M,+M,. It therefore follows that at every stage of the division 
used in the definition the total area of the “large” rectangles relative 
to the compound function y,+y, is less than or equal to the sum 
of the total areas of the large rectangles relative to the two functions 
y, and y, separately; and similarly the total area of the “small” rect- 
angles for ¥,+ ys. 1s greater than or equal to the sum of the total 
areas of the small rectangles for y, and y, separately. 

That the conditions for integrability for y,+y, must be fulfilled 
if they are fulfilled for y, and y, separately is now evident. At the 
same time it is evident that the integral of the compound function 


b 
Yr + Yo, Le. | (yi + y2) dx, = the sum of the two separate integrals, 


b b 
viz. | yida + | Yn UX. Q.E.D. 
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Asa corollary to this theorem we have: 


If, Yo, «+. Yn are any functions which are each integrable between 


a and b, then y%,+4+...+Yn 18 also ce between a and 8, 
and 


b b b b 
| Qrtyt + yn) de= | Wesak yrdo+...+| Yn da. 


We can in fact state a second corollary to include both the 
theorem and this first corollary as special cases. 

Under the same circumstances, if hy, ky, ... ky are any fixed 
numbers,—or “constants,’—the function kyy:+koyot+...+knyn ts 
entegrable and 


[ (kiyi + keys +... +hnYyn) dx 
= kf pide thf Yodt +... + hn Yn de. 
This follows from the evident fact that | 8, dx exists and 
=k | i yde if y is integrable, 


123. Applying the second corollary to our compound function 

— 327+ 2a+4, knowing that the functions 24, a, x, 1 are inte- 
grable, we have that the function y = # — 3a? + 2” + 4 is integrable 
between any two values a and b. The actual evaluation of the 
definite integral 

[ ydex, which equals | aes [ 


' a 


b b 
oda +2 | ode +4 | 1 dz, 


b 
depends on a knowledge of the separate integrals | xda, etc. 


124. Question of monotony. We have seen that «” is either 
monotone for all values of 2 or monotone for positive values of « 
and also monotone for negative values of w. Neither result is in 
general true for a polynomial, such as the function #*—3a*+2x+4 
under discussion. It can however be shewn that there are ranges 
in each of which the polynomial is monctone. 

To handle this question in a general manner we need the theorem that where 
Dy is positive y is increasing (and where Dy is negative y is decreasing). This 
theorem is an immediate consequence of the theorems of pp. 119, 121. For let 
21, Hz (a2 > x1) be any two values of # in a range throughout which Df(«), the 
derivative of the function f(x), is positive, and let y denote the difference 
Ff (2)—f(#). Then Dy is positive as long as 7; <¢ 7%, and therefore f(#2) > f(#1) 
by the theorems cited. Similarly for a range where Df («) is negative. 
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For our polynomial vt —3a? 42044, 
Dy =405 62 +2=4(7+3+4q/3) (@+4—$0/3) (0-1) 
(as is seen by noticing that when v=1, Dy=0, whence x—1 is one factor of 
Dy, and the other two are obtained by division). 
Thus Dy>0 for x between —$—4,/3 and —$4+4,/3 and for ¢>1; whilst 
Dy <0 for «<—}-4,4/3 and for # between —$+4,/3 and 1. 


Hence our function decreases as x increases up to «=—}-—4,/3, then 
increases up to c= —4}+4,/3, then decreases from there to v=1, and, finally, 


increases as v increases beyond 1. 

The function therefore, though not monotone, as were (e.g.) the functions 2, 
a’, is, we may say, monotone in stretches, 
as was the function «? (in two stretches, viz. 
up to #=0, « is decreasing and for «> 0, 
a is increasing). 

At each of the three points where the difter- 
ential coefficient vanishes,—viz. the points 


p= —4-4,/3, ee 
7 , 3/3 
p= 4443, yah te 
and e=1, y=4;— 


the function changes from being increasing to 
decreasing or vice versa. 

Our polynomial is also of bounded variation 
in any bounded range. (See p. 138 and Ex. 16, 
p. 153, above.) 

The graph is sketched in Fig. 11. 

In discussing the above and similar 
graphs the student will observe the great Fig. 11. 
utility of the differential coefficient as a means of arriving quickly 
and surely at the fundamental properties of the function,—properties 
which could only laboriously and doubtfully be discovered by mere 
plotting of points. 


125. The general polynomial. We now proceed to discuss the 
general features of polynomials of any degree whatever. 

Let us consider the general polynomial 

Y = An &” + AnH" + ...+ 424+ A, 

where the coefficients dp, Gp, .-. @,, @ are real numbers, with the 
proviso that the first (a,) at least is not zero; the degree (n) of 
the polynomial is odd or even. 

The value of y when # = 0 is a. 
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As « increases through positive values y may increase or de- 
crease, but we can see, without much discussion, that as a increases, 
sooner or later the sign of y will be that of the first term a,2”; for 
evidently |a,x”| will exceed | nan,” | so soon as # > Nts a), |, 
will exceed |map_.x"-?| so soon as #?>|nG,_,/an|, and so on, so 
that | na,#”| will exceed | n (Ay_.9" + dn_pe"? + 0 + a) | SO soon 
as # exceeds the greatest of the values 


| Gn—1/An |, “| NAn2/An I ew | 2ap/Gn |, 


1.e. the first term a,” will sooner or later exceed the sum of all 
the remaining terms in modulus and therefore the sign of the 
complete polynomial will be that of the first term. 

Moreover, not only will the polynomial remain of one fixed sign 
for all values of w greater than a certain value, but its modulus will 
also increase beyond all limit; for, by similar reasoning, we can 
prove that | a,x” | exceeds say twice the sum of the remaining terms, 
and therefore that the value of the polynomial certainly les be- 
tween 4a,2” and 3a,2"; but each of these expressions increases 
_ indefinitely in the same sense, and therefore the polynomial in- 
creases likewise. By realising that if n is even x” is positive what- 
ever the sign of , and that if n is odd a” is positive or negative 
according as # is positive or negative, we see that, if n is even, for 
large positive and negative values of « the function is large and of 
the same sign as the first coefficient a,, and that if n is odd, the 
function is large for large values of # and of opposite signs according 
as w is positive or negative. 

The fundamental questions of continuity, differentiability, and 
integrability are easily disposed of: 

If y, and y, are the values of the polynomial corresponding to 
the two values a, and a, of x, we have 


Ya — Yo = (Any +... + M9) — (Gin o” +... + Mo) 
= On (#1 — m9") +... + A, (4 — Lo) 
= (a, — 2) [ity (24° + 4? 2aty +. tO) 
Ht Anay (U2 + ay” Fatty + 2. + 0") +... +a]. 
The expression in the square bracket is evidently bounded in 


magnitude (if #, and #, are bounded) and hence as #,— a, the 
right-hand side tends to zero, ie. as a sequence for w, tends to a, 
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the corresponding sequence for y, tends to y%,; or the function y is 
continuous for all values a, of x. 
The incrementary ratio 


(| — Ys)/(@ = @2) 
= Ag (yO oc FQ) H nay (G77 + FO) FE 
itself is a continuous function of 2 which tends to the limiting 
value nana” +(n —1) Anya," +... +a, as x tends to x, 1e. the 
original polynomial is differentiable for all values of 2, and its 
differential coefficient is 
NOL” + (1 — 1) One”? +... +h. 

The integrability of the polynomial follows immediately from the 

theorem and corollaries of pp. 156—157 above. We have 


rb 
| (An &” + Ane" +... + 0 + a) da 
a 
exists and equals 


b b b b 
an | a" dx + An | ode + + ay | die + a { ldz. 
a ¥ @ Ja a 


rb 
Once the separate integrals x" da, etc. are known the integral of 
the polynomial is known. 


126. Let us now examine the differential coefficient 
NOL" 1+ (2 — 1) Gy_1 2" 27+... +a). 
We notice that it is itself a polynomial in w of the (x —1)th degree. It may be 
positive or negative for all values of x, or it may be positive for some and 
negative for other values of z. In virtue of the proved continuity of any poly- 
nomial and of the fundamental property of continuous functions*, the values 
(if any) of x for which it is positive must be separated from those for which it 
is negative by values for which it is zero. 

Now there is an elementary proposition in the theory of equations to the 
effect that an equation of the mth degree cannot have more than m roots (unless 
it is an identity) t. 

Applying this theorem to our differential coefficient, we see that it cannot 
vanish for more than z—1 values of « (unless it is identically zero for all values 
of «,—which can only happen if the “polynomial” reduces to the constant a) 
and thence that it cannot change sign more than.n—1 times; or there are at 
most 2 ranges in each of which the differential coefficient is of constant sign, 
separated by points at which it vanishes. : 


* See p. 140 and Ex. 8, p. 151 above. 
+ See Ex. 4, p. 161 opposite. 
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Now, in ranges where the differential coefficient of a function is positive, the 
function is increasing, and where negative, decreasing. Hence we have proved 
that the graph of the general polynomial of degree 2 consists of at most n 
stretches in each of which it constantly increases or decreases, separated by 
points where the graph is stationary. 

It may happen that the graph does not have as many as 7 such stretches, 
and it may happen that the differential coefficient may vanish for some values 
of # other than the turning points (e.g. the point (0, 0) on the graph of «) ; 
but we know that it cannot have more than 7 such stretches nor more than 
n—1 such turning points, and that all the maxima and minima are included in 
the points where the differential coefficient vanishes. More than this cannot 
well be said. ‘The details of the graph depend on the peculiarities of the 
particular polynomial concerned. 

The polynomial is not, in general, monotone; but, since it is formed by the 
addition and subtraction of functions which are severally monotone (or ex- 
pressible as the difference of two monotone functions), it follows that the 
polynomial is necessarily expressible as the difference of two non-decreasing 
functions, ie. is of bounded variation over any bounded range (p. 138). 


We have now seen that polynomials behave in all essential 
respects like the simple functions z, 2”, a*, etc. They are the simplest 
class of function considered in analysis. 


EXAMPLES XIV. 
1. Trace the graph of the cubic polynomial 47° + 9x?— 127%—1, marking the 
turning points. 
2. Trace the graph of #°+3x?+97—4. Verify from first principles that this 
function is continuous and differentiable. Given that 


b b 
| 2 da =(b*—a4)/4, \ a? dx =(b? —a?)/3, 
a 


a 


b b 
[2tr=(- a), | ‘1de=b-a, 
a a 


find the area enclosed between the curve, the w# axis, and the two ordinates 
C=, £=2. 

3. Sketch the graph of 12~7—4- 422. Find its maximum value and the area 
enclosed in the loop above the # axis. 

4, Prove that an equation of the mth degree cannot have more than m roots. 

[If the equation P,,=a,,2" +... +a@=0 could have more than m roots, a,, ae, 
etc., the relations a,a;"+...+a)=0, ete. are all satisfied ; therefore 

yy, 2" + 0 + Oy = (AmB +... +A) — (Amar +... + Ao), 
which =(% — a) P»—1, where P,,_1 is a polynomial of degree m—1. If ay be 
substituted for w in P,,_,, the result is zero, for with this substitution P,,, is 
rendered zero and az —a, is not zero. Therefore as before P,,1=(%— az) Pm-2; 
Pn, -2 being a polynomial of degree m—2; so that 
Pry =(@-> a1) (© — ag) Pm—2- 
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And so on. Thus P,,=(a— ay) (a—ag)...(@—a,) Po, where Po is a constant 
(P)=a,). Itis now evident that P,, cannot be zero for any value of « (@.8. am +41) 
different from the m values a;,...a,, unless Pp (and therefore also P,,,) is itself 
identically zero for all values of «.] 


5. Prove that any equation of odd degree P,,(2)=0 necessarily has at least 


one real root and that any equation of even degree will necessarily have at 
least two real roots if the coefficient of the term of highest degree and the 
constant term in P, (#) are of opposite signs. 


6. Prove that a polynomial is necessarily of bounded variation over any 
bounded range. 


7. Express the polynomials of Exs. 1, 2, 3 as sums of monotone functions, 
(i) applicable to a range including only positive values of x, (ii) applicable to 
any bounded range. 

8. Prove that any bounded function whose graph consists of a (finite) 
number of monotone stretches is of bounded variation over any bounded range. 


9. Prove that any function which is of bounded variation over a range is 
integrable over that range. 


§ 3. RATIONAL FUNCTIONS 

127. Polynomials are the simplest kind of the larger class of 
functions known as rational functions. 

Briefly, a rational function of the real variable is any expression 
in # in which the only signs of operation employed on w are those 
of additions subtraction; multiplication? and division? The constants 
which occur need not be rational numbers. 

Thus (30 + 2)/(5a* — 4) + 1/e — a and (/2.#— 4*)/(a + 8) are 
rational functions of «, while log, #, 2%, e”, sina, /x, (a — 2a — 3), 
and the sum of such an infinite series as 1 +24 9°/2!+... are 
irrational. 


It may happen exceptionally that a function defined in irrational form is in 
fact a rational function. Thus the sum of the infinite series 


14+e+4+2?+...(-l1<x2<1) 


is the rational function a F 


Like a polynomial, a rational function is defined precisely by 
means of the elementary arithmetical operations, and its value is 
a rational number for all rational values of « if the coefficients are 
rational,—with the possible exception of isolated values of a where 
any denominator is zero, 


We will now consider the nature of the graphs of one or two of 
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the simpler rational functions (other than polynomials) and observe 
the resemblances and differences between such functions and poly- 
nomials. 


128. The function 1/x. Consider the function y = 1/2. 

If we try to plot the points of the graph corresponding to different 
values of # we find that this can be done without difficulty except 
for one value, #=0. If we substitute «=0 in 1/x we get 1/0, which 
is meaningless. We cannot divide 1 by 0. In fact the function is 
not defined for this value of z. 

We notice, however, that no matter how small we take w (not 
actually zero) there is a perfectly definite corresponding value of 
y, and the corresponding point on the graph can be plotted. Con- 
fining ourselves for the moment to positive values of x, we get in 
fact a succession of greater and greater values of y corresponding 
to smaller and smaller values of «; moreover these values of y 
increase beyond all limit as x is made to decrease indefinitely : 
corresponding to any positive sequence of values for # having 0 as 
limit, the sequence of values of y is unbounded and not convergent. 
We say the function is wnbounded (above) in the neighbourhood of 
a2=0. It is also not continuous on the right at « = 0, independently 
of the fact that the function is not defined at that point. Similarly 
if we consider negative values of x tending to zero, the corresponding 
values of y decrease beyond all limit, and the function is unbounded 
below and not continuous on the left. 

In other essential respects this function behaves like a poly- 
nomial, If «+0, y is continuous at a, for 

1f(w@+h)—1/e=— h/[a (@+h)], 
and therefore ->0 corresponding to any sequence for h which 
tends to 0. 
If x+0, y is differentiable and Dy =— 1/2*, for the incrementary 


Lead i if , 
yh 3 = | ee ee) eee ee ; = 1 2 
ratio h (= i ) Se IB which clearly tends to — 1/x# 
Dy = — 1/2? < 0 for all values of 2 (except #=0); and, as is seen 


independently, y decreases steadily for all negative values of # and 
for all positive values of As x increases positively y steadily de- 
creases and 0 as «>; and if # is negative and decreases 


indefinitely, y is negative, increases and /~ 0. 
2 
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The function is also integrable over any range (a, 6), where a 
and } are both positive or both negative; for in any such range 
y is continuous and monotone and the proof of the integrability 
of a above will apply. The function is not integrable in any range 
which includes the point of discontinuity «=0. 
The evaluation of the integral is postponed 
to the next chapter*. There are no maxima 
or minima. The graph is as drawn in Fig. 12. 
It is a rectangular hyperbola. 

Similarly the graphs of the functions 
1/(a@—1) and 1/(@+2) are also rectangular 
hyperbolas. They have points of infinite 
discontinuity (similar to that of the graph 
y=1/e at «=0) at the points x=1 and 
% = — 2 respectively. 


129. The function 1/[(x—1) (x-—2)]. A slightly more com- 
plicated rational function is 
1/[(w@—1) (w— 2)}. 
This function is undefined for two values of a, viz. c=1land «=2; 
these are both points of infinite discontinuity of the same type as 
that in the case of y = 1/2. 
The function is continuous at all other points, for the difference 
1/[(2@+h—-1)(a@+h—2)|—-1/[(@ -—1)(# — 2)] 
_ & — 380+ 2—(@+hP+3(a+h)—2 
~ (@+h—1) (@+h—2) (a —1) (#@— 2) 
ne h(— 2a—h+3) 
~ (a@+h—1)(@+h—2)(@—1) (#—2)’ 
and the fraction last written is less than some fixed number, K say, 
no matter how small / be taken; the difference therefore > 0 if h 
takes on a sequence of values which — 0. 
The function is also differentiable at all such points, for the in- 
crementary ratio 


1 L Al ; 
tee oes 
a) — 2% -—h+3 
~ (a@+h—1)(@+h—2)(@—1)(w@— 2)’ 
* See also Ex. 5, p. 166 below. 


$3] RATIONAL FUNCTIONS 165 


which, by argument similar to that by which the continuity has 
been established, > — ea o ay as A tends to zero, for all 
values of « other than 1 and 2. The differential coefficient is 
24 —3 
~ @= 1 @— ay" 
positive when w < 8/2, negative when 
& > 3/2, and zero when # = 3/2. Ex- 
cluding the points of discontinuity, 
x=1 and «=2, the function is steadily ¥ 


increasing as w increases for « < 3/2 
and decreasing for # > 3/2. At «=3/2 


This is clearly wv 


the function has a maximum. It | 
should be noted that a maximum fe: 
does not mean the greatest value but [\ 
only a value which exceeds all others val 
within a certain neighbourhood. In te 


this example at # = 3/2 the function = — 4, which is greater than 
its value for any other value of z between 1 and 2 but is not 
greater than the values of y outside these limits; we have seen 
in fact that y is unbounded. 

As before, y is integrable over any range (a, 6) which avoids the 
points of discontinuity. 

The graph is drawn in Fig. 13. 

130. Properties of rational functions in general. These two 
examples will suffice to shew the chief resemblances and differences 


between polynomials and rational functions which are not poly- 


nomials. The essential o to notice 18, that while polynomials 
are defined, continuous, “and differentiable for all values of # and 
bounded tnd integrable i in any bounded range for «, other rational 
functions may cease to be continuous, differentiable, or defined for 
some values of #, or bounded or integrable in some bounded ranges 
for «. 

A rational function can always be expressed as the quotient of 
two polynomials, say Pm (x)/Qn(«), where Pm(#) and Q,(#) are 
polynomials of degrees m and n respectively. It can be shewn that 
the number of points of discontinuity of the function will not 
exceed n. The points are in fact given by the roots of the equation 


} 
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of the nth degree Q,(x)=0. The function is continuous, differ- 
entiable and integrable throughout all ranges excluding these 
points, and it is monotone in stretches. 


Rational functions are easily seen to be of bounded variation over any range 
(a, b) which includes no point of discontinuity, either interior to the range or 
at either end (a or 6). (See Ex. 8 below.) 

Non-rational functions may have other peculiarities. Thus ,/” and log x, 
though monotone, continuous, differentiable, integrable and bounded for all 
bounded positive values of wv, are undefined for all negative values of x (and in 
the case of log x also for v=0). 


EXAMPLES XV. 
1, Draw the graphs of 
1/(@+2), 2/(~—1), (#®-3x2+2)/(v7+1), and (2x—3)/[(¢—1)? (w—2)?]. 
Find in each case the turning points (if any). 
2. Draw the graphs of 1/(1+z), 1/(L+«)*. 


1 
3. Prove that the definite integral | “de >any number X, however great, 
k 


if £ is sufficiently small (and positive). 
4, Sketch the graphs of 1/x? and 1/23 and prove from the principles of 
section 1 above that 


Oil 1h Au Oil 1 1 
fat 5-5 and [ae-(G-w)/® 


where a and 0 are both positive or both negative. 
5. Prove from the principles of section 1 that 


pal 
| ~ dz =log, (b/a), 
at 


where a and 6 are both positive or both negative. 

[Use the “fundamental inequality” of p. 110 above. ] 

6. Prove that the number of points of discontinuity of the function 
Py (2)/Qn(@), Where P,,(%) and Q,,(#) are polynomials of degrees m and n 
respectively, cannot exceed n. 

7. Given that the differential coefficient of the rational function 

f(2)= Pm (7)/Qn (2) is Rnsn-1 (#)/L@n (x), 
where Py,(2), Qn(#), Rm+n—1(#) are polynomials of degrees m, n, m+n—1 
respectively, prove that, if the points of discontinuity be disregarded, the graph 
of f(x) consists of at most m+ stretches in each of which f(x) is monotone, 

8. Prove (i) from Ex. 7 and the definition of p. 138, and (ii) from Exs. 14— 
16, pp. 152-153, that a rational function is of bounded variation in any interval 
excluding the points of discontinuity. 

9. Shew that the graph of the function log (a?—1) consists of two separate 
infinite branches and that there is a strip of the coordinate plane (between the 
two lines = —1, v=1) where there is no point of the graph. Trace also the 
graph of the function log (1 — #), 
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§ 4. FUNCTIONS DEFINED BY POWER SERIES 


131. Functions defined by convergent sequences and series 
of functions. In Chapter 1 we defined numbers by means of con- 
vergent sequences and series of numbers—and, in particular, 
irrational numbers by sequences and series of rational numbers. 
In the same way we can define functions by sequences and series 
of functions—and, in particular, irrational functions by sequences 
and series of rational functions or even simple polynomials. A series 
whose terms are functions of a real variable may be convergent for 
certain ranges of values of #,—thus the series 1— «+ 2?—a?+..., 
whose terms are simple powers of w with alternating signs, is con- 
vergent for all values of # between —1 and 1,—and the sum of the 
series will in general depend on w and be in fact a function of #— 
viz. 1/(1 +). There is only one obvious point of difficulty. If the 
series 1s convergent only for a restricted range of values of «, the 
function is thus defined only for values of # in that range. There is 
however nothing logically surprising or new about the idea of a 
function defined only for a restricted range of values of the variable. 
For example, log x is defined only for positive real values of x In 
such a case then we shall content ourselves with the restricted 
definition. 


The extension of the range of definition of such functions is in fact possible 
in some cases, but lies outside the scope of this course. 


132. Approximation by sequences of polynomials. We can 
approach this question from a different point of view. We can 
endeavour to approximate to a given function which is not a 
polynomial by means of a set of polynomials. It is evident a priors 
that such a function as 1/(1 + 2) has properties not possessed by 
any polynomial whatsoever, and therefore cannot be accurately re- 
presented as such. Just as it is possible however to find rational 
approximations to irrational numbers, it may here be possible to 
find polynomial approaimations. 

Let us consider the rational function 1/(1 + 2). 

By dividing out, we obtain, as successive quotients, the poly- 
nomials 1, 1—#, l1—#+2?,.... . 

Drawing the graphs (C4, C,, etc.) of these successive polynomials, 
as well as that (C) of the rational function itself (see Fig. 14), we 
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see that the successive polynomials form better and better approxi- 
mations to the rational function within the limited range —1<w#<1. 


A, 
meee 
mene 


. 


y= Af(1+2) 


Fig. 14. 


Outside this range, however, the polynomials seem to have no 
connection with the rational function. 

In this case we know already that for any value of « between 
—1 and 1 the series 1—#+#*—... is convergent and has 1/(1+4+ 2) 
as its sum, This is clearly only another way of stating that the 
sequence of polynomials 1, 1—w#, 1- a+ #,... gives indefinitely 
close approximations to the rational function in the range —1<#<1. 
Tt is in fact evident that the representation of a function by the sum 
of a convergent infinite series of powers of « is equivalent to the 
indefinitely close approximation to the function by means of a 
sequence of polynomials of this type*. 


133. Binomial theorem for negative integral index. Other 


* Te. a sequence of polynomials of steadily increasing degree, say P, (a), P,(a),..., 
where any polynomial differs from the preceding one only by the (possible) addition 
of a single power of 2 (i.e. P,, (x) —P,_,(x)=a,4", where a, is a constant). The 
problem of the approximation to a function by sequences of polynomials in general 
lies quite beyond the scope of this course, 
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known rational functions may be discussed similarly. A particularly 
teresting set of such rational functions are the inverse powers of 
1+, the corresponding series being the binomial series. 
We have proved that 
rele 
1l+a 
Dividing this infinite series in the ordinary way by 1 +4, we obtain 
as successive quotients the sequence 
1, 1-22, 1—2H7+32?, 1— 22 +382? — 42, .... 
It is easy to see by direct multiplication that 
(1 — 2474 8a?—... + ne") (1 +aeP=14[(n4+1) 4+ na], 
If-—l<a#<1,(n4+1)a" +n" > 0 as n> w%, and therefore 
1—29 + 8a —... + na™1 > 1/11 + 2); 
i.e. the infinite series 1 — 27+ 3a?—... is convergent for-l<a<1 
and its sum is 1/(1+ 2)’. 
Again in the same way 
1/1 +0) = 1-804 2-9 3-8-8 


=e ee i. fOr — le, 


eo... for —l<a2<l. 


And so on. 
By induction we can shew in general that if n is any positive 
integer then 


Rete pa et) nt) (+2) 


Lge eS 


Ween (1) 
for -1l<«<1. 
Thus 
oer ya US) 
rer eDOt Nags 
=l-(n+l)z niles s ee 2) ap ene ip veea2y 


n+1 n =,’ 
Be yet ee 


coup (OEP) ape 


Ee ali 


* See sequence (ii), p. 50 above. 
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ey eee 


(n+ 1) “ (n +7) grt 


hayes any 


The last term in this expression (2) can be shewn to tend to zero 
(n+1).. (MET) ota 
r} : 


asr—>oif—1l<a<l. Thus, writing s, for - 


we have |s,/s,.| =|(~ +7) #/r|<a number @ less than 1 so soon as 
1+n/r< @/|a|, Le. so soon as r>n|a|/(@—|x|)=m say; and 
such a number @ can be chosen, between |z| and 1, to make this 
choice of m always possible. It will follow that 


Sm Sint 
| Smtp | = | Sm—a—— «-» "| < | 8m—1| OP 7 > 0 as p—> 00, 
Sm—-1 Sm+p—1 
Hence, asr=m+p—>o, |s,| > 0. 


Tt follows now from (2) that if the sequence whose rth term is 


i ae aa Pet ery 1) Ee le Ye 


it 
is convergent for —1<#<1and has (1+ )~” for its unique limit, 
then the sequence whose rth term is 


A Bear ; 
Ji-@+ art Cyt Or) late) 
is also convergent and has the same limit. 
: : 1 } : 
Hence 7f the series 1 —na + ee -.. 18 convergent for 


—1< «<1 and has (1 + z)” for its sum, the series 
(n+1)(n+2) 
ee 


Dye 


l—-(n+1)a+ 


is also convergent for —1< «<1 and has (1 + #)-™*» for its sum. 


‘We have already proved that (14+ 2)? =1-—1ae+ a at = nant 


2.3 
hence (1+a)?=1—2a+ “Or x —..., and, in general, the relation 
(1) is true. Q.E. D. 

The student will notice that the substitution of —m say for n 
m being then a negative integer, gives the result 


m(m — 1) 


(l+a2)™=l+mae+ 7 e+... for -—l<a#<l, 
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formally identical with the binomial theorem for a positive integral 
index (p. 22 above). The binomial theorem is in fact true for all 
real values of the index, but the distinction between the case of a 
positive integral index,—where the “series” consists of only m+ 1 
terms and the expansion is valid for all values of z,—and the other 
cases,—where the series is an infinite series, convergent only for 
values of « between — 1 and 1,—is essential *. 


134. Power series. Expansions of this type can be used as a 
means of studying the known rational functions represented. We 
have in fact already, in obtaining the logarithmic series, essentially 
made use of the expansion (1+ 2)? =1—a+4?-... in this way. 
The most fundamental purpose of sequences and series of functions 
is however to define new functions. Various types of such sequences 
and series are possible, but sequences of polynomials and series of 
positive integral powers are the simplest and most generally useful. 
In this course we shall confine ourselves entirely to such series of 
powers,—or power series. 

A power series in a real variable w is a series of the type 


Ap + G+ An, + 0,07 + ..., 
where the coefficients a), a, d., ... are real numbers independent 
of x, i.e. are real constants. 


135. Monotony, continuity, etc. It is seen at once that, if the 
coefficients ty, @,, %, ... of a power series are all of the same sign, 
then, for all positive values of a, the function defined as the sum 
of the series 1s monotone. 

In this case, for negative values of x, the function is not monotone, 
but it can be expressed as the sum of two monotone functions,—viz. 


Y= Ay + On? +a0+..., and Y.=A,%+A,2° + O50 +... .— 
for those values of # for which these two series are convergent (and 
therefore for those values of x for which the original power series 
is absolutely convergent). 

It follows that the function so defined is integrable over any 
interval (a, b) which is such that the series is absolutely convergent 
for all values of « belonging to the interval (i.e. for a<a <b). 


* The cases when the index is fractional or irrational are dealt with in Chapter tv, 
§ 8 below. 
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For, if b> a>0, the proof of the integrability of the function 2”, 
given in section 1 above,—which depends solely on the monotony 
of the function,—will apply to our function; and, if a<b<0O, the 
theorem of p. 156 above will apply. Recourse to the fundamental 
idea of the definite integral completes the proof, for the case when 
(Ge UE AT 


In this connection it is easy to see that the function defined by any power 
series is necessarily of bounded variation over any range throughout which the 
power series is absolutely convergent. 

For, the terms having positive coefficients will form a convergent series* 
and so define a function y; say, which will be monotone over any range in- 
cluding only positive values of #; and the terms having negative coefficients 
will form another convergent series, defining another function y, say, which 
will also be monotone over any such range. The function defined by the power 
series equals 7,;+¥Y,2 and therefore is of bounded variation (p. 138) over any 
such range including only positive values of «. 

The completion of the proof,—to apply to any bounded range throughout 
which the power series is absolutely convergent,—is left to the student. 

From this result we can deduce, as above, the important result that the 
function defined by any power series is necessarily integrable over, any range 
throughout which the power serves ts absolutely convergent. 

It can be proved t that a power series, if convergent for any (non-zero) values 
of « whatever, is convergent for all values within a range (— R, 2),—called the 
range of convergence,—and may be convergent also for one or both of the 
extreme values, —# and &; and that, in any case, the series is absolutely 
convergent for all values of ~ within the range, i.e. for—-R<a2<R. The results 
stated are therefore true throughout any interval wholly included within the 
range for which the function is defined. 


It might appear that, just as the continuity and differentiability 
of the general polynomial follow immediately from the same pro- 
perties of the simple powers, these properties will follow at once 
for the sums of power series in general. It is as a matter of fact 
true that these properties hold in general for power series, but the 
following considerations will shew that they are not immediately 
evident. 

If uw, (#) + %(#) +... 18 any convergent series of functions, having 
the properties of continuity, etc., we have that the sum function 


J (#) = [uy (a) + Up (x) SP s00 ap jp («)] + [Un+1 (a) AP 6c ll 
= $n (#) + Ry (a) say. 


* See p. 78 above. + See Ex. 13, p. 194 below. 
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Weare entitled to-argue that if the separate functions u, (a), up Cn Kon 
are continuous and differentiable, then s,,() is also continuous and 
differentiable, and, e.g. that the differential coefficient of S, (a) 18 
the sum of the differential coefficients of the separate functions 
U(&),...Un(#). But all we obviously know about R,, (z) is that it 
>0Oasn—>o. Itis conceivable that 2, (x) may be a function like 
(sin nwx)/n*. This function +0 as n> for all values of 2, is 
differentiable and Dsinna/n = cosnax; but this differential coefficient 
cos nx does not tend to 0 as n> &, nor in fact does it tend to any 
unique limit. In this case it would be clearly unjustifiable to 
assume either that the infinite series of differential coefficients 
Du, (@) + Du, (v)+... is convergent, or that the function f(z) is 
differentiable, or that the sum of the series of differential coefficients 
equals the differential coefficient of the sum function f(). 

A closer examination of the properties of such series is needed. 
This will be best carried out directly when needed in dealing with 
special functions. 


136. The series 1+x+x?/2!4x3/3!4+.... As an illustration 
of how power series may be used to define and discuss functions, 
let us consider the series 


SA glee 2 uc beeet smi nena’ pour Srigawin,e <tc a (3), 


which we have found (Chapter I1, § 5) to be convergent for all values 
of # and to have for its sum the exponential function e*. Ignoring 
for the moment that the sum of this series is the known function 
e”, let us call the sum of (3) H (a). 


We have 
E(et+h)=14+(at+h)+(et+h/ait+... 
=1l+(e+h)+(@/2!+ah+W/2!)+... ...(4). 
Now E(a)=1+ae+a/2!+... 
and E(h)=1+h+h]2!+..., 


and these series are both absolutely convergent} for all values of 
a and h. 

* The series in this case would not of course be a power series. 

+ The direct proof that (3) is convergent for all values of x is easy,—by applica- 
tion of the “ratio test” (p. 80 above) or otherwise. 

+ See Chapter 1, §7, p. 77 ete. above. 
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Therefore the two series may be “multiplied” * and we have 
E (a). E(h)=14+(@+h) + (a?/2!4+ ah + 7/2!) +... wees (5). 
The typical terms of (4) and (5) are identical, being both equal to 
a”/n! + a h/(n— 1)! + a2 h?/2!(n — 2)! +... + A/n!. 
That is, the two series (4) and (5) are identical and we have the 
addition theorem for the exponential function 
Ete) =r (2) eH (hh) axsisee sea ieaste as (6). 
From this relation we can at once deduce that, since the sum of the 
series 1 +1+41/2!+41/3!+... is the number ef, so that e = #'(1), 
therefore H' (x) = e for all positive integral values of «, because 
A(«e)=H(1+14+...4+1), 
there being # 1’s in the bracket, 
aE (Lge (hy cc ceded), 
there being # factors # (1), 
=[£(1)F 
== 6%, 


The same is true if # is any positive rational number, p/q say, for 


[Z (p/p =F ¢ 0) = E(p)=e?, 


and therefore E (a) = EF (p/q) =e?! = e*. Q.E.D. 

If w is any positive rational number, 

E(«).E(-«)=E(«—2)=E(0)=1, 

whence E(—«#)=1/EH(#)=e~, and the identity of the function 
£ (z) with the exponential function e? for all rational values of « 
positive and negative, is established. 

The identity holds for all real values of xt. 

The continuity, etc., of the function H (#) may be deduced from 
the addition theorem, thus: 

The incrementary ratio 


=[H£(a@+h)— EF (a)\h 


> 


* See p. 80 above. + See p. 73 above. 
+ See Ex. 4, p. 175 opposite. 
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Now [BH (A) -I/h=(L+h+h?/2!4...-1)/h 
STEN 2)- alo... 
—>las h—> oe) 


for the difference between the last expression and 1 is certainly 


an : 
less than . 7 ifh<3. Hence the incrementary ratio > E (a) 


ae 


and the function is differentiable and DE (x) = E (a). 

The continuity is implied in the differentiability. 

The integrability follows from the monotony,—which is easily 
established from the equation (6). 

Thus we have established by direct consideration of the series 
all the essential properties of the exponential function E (a) or eé. 


137. General power series. It is not of course to be expected 
that the functions defined by all power series will be so easily 
discussed as the very special exponential function. 

With the exception of the properties proved on pp. 171—172 
above and another general property of power series, which will 
be proved in §6, pp. 191—192 below, we omit all discussion of 
general power series. In the next two sections we shall discuss in 
detail the nature of the functions defined by certain important 
power series of a type resembling the exponential series. 


EXAMPLES XVI. 


1. Draw the graphs of (1+.)~? and of the functions 1 — 2x, 1 — 27+ 3x”, etc. 
formed from the first few terms of the expansion. Compare the values of the 
functions considered for z= +43, +1, +'01; and for v= +2. 

2. Draw the graphs of 1/(7#+2) and 1/2 — 2/4+.?/8 — ~?/16. Expand 1/(% +2) 
in an infinite series of powers of #. For what values of wv is the expansicn 
valid? 

3. Use the binomial theorem to evaluate 1/(1'1)°, 1/(99)!°, (99/101)!° correct 
to three decimal places. 

4. Prove that if a is any real number, /'(a)=e*. 19g 

[Let a=(a|y), « and y being rational. Then e*=(e|e”) by Chapter 1, § 1, 
=(E(«)|E(y)) by the rational case proved in the text, =H (a) by the same 
kind of argument by which the fact that (e*|e”) is a Dedekindian classification 
defining e* was established in Chapter 11.] esate re mcara ancag 


& Wee footnote, p. 153 above. 


i 
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5. Prove directly from the series for H(v) and #(—~#) that #(#) #(—2#)=1. 
6. Prove directly from the series and Ex. 5 that the function 4 (w#) is 


monotonely increasing for all values of w. 


1.3 LeBo® 

a hes 3 

7. Shew that the series 1+4$4 oe ontas 
1 


—1l<a<1, and that its sum =(1-2)"2. 
8. Deduce from Ex. 7 that 


2+... is convergent for 


1-34 ge 8. =(1—2)8 
for —l= 2 <1. 

9. Prove that if in any power series the error (or “‘remainder”’) after 1 terms 
=R,,(#”) < Ka" numerically, where £ is a fixed constant, independent of v and 
n, then the function defined by the power series is continuous for all values of 
z# numerically less than 1. 

[If the function is f(x), the difference 

I (a +h) —f (#)= Sn (+h) = 8, (@) + Ry (ae +h) = By (x), 
where s, denotes the sum of the first 7 terms. 

Then |R,(@+h)— Ry(v)|\<Klo+h|"+K|x\"<2Ker, 
where 6 is some number between || and 1 and between |z+A| and 1, |xw+h| 
being supposed <1. This—>0 as n>». m can be chosen sufficiently great 
to make | 2,(2+h)—#,(“)| as small as we please. When this is done, the 
difference s,(#+h)—s8,(“%)—>0 as h—>0, because s,(#) is a continuous poly- 
nomial. } 

10. Prove that if the coefficients of the power series a) +@,%+d9a#?+... are 
bounded, i.e. |a,|< A for all values of n, the series is absolutely convergent 
for |2|< ‘Land that the function defined by the sum of the series is differentiable 
for |v| <1. 

[With the notation of Ex. 9, the incrementary ratio of f(x) is the sum of the 
incrementary ratios of S, (x) and FR, (x). Argue about these separately. } 


§ 5. THE TRIGONOMETRICAL FUNCTIONS* 
138. The functions C (x) and S (x) defined by the series 


x? x x3? xd 
Lot ate gitein 
Consider the two series 
l Hie a Hie 
5] Ta 7 eee Gs 
Sg? are oz Se 
en ae mt BORO ra SCn oto. (2). 


These series have their terms alternately positive and negative ; 


* The definitions and main results of this section are applicable also if x is any 
complex number. See Appendix. 
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from and after the Nth term, where NV is the integer next greater 
than }(|#| +1), the terms of both series certainly steadily decrease 
in modulus and they tend to zero, whatever real number x may be. 
The series are therefore convergent and their sums define Sunctions 
of « for all real values of «x. 
We will denote these functions by C(«) and S (#) respectively. 
We have C(0)=1, S(0)= 0, and, to two places of decimals, 
ae 


CQ)=1-s54+5---= 34 0-1) = 54, 
Lae = 84, S(-1 84 
S()=1-s45,---= 84, SC-1)=- 
Q% 9 2 
O@)=1-5+7---=- 42, 82)=2-5+...= 91 


Other values may be obtained. 
C (z) is an even function,—1.e. C(— #)=C (a); and S(z#) is odd, 
—ie. S(-2)=—S(a). 


139. The addition theorems. Let us try to establish addition 
theorems,—expressing C(#+y) and S(#+y) in terms of C(z), 
C (y), S (a), and S(y). 

We shall find that, not only do these functions possess addition 
theorems of this kind, but also the theorems themselves will give 
us very valuable information about the functions. 

The series (1) and (2) are not only convergent for all values of 
x;—they are absolutely convergent*. 

For, arguing from first principles, if the terms of the series (1), 
for example, be replaced by their moduli, the terms from the Vth 
onwards, NV being the integer next greater than }(|«| + 1), are less 
than (or equal to) 


geN-2 geN- 2 6 geN- 2 6, 
(2N—2)!’ QN—2)!’ (QN—-2)! 
where 6 = (sw) << bs 


These are the terms of a convergent geometrical progression, of 
common ratio @, and the sum of any number of them 


geN-2 i} 


<@N—2)!1-0 
* See p. 77 above. 


WMA 12; 
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Hence the sum of any number of terms of the series (1) as modified 
is bounded, Bae less than the fixed number 
geN-4 geN-2 1 
ee + @v—4)it @N-di1—86 
The modified series of positive terms is therefore convergent and 
the original series (1) is absolutely convergent for all values of 2, 
Similarly the series (2) is also absolutely convergent. 

An appeal to d’Alembert’s ratio test for absolute convergence 
(p. 80 above) would dispense with this proof, for in each case 
| Un4i/Un |< a fixed number & which <1, for all values of n beyond 
a certain value, 

Let, now, # and y be any two real numbers. 

Then 


C(a+y)= 


ok 3 ny 
=1-(F+ay+F)+(G+ge+ oe ee +4) -.. 


ge IE 


Bi eae le eal 
pe ik ela (3) 
es 
and S(@+y)=(@+y)—~ + 
L 2 3 
=(@+y)— (5 +oh4 am +e \4 fede (4). 


Also the series for C(x), C(y), S(), S(y) are absolutely convergent 
and therefore any two of these four series may be “multiplied *.” 
We have in fact 


EW@Cw)=(1-54G--)-9+4-...) 


Dope ee 
Ly (Sth) (ait art +¥)- Pees (5), 


S(@)S8Q)=(e-F+ ak 


_ oy — (GE oli tha aaa (6), 
eee Pye ers ‘) 
-0- (5+) +(H+ +a tH)- 1 hatin eae (7), 


* See p. 80 (theorem B) above. 
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a? aoe y 
C(x) S(y) = (1-. Stan ) (y- J+ ory 
uy ¥ aty aye y? 
ee (Se + 8) + (G+ + 4)-- are (8), 
and these series are all absolutely convergent. 
Comparing the series (3) with series (5) and (6) we notice that 


the terms of (8) are precisely the differences of corresponding terms 
of series (5) and (6), ie. the nth term (or bracket) of series (3) 


Xv N—2 gr ty Clie a 
= (— ] )jrt1 
2), eS T @n—3)! 7 @n—4)1alt 
i ii ean 
* @n—3)! * Q@n—2)! 
” yen —2 en—-4 y? ea 
as (= 7) A 
a8, | Sanit (Qn—4)121 °°" +a | 
a {  g2n—3 y gens y? Cae 
same fee 3)? Q@n—s)ial’  * Gn—3)! 
= the nth term of series (5) — the (n—1)th term of series (6). 
This is true for all values of n greater than 1; and for n=1 we 
have that the first term of (8) = 1 =the first term of (5), 
Hence* the sum of the series (3) = the sum of (5) — the sum of 


(6), or 


Cat y)=C(a) Cy) —S(@)SY) oercrcreeee (9), 
the required addition theorem for C(« + y). 

Comparing similarly series (4) with series (7) and (8), we obtain 
the addition theorem for S (a + y), viz. 

S(a@+yy=S(a) Cyt CaS (YY) crecreees (10). 

The student will notice that the two functions U(x) and S (a) 
are intimately connected, both addition theorems involving all the 
four functions C (2), C'(y), S (a), S(y). 

140. Consequences of addition theorems. We can at once 
deduce from the addition theorems various important algebraical 


consequences : 
Putting y = #, we have 
C (2a) =[C (a) - [8 vee cela (11). 
and S (2a) = 2S (x) O(@) 


* P. 80 (theorem A) above. 
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Putting y=— 2, 
1=C(0)=C(e) C(— #2) — S(a) S(- 2) 

and therefore (CO yaa) Pa eeeesc eee (12). 

This relation (12) reveals still more clearly the intimate con- 
nection between the two functions ('(z) and S (a), for either can 
now be expressed directly in terms of the other; thus 

C(a) =4V{1—-[S(@)P}, S()=4 {1 -[C @)P. 

An important deduction from this relation (12) is that |C(«)| and 
| S(x)! are less than or equal to 1 for all values of x ......... (13). 


eee ed 


Again, since 7=— x and y= aN, 


2 
C(#) + 0y)= o (2) 0 (9) -s (74) s (54 
Hence +0 (34) ¢ Se ie) 87%). 


C(a)+Cy)= 20 (“#2 Ch 


, we have 


and similarly 


a 
O(#) — Oy)= —28 (3) g (ey ‘ 
et 


2 


S(a)+S(y= 28 ee 
S(a)—S(y)= 2C (4) 8 CG 5) 
expressing the sums and differences of the two functions C(#) and C(y) (and 
S (a) and S(y)) as products of two O and S functions. 

Other formulae will occur to the student of elementary trigo- 
nometry when he realises that our addition theorems are formally 
identical with the formulae for the sines and cosines of the sum of 
two angles, # and y, the function S(#) replacing the sine and C'(z) 
the cosine. All the formulae of elementary trigonometry which can 
be deduced algebraically from these addition formulae can be 
established for our functions S (ax) and C(«). 


141. Continuity and differentiability of C (x) and S (x). With 
the help of the relations (14) (deduced from the addition theorems), 
or direct from the addition theorems, we can prove that the functions 


C(«) and S(«) are continuous and differentiable for all values of « 
and DC («)=—- S (a), DS (@) = C(@). 
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We have in fact from (14), if « is any number and h any number 
other than zero, 
C(@+h)—O (a) = — 28 (« + h/2) S(h/2) 
and S(a+h)— 8 (a) = 20 (a + h/2) S (h/2). 
From (13), S(#+h/2) and C (a + h/2) are numerically less than 


1; and therefore each of these differences is less numerically than 
28 (h/2). 


B\3 
But 28 (h/2) =2 E 31 x (5) = = and is Jess numerically than 


1 5 ‘ ‘ : 
h provided only that 31 (5) <1 (Le. certainly if |h| <4), for then 


the series last written is of the “alternating” type*. 

Hence if h takes on any sequence of values tending to the limit 
0, the corresponding sequence for 2S.(h/2) also tends to 0, and the 
sequences for C(a#+h)~—C(a) and S (a+h)—S («) therefore both 
tend to zero. The continuity of C(x) and S(z#) for all values of « 
is established. 

To establish the differentiability, we have that the incrementary 
ratios for C(#) and S («) are respectively 


SEF = SO 8 @+h/2) Sek 
S(e@+h)—S(# pei ies: (15) 
and eae ee =— O(a+h/2) ae 


In virtue of the proved continuity, if h takes on a sequence of 
values tending to zero, S (@+h/2) > S(#) and C(#+h/2) > C(@). 


But , 
)\2 4 
[S (h/2)]/(h/2) =1 Shs - oe Site nie (16). 
The series (16),—certainly if |h|< 4,—is of the alternating type 
and its sum differs from the first term (viz. 1) by less than the 
second term (h/2)/3!. As h— Ot, (h/2)?/3!—0. Therefore the 
sum of the series (16) > 1. 

Hence, from (15), if h takes on a sequence of values tending to 
the unique limit 0, the corresponding sequences of the values of 
the incrementary ratios for C(x) and S(«) are convergent and tend 
to the unique limits — S («) and C(a) respectively, no matter what 
such sequence for h be taken. 

* Pp. 74—76 above. + See footnote p. 153 above. 
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That is, the functions C(«#) and S() are differentiable for all 
values of « and DC (x) =—S («), DS (x) = C(#). Q.E.D. 


142. Monotony of C (x) for x positive and less than 2. It 
also follows from the formulae (14), or direct from the addition 
theorems, that the function C(x) is monotonely decreasing at least 
for positive values of x less than 2. 

For, if0<a<a+h< 2, 

O(a+h)— C (a) =— 28S (a+ h/2) 8 (h/2); 
and S(a@+h/2) =S(2’) say 
= # — £3/3!+..., 
which is positive since #?/3! = a (w?/3!)< a’ 
and the series for S(a#’) is of the alternating type; while 


S (h/2) -5 E Es + aS 0 because tues <1 andA>0; 


3! 3] 
and therefore the difference C(#+h)—C(«) is negative and C(z) 
is decreasing for 0<a#<2*. 


143. Existence of a least positive number (#/2) for which 

C (a/2)=0. We now know that 

C(0)=1 and C(2)=1 — 27/2!4 24/4!— ...<-1/3; 
and the function C(#) is continuous and monotonely decreasing as 
x increases from 0 to 2. 

By an appeal to the fundamental property of continuous 
functionst we could deduce at once, firstly that for at least one 
value of « between 0 and 2, C(#)=0, and secondly, in virtue of the 
monotony of O(a), that there vs only one such value of « in this range. 
Or we can prove this directly thus: 

If « is any number between 0 and 2, C(«) is either positive, 
negative, or zero. Let y denote any number between 0 and 2 for 
which C(y)>0 and z denote any number between 0 and 2 for 
which O(z) < 0. 

Then every number y< every number z, because if a number 
y >a number z, C(y) would < C (z), which would be incompatible 
with C(y) 20> C(z). 

* This fact also follows immediately from the fact that the differential coefficient 
of C(x), viz. ~S (zx), is negative for 0<a2<2. We do not imply that C (x) ceases to 


decrease as soon as « is as large as 2. It does not. 
+ P. 140 above. 
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The classification (y | z) is therefore a Dedekindian classification 
of the system of real numbers if to the class y be added all numbers 
less than or equal to 0 and to the class z all numbers > 2; for then 
every real number is included in one of the two classes. Let us 
call the real number defined by this classification a, i.e. (y|z) =a. 

Now the function C (z) is continuous at the point a and therefore, 
if an increasing sequence of numbers Yr» Yo, +». be taken, having 
a as upper bound and unique limit, the corresponding sequence 
C(%), C (ye), ... is also convergent and has C'(a) for unique limit. 
But these numbers %, y, ..., being less than a, belong to the 
lower class (y) of the classification (y|z); so that 

C(y) 20, C(y2) 20, «05 
and it follows that C (a) >0. 

Similarly, by taking a decreasing sequence of numbers 2, 2, ..., 
tending to the unique limit a, we prove C(a) <0. 

Since C (a) >0 and <0 it follows that C (a)=0. 

That a is the only such number between 0 and 2 is evident from 
the monotony. The theorem stated is completely proved. 

This number a,—thus defined as the least positive number for 
which C (a)=0,—is destined to play an important part in the 
theory of these functions C(#) and S(#) and elsewhere. We shall 
find later that a=7/2, where 7 is the ratio of the circumference 
to the diameter of a circle. We will call it a/2. 


144. So far, all we know as to the value of this number #/2 is that 
it is positive and less than 2. However, we know that C(1) is positive 
and C (2) negative and therefore (by the fundamental property of 
continuous functions, or by the argument of the last paragraph) 
this number aw/2, for which C'(a/2)=0, must lie between 1 and 2. 
By evaluating to a sufficient degree of accuracy C(1°5) and C'(1'6), 
which are respectively positive and negative, @/2 is proved to lie 
between 1°5 and 1°6. It is possible to evaluate @ to any desired 
degree of accuracy in this way, but the work involved in thus 
obtaining any considerable degree of accuracy would be prohibitive. 
Special series can be found for this purpose*. The value of the 
number @ correct to six places of decimals is 3°141593. 


145. Periodicity formulae. We have proved that CO (@/2)=0. 
* See Exs. 16 and 19, p. 189 below. 
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By the relation [O(2)?+[S(«)} = 1 it follows that S(#/2)= + 1. 
Since S (x) is known to be positive for all positive values of # less 
than 2, it follows that S (#/2)=1. 


Thus Cio/2\= 0 and S(@/2)=1 eases (17); 
From (17) and the addition theorems we get 
C(w)=-1, S(w)=0; C8a/2)=0, SBa/2)=—-1; 
CQa)=1, SQa)=0; ete. 
Also, if # is any number, 


C(a/2 F «) = C (w/2) O(a) + S(w/2) S (a), 


whence C(a/2+a)=+8 se (18) 
andsimilarlyS (e/a rane nd aaa er eae 
Also similarly, O(a +2)=—C(a)) (19) 
S(w+2)=FS(a)J Ce oe i ) 

C (2a 4+ x) = C(x) : 
or ae a a5, Ale (20). 


These formulae (18)—(20),—called briefly the periodicity for- 
mulae—shew that the functions C (a) and S(«) are both completely 
known for all values of x if either C(a) or S(x) is known in the 
restricted range 0 to w/2. 

If, for example, x lies between 6a — a/2 and 6a, 


S(#)=S(Qa4+ 20+a04+0/2+y) 

where y is some number between 0 and w/2; and therefore 
S(#) =S(@+a/2 +) by applying (20) twice 

=— S(@/2 + y) by (19) 

= — OLY) Dy 13) 
or =—S8(a/2-y); 
and S(#) is expressed in terms of C(y) where 0< y<a/2 or 
alternatively in terms of S(a/2 —y) where 0< a@/2—y< a/2. 


146. The graphs of C(x) and S(x). The complete graphs of 
the functions C(x) and S(#) can now be drawn. We have seen 
that C (x) decreases steadily from 1 to 0 as a increases from 0 to 
a@/2. When a lies between aw/2 and #, —C(«x)=C(a—~-«) and 
therefore — C (x) decreases from 1 to 0 as w decreases from @w to 
@/2 in precisely the same way as C(a#) decreases as # increases 
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from 0 to /2; or as # increases from @/2 to a, C(a) is negative 
and decreases from 0 to —1 precisely as — 0 (x) decreases from 0 
to — 1 as w decreases from a/2 to 0. When @ lies between @ and 
2a, C(x) = — C(w +2) and therefore — C'(«) behaves in the range 
@ to 2@ precisely as C(x) behaves in the range 0 to a. 

Between 2@ and 4a, ('(«) behaves precisely as between 0 and 
2a, because CO (2a+x)=C (x); and the graph repeats itself be- 
tween 2 and 4a, again between 4a@ and 6a, and so on. 

Since C (a) is an even function, the part of the graph to the left 
of the origin is precisely similar to that part to the right of the 
origin. 

Also, since S (# + a@/2) = C'(a), and therefore S(a#) = C (a — w/2), 
it follows that in any range, e.g. that from 0 to a/2, S (x) behaves 
precisely as C (wz) behaves in the range distant «/2 to the left of this 
range, e.g. that from — @/2 to 0; so that the graph of S(«) is 
identical with that of C(x) except that it is displaced a distance 
@/2 to the right. 

The graphs consist of endless successions of “waves” of length 
2a; they are drawn in Fig. 15. 


Fig. 15. 


147. Integrability of C(x) and S(x). The integrability of C(«) 
and S (a) in the interval (0, #/2) (or any interval included in this) 
is a direct consequence of the proved monotony of these functions*. 
The integrability of these functions in any interval whatever follows 
immediately. For, from the nature of a definite integral, since e.g. 
C(#) is integrable in the interval (0, #/2) and also in the interval 
(w/2, =), it is also integrable in any interval (a, b), including parts 
of both these intervals; and similarly for any interval; and for 
the function S (#). 


_* The proof of pp. 144—148 above of the integrability of x? is applicable with no 
vital change. 
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148. The inverse functions, G(x) and S (x). In the light of 
our knowledge of the functions C(«) and S (a) our proof above of 
the existence of one and only one number w/2 between 0 and 2 
for which C (@/2) = 0, can,—by an obvious and very slight modifi- 
cation,—be made to cover the important “existence theorem for 
the inverse C function”: 

If «is any number from — 1 to 1 inclusive, there exists one and only 
one number y from 0 to » inclusive for which C(y) = «. 

We have similarly also the companion theorem for S: 

If « 1s any number from —1 to 1 inclusive, there exists one and 
only one number y from — @/2 to w/2 inclusive for which S (y) = «. 

We will denote the inverse C and S functions thus established 
by Cand 8. O(a) is defined as that number y from 0 to @ inclusive 
for which C(y) =, and S(«) is defined as that number y from 
—a/2 to w/2 inclusive for which S(y) = «. 

The function C («) is defined for all values of w from —1 to 1. It 
is clearly monotonely decreasing and 
easily proved to be continuous, differ- 
entiable, and integrable throughout any 
range in this range of definition (— 1, 1), 
except that, at c=—1 and #=1, the 
continuity is restricted to continuity on 
the right and on the left respectively, 
and the property of differentiability 
there fails entirely. 

The function S(«) is also defined for 
all values of # from —1 to 1. It is 
likewise monotonely increasing, con- 
tinuous, differentiable, and integrable 
throughout any interval included in 
the interval (—1, 1), with the same 
exception. 

The graphs of the functions © (2), 
S (2) are drawn in Fig. 16. 

It should be particularly noted that, in the definition of these 
inverse functions O(«) and 8 (zx), the restriction that y must lie in 
the range from 0 to o and —a/2 to w/2 respectively, is essential; 
but it must not be thought, for example, that C(«) is the only 
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number y,—of any magnitude,—for which ('(y)=a. As we know, 
from the periodicity of C'(#) and S (a), this is far from being the case. 


149. Resemblance to the functions of trigonometry. The 
student conversant with elementary trigonometry cannot have failed 
to notice the remarkable similarity between the functions C (zx), S () 
and the trigonometrical ratios, or circular functions, cosa, sin z. 
The properties considered above are shared in every particular by the 
two pairs of functions; and this agreement will be complete if the 
unit of angle used is such that 180° is represented by the number 
#,—which will be the case if radian measure be used if (as seems 
probable) @ is identical with the number 7 representing the ratio 
of the circumference of a circle to its diameter. In spite of the 
apparent total lack of connection of the sums of the infinite series 
(1) and (2) with ratios of the sides of right-angled triangles (or 
even with circles), the student will probably feel fairly confident 
that the functions OC (#) and S(z) actually are the same functions 
as cos # and sin « ;—and his feeling will be correct. It is not indeed 
difficult,—once we have satisfactory analytical definitions of the 
geometrically-defined trigonometrical ratios,—to prove, on lines 
similar to those adopted in Chapter 1 in obtaining the logarithmic 
and exponential series, that C(#)=cosa# and S(#)=sin« for all 
values of w, the angle x being measured in radians. The proof is 
postponed to the next chapter*. 

We call the functions C() and S(a) the trigonometrical functions, 
and the functions O(z) and S(v) theznverse trigonometrical functions. 
We do not of course assume any identity between these functions 
and the functions cos # and sin a, are cos w (or cos~! w) and arc sin # 
(or sin #); or between the numbers @ and 7. 


EXAMPLES XVII. 
1. Verify the addition theorems for C(x) and S(«) if # and y are so small 
that all terms occurring of degree exceeding three in w and y are negligible. 
2. Evaluate correct to two decimal places S (*1), S(1), 8 (2), S(10), S (20). 
3. Calculate log C'(-1) correct to three decimal places, 
4, Prove C (@/4) =S (@/4) =(/2)/2, 
C (@/3)=S (@/6) =1/2, 
C(w/6) = 8 (a/3) =(/3)/2. | 
* See p. 277. For the identity of r and @ see p. 272. See also Exs. 7, p. 231; 
9 and 10, p. 260; 9, p. 266; and 8, 10 and 13, pp. 279, 280. 
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5. Prove the “triple angle” formulae: 
C (3x) =4[C (x) B-3C (2), S (8x) =38 (x) —4[S (x). 


6. Prove the “half angle” formulae : 


O(Ry=ay/ SO), 8(5)= +,/ ae 


7. Prove (by induction) the formulae for “multiple angles” : 


Cpa) ee 
S (nw) =ngor-1—" 2 T)—*) POH AE rac 


where 7 is any positive integer and C and S denote C(x) and S («) respectively. 

8. Prove O(2) C(y)=43[C (w+y)+ C(a—y)] direct from the series. Establish 
similar formulae for S (x) S(y), C(x) S(y), S(#) C(y). 

9. Prove that S(1) is an irrational number. 

[See Ex. 17, p. 60 above, where the irrationality of e is established. The 
method there adopted will apply here also. ] 

10. Shew that the graphs of C(#) and S(#) cut the # axis at an angle of 
45° at all points of intersection with the axis. 

Prove also that the slope of either of the graphs at any point of intersection 
of the two graphs is +1/,/2. 

11. Prove that C'(#) has maxima at all the points 0, +2a, +40, ... and 
minima at all the points +a, +3a, ...; the values of C(x) at the maxima and 
minima being respectively 1 and —1. 

Shew also that the maximum and minimum values of S(x) are 1 and —1 
and that they occur at the points @/2, 5@/2, 9@/2,...; —3@/2,-—7a/2,...; and 
3a/2, 7a/2,...; —w/2, —5a/2, ... respectively. 

12. Prove that 

1 S{(n-3)a] 


1+C(a)+C(2a)+C Ba)+...+E[(n— 1) al=5+ “28 (a]2) 


_ C(a/2)— C[(n—$) a 
and S(a)+S8 (2a)+...+8[(n—-1) a]= 95 (a/2) J 
n being any positive integer, and a any real number. 
Deduce ip C(x)dx=S(a) and [ S (x) dx =1—C (a). 
0 
Hence prove that the area of the “wave” of the graph of C(x) between — a/2 
and @/2 is 2. 

[The summation formulae come by induction. For the integration cut up 
the range into 7 equal parts ; the total areas of the “small rectangles” are then 
the above sums multiplied by a with a=a/n.| 

13. Prove the existence theorem for S (x),—the inverse S function. 

14. If # is any real number from — 1 to 1 inclusive, shew that 


(i) C(y)=« if and only if y is one of the numbers 2nw+ C(x), where n 
has all positive and negative integral values (and zero), and 
(ii) S(y)=~ if and only if y is one of the numbers nw +(-1)"8 (x). 
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15. Prove that the inverse trigonometrical functions O(«) and S(x) are 
continuous and differentiable for —1<a#<1; and shew 
Fn DO (x)= -1f[J(1-#)|, DS (x) =1/[ 40 - 2%). 
[If C(x)=y, so that r=C(y), S(y)=J[1-(C(y)*]=/(1— 22). Use the 
method of pp. 128—129.] 
16. Establish the series 
Wage Wyehene Bee) 


Eh 4 6 46 hSlac6 


ale 
ate 
for -l<a<l. 

By taking x=4 deduce the value of @ correct to two decimal places. 

[Use the results of Ex. 15 and of Ex. 7, p. 176 and the general method used 
in the deduction of the logarithmic series in Chapter 11.] 

17. Defining a function 7’ (#) as the ratio [S(x)]/[C(x)], obtain its funda- 
mental properties and draw its graph. 

T (2) +T(y) 
17a) Ty) 
all values of « which are not positive or negative odd multiples of @/2. 

Establish also the properties of the inverse 7 function, defined thus,—7 () 
is that number y between —@/2 and a@/2 for which 7'(y)=., this definition 
being valid for all values of z. Prove in particular that D7'(#)=1/(1+ 2). 

Discuss also the functions 1/S(«), 1/C (#), O(x)/S(«) and the corresponding 
inverse functions. 


18. Deduce from Ex. 17 the power series for 7’ (x): 


Prove in particular that 7 (¢+y)= and DT (x#)=1/[C (x)} for 


a die. ds 
D(a) =" =P he 
valid for all values of x from —1 to 1 inclusive. (Gregory’s series.) 
19. Shew that, if T(2)=5, 4h (4r- =) = = ; and thence deduce the 


equality 7 =47(5) - 7 (s35)- From this formula and the series of Ex. 18 


shew that, to six places of decimals, a=3'141593. 
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150. The functions cosh x and sinh x. A pair of series similar 
to the trigonometrical series and defining functions of importance 


are 
Wea AINE ey Os Se Sate OS ROCCO QD) 


and BAI tad | OFAN e Wess tian gE yas veneles (2). 
These series are absolutely convergent for all values of « We will 
call their sums cosh # and sinh w respectively. These functions are 
the hyperbolic cosine and hyperbolic sine. Alternative definitions 
are the equalities of Ex. 1 below. 
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We can calculate the values and establish the properties of these 
functions in just the same way as before. We have in fact 
cosh 0 = 1, sinh 0 = 0; cosh w is an even function; sinh « is odd. 
sinh # is monotonely increasing for all values of «, 
cosh # is monotonely decreasing for negative values of « and 
monotonely increasing for positive values of «. 
Both cosh w and sinh # increase beyond all limit. 
sinh # takes on all real values; cosh # takes on all real values 
greater than 1, 
Both functions are integrable throughout any range, 
The addition theorems are 
cosh (« + y) = cosh # cosh y + sinh w sinh y, 
sinh (# + y) = sinh w cosh y + cosh a sinh y. 
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We have the relation (cosh «)? — (sinh 2)? =1 for all values of x*. 

The functions are continuous and differentiable and 

Deosha=sinhz, Dsinh «= coshz, 

The proofs of these properties are left to the student. 

The hyperbolic functions are not periodic and there is no real 
number « for which cosh « = 0. 

The graphs of these functions are as drawn in Fig. 17, 

From the functions sinh w and cosh w are derived other hyperbolic 
functions, defined thus: 


sinh # il 1 
tanh @ = ~ secha=——, cosecha=———, 
cosh a cosh « sinh a 
cosh x 
coth « = ——_., 
sinh w 


The properties of these functions can be deduced from those of 
sinh x and cosh a. 


151. The inverse hyperbolic functions. The existence of 
averse hyperbolic functions follows from the continuity and mono- 
tony of the functions cosh z, sinha, They are defined thus: 

arg cosh # = that positive number y for which cosh y = #. 

This function,—the inverse hyperbolic cosine,—is defined for all 
values of « greater than (or equal to) 1, but for no values of « less 
than 1. 

arg sinh « = that number y (positive or negative) for which 

sinh y=. 

This function,—the inverse hyperbolic sine,—is defined for all 
real values of xt. 

The functions inverse to the other hyperbolic functions, tanh a, 
etc., are defined similarly. 

The properties of the inverse functions can be deduced from our 
knowledge of the direct functions. 


152. Differentiability of function defined by general power 
series. In this and the preceding section we have established in 
detail the properties of four functions defined by special power 
series. As mentioned in the last section, it is not possible to discuss 
so easily the functions defined by every power series. It is however 
possible to prove, for example, that functions so defined necessarily 


* (cosh 2)? and (sinh «)? are usually written cosh? # and sinh? x. 
+ arg cosh a and arg sinh w are also denoted by cosh! and sinh! z, 
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possess (within certain limitations) the important property of 
differentiability. 
Thus if the power series 
Chg FG Cag aie! jatsn che seretawern eee (3) 

is convergent for all values of # and has its coefficients a, a, dp, ... 
all positive, then the function f(z) which is the sum of this series 
is differentiable for all positive values of x, and 

Df (@) = Oy + 2GyW-+ SU ck sa cesnenens (4); 


this series being itself convergent for all values of . 
To prove this, we have, if # and h are any positive numbers, 
f(@th)—f(&) =a +a (@+h)+a,(a+h) t+... 
— Uy — AL — A,X? —... 
= aht+ a, (2ha + h*) + a; (8ha? + 8h?a + h?)+..., 
by subtracting the two convergent series; and therefore the in- 
crementary ratio [ f(w+h) —f(«)]/h equals 
Ay + dy (Qe + h) + as (Bx? + Sha +h?) +... cece. (5) 
= 0, + a2 + anh + a,dx?+ agdhx + azh?+... ...... (6), 
(because all the terms of (6) are positive and the series (6) con- 
verges because (5) converges) 
= 0+ 2a,.4+ 8a,074+... 
+h[a,+ 3a, + ash + 6a,2 + 4a,ch + ah? +...) 00... (7), 
by separating the terms which do not contain h,—this derangement 
being valid and the two series in (7) being convergent because all 
the terms are positive ™*. 
If h<1 say, the sum of the series in the bracket in (7) is less 
than 
Gy +a, (@#+1)+ a, (a + 1)? + as (@ + 1+ see, 
(because this series includes, besides other terms, all the terms of 
the series concerned with h replaced by 1), and therefore is less than 
a+nR+a,h?+...,1¢. f(R), where Rk is any number exceeding 
x +1. Hence the incrementary ratio tends to a, + 2a,” + 8a,a?+... 
as h \; 0, and the differentiability of f(x) on the right is established. 
The modification of the proof needed to establish the complete 
differentiability is slight and is left to the student. 
* See Ex. 12, p. 84 above. 
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By further modifications of the proof we can prove the more general theorem : 
If the power series ay+a,2+,0°+... is absolutely convergent for all values’ 
of « between — Rand R, then the sum-function f (x) is continuous and differentiable 
for all values of x between—R and R, and in that range 
Df (@) = 4 + 29% + 30g0?+.... 

A proof of this important general theorem is given in Ex. 14 below. 

In general (see Ex. 13 below) the range of convergence of a power series 
consists of all values of « between — 2 and 2 where & is some number (called 
the radius of convergence). The series may or may not be convergent. also for 
“= —h and x=R, but on the one hand it is not convergent for any value of 
« such that |w|> & and on the other hand it is absolutely convergent for all 
values of x between — # and R (i.e. such that |~|<R). The above theorem 
therefore applies to any power series over its entire range of convergence (— #, 
f) except the extreme values x= — R, z=R. As to the behaviour of the series 
and the function for the extreme values, we say nothing. Not only may the 
series be not convergent for these values but the function may be unbounded 
in the complete interval (— 2, 2) and have other peculiarities for the extreme 
values. The discussion of these questions belongs to the theory of functions. 

In virtue cf the above theorem, and the theorems of pp. 170—171 above, 
we see the essential amenability of the sum-functions of power series to the 
fundamental processes of analysis. Other types of series*, though often of very 
great utility and importance, do not as a rule possess these general properties. 


EXAMPLES XVIII. 


1. Prove that cosh s=(e*+e~*)/2 and sinh «=(e*—e7*)/2. 
2. Evaluate to four decimal places cosh 1, sinh 1, cosh 10, sinh 10. 
3. Prove that 


cosh # + cosh y= 2 cosh ate cosh 2 ; 


cosh # — cosh y=2 sinh z a sinh oe ; 

sinh «+sinh y=2 sinh ae4 cosh = ; 
: : br; BY 9) CHY 

sinh #—sinh y=2 cosh 9 sinh oa! 


4. Prove the addition theorems and other relations stated in the text. 
Prove also that 
cosh 22 =(cosh «)?+(sinh#)? and sinh 2z=2sinh # cosh 2. 

5. Prove that the functions cosh « and sinh z are continuous, differentiable, 
and integrable for all values of # and monotone in positive or negative ranges ; 
and that they are bounded in any bounded range. 

6. Prove that the graph of cosh has one turning point,—a minimum at 
4=0, where cosh w=1: and that the graph of sinh w has no turning point. 


* E.g. Fourier series. 


WMA 5 
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7. Prove that the graph of sinh» cuts the # axis at the origin at an angle 
of 45°. 
8. Prove that 
sinh 5 +sinh (n—$) a 
1+cosh a+cosh 2a+cosh 3a+...+cosh (xn—1)a= 


5 a 
2. sinh 5 
and 


cosh (7 —$) a —cosh © 
sinh a+sinh 2a+sinh 3a+...+sinh (n—1)a= ~ 


° a 
PAR = 
sinh 3 
Deduce that 


iP cosh rdz=sinh a and i sinh edx=cosha-1; 
0 0 
and thence 
b d 
i cosh adr=sinh b—sinha and | sinh «dx =cosh b—cosh a. 
a a 


(The first part by induction. For the integrals, which are known to exist, 
divide up (0, a) into n equal intervals a/n=asay. The total area of the “small” 
rectangles of the definition. then =a[1+cosha+...+cosh (m—1)a], and the 
result for i Be x du follows. ] 


0 

9. Solve the equation sinh x= 22. 

[A graphical solution can be obtained by drawing the graphs of sinh w and 
2x and finding the abscissae of the points of intersection. Analytically, the 
function sinh #— 2% is continuous; it is negative when v=1 and positive when 

=4; whence there is a root between land 4. And so on.] 


10. Shew that if x is sufficiently great, cosh # and sinha exceed x”, no 
matter how great the index n. 


11. Discuss the properties of tanhw, and the inverse hyperbolic tangent 
arg tanh #, which is defined for all values of x between +1. Shew in particular 


1 ; 
D tanh «=(sech x)?; Darg tanh x= io Discuss also sech x and cosech x. 


12. Discuss the properties and sketch the graphs of the inverse hyperbolic 
functions. Prove that 


arg sinh x=log,[*+ J(#?+1)], arg cosh # =log, [a+ /(x?-1)], 
arg tanh «= $ log, [(1+x)/(1—.x)]. 


13. If a power series is convergent for a =a, it is absolutely convergent for 
all values of # numerically less than a. 

[Use the “comparison theorem” for convergence of series of positive terms, 
taking a geometrical progression as series of comparison. ] 
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14. Prove the theorem of the text that if a power series is absolutely con- 
vergent for all values of 7 numerically less than R then its sum is a continuous 
and differentiable function for all such values of # and the differential coefficient 
is the sum of the series whose terms are the differential coefficients of une terms 
of the original power series. 


[Use the notation of the text. If |v|+|h|< #, the series 
Ay +A B+ Oh + ax? + 2agxh + agh? +0322 +3a397h+Ba3ch2+ash3+... ... (1) 


is absolutely convergent because, when the terms are replaced by their numerical 
values, the series is equivalent to the series of positive terms 


|%|+\ar|()2|+[A])+\ao|(Je|+|h\P+..., 
known to be convergent. The series (1) can therefore be deranged. On the one 
hand (1)=a)+a@,(a#+h)+...=f(e+A). On the other hand 
(1) =a) FQ e+ Qq0? +... +h (a + 202% 43032? 4+...) 
+)? (do +3a37+a3h+...). 
The series in the last bracket is bounded. Therefore 


f 
ae a as h—>0, 


and the theorem is proved. | 
15. Prove that if the series 
|@o|+| ar] (la | +12 ])+/aa|(le|+[ A)? + 
is convergent and if the sum-function of the series cee tit soo WS (AE 
then f(e+h)=f(e)+h Df (x) +, Def (a) +5, Df (a) +... 


where Df (x) denotes the differential coefficient of f (w), D? f (x) the differential 
coefficient of the differential coefficient, and so on. (Taylor’s theorem.) 


13—2 


CHAPTER IV 


DIFFERENTIAL AND INTEGRAL CALCULUS 


153. The most important practical application of the ideas of 
limits of sequences is to be found in the differential and integral 
calculus. The calculus is a very powerful instrument in geometry, 
dynamics and almost all branches of mathematics and applications 
of mathematics to the sciences. ‘The main results of the calculus 
were discovered independently of any theory of convergent sequences, 
or of irrational numbers, on which the theory of sequences depends, 
as set out above. Historically the same order of progress has been 
maintained in the case of the calculus as has been the case with 
the rational numbers and with most instruments of mathematical 
thought,—the practical use has been fully and advantageously 
understood long before the principles on which the instrument 
logically rests have been at all clear. For some time after the 
introduction of the calculus by Newton and Leibniz in the seven- 
teenth century, there was considerable controversy as to the validity 
of the new process, philosophers, such as Bishop Berkeley, main- 
taining that it was without foundation and that all results obtained 
by its aid were worthless. In so far as the attacks were restricted 
to the lack of logical basis, these criticisms of the philosophers were 
sound, but the great and obviously true results obtained by using 
the calculus were sufficient justification for the mathematicians’ 
scepticism of the philosophers’ arguments. This controversy, includ- 
ing attempts by mathematicians such as Maclaurin and Lagrange 
to put the calculus on a basis not liable to the attacks of the philo- 
sophers, may be said to have lasted throughout the eighteenth 
century. At the beginning of the nineteenth century,—the great 
rush of new results consequent on the introduction of the calculus 
having somewhat abated,—a new movement for rigour and criticism 
of principles in mathematics began, initiated largely by Abel and 
Cauchy. It is this movement which has resulted, towards the end 
of the last century, in the complete clarification of the principles 
of the calculus, as also of the ideas of irrational numbers and infinite 
sequences. As a result of this movement we are now in a position 


§ 1] GENERAL IDEA OF A LIMIT 197 


to build up the calculus on the logically safe foundation of the ideas 
of limits. 


154. We have already, in Chapters 11 and 111, in discussing the 
behaviour of functions, been compelled to introduce some of the 
special kinds of limits which are the special province of calculus. 
In this chapter we shall discuss systematically the fundamental 
notions of the calculus and illustrate these notions by simple 
applications and developments in analysis, geometry, and applied 
mathematics. 


§ 1. GENERAL IDEA OF A LIMIT 


155. The fundamental idea of a limit is that of an infinite 
sequence (Chapter 1, §6) where we have an unending set of 
numbers tending to a unique limit. Limits may occur in other 
forms. In one form or another they are of great importance in the 
application of mathematics to physical problems, because many 
phenomena are measurable only in terms of limits. In geometry, 
for example, the notions of the length of a curve, the area of a 
region, the volume of a solid, and the tangent to a curve are of 
considerable importance and yet none of these notions can be defined 
satisfactorily (except in special simple cases) other than in terms 
of limits*, And again in mechanics, velocity, acceleration, centres 
of mass, and moments of inertia necessitate the consideration of 
limits. And generally whenever we consider mathematically any 
continuous change of any measurable quantity,—i.e. briefly through- 
out all mathematical physics,—the use of limits is unavoidable. 

156. Limit of a function of an integral variable. The simple 
notion of the limit of a sequence may be considered as the limit 
of a function of an integral variable. The nth term of a sequence 
is a number depending on the integer u, and is therefore a function 
of n, defined for all positive integral values of n. If the sequence 
is convergent, then we know that this function, /(n) say, tends to 
coincide with the unique limit as the variable n increases inde- 
finitely; and in fact the convergence of such a sequence is in 
essence a description of the behaviour of the function for indefinitely 
large values of n. It is therefore appropriate to consider the limit 
of the sequence as the limit of the function f(n) as the variable n 


* Or bounds, 
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increases indefinitely. The notation lim f(n)=Z or f(n)—> L as 
n> © 


nm —> ©, introduced in Chapter I as a convenient abbreviated state- 
ment, is natural and appropriate, as directing attention to the 
function f(n) and its behaviour as n increases indefinitely. 


157. Limits of a function of a continuous variable. We have 
already met, in our study of the properties of polynomials and other 
functions, what may be looked on as another kind of limit,—the 
limit of a function of a continuous variable. We have seen that for 
some functions of the continuous variable z, any decreasing sequence 
of values of which \ a gives rise to a sequence of corresponding 
values of the function (y) which tends to a unique limit, and that 
this limit (Z, say) is the same for all such sequences. In such a 
case we say that the function y has a unique limit on the right at 
the point «=a, viz. L,. 

Similarly a function y has a wnique lumit on the left at «=a, viz. 
I,, if the sequence of the values of y corresponding to any increasing 
sequence for « which / a is convergent and has the unique limit L,. 

If a function has a unique limit on the right and also a unique 
limit on the left at =a and 1f these two limits are equal (= L), it ts 
said to have a wnique limit (L) at x =a*. 

Denoting the function by f(#), we use the notation lim f(#) = L, 


or alternatively, f(x) > L as «> at. ee 


Another way of defining the limit of a function of a continuous 
variable which in some ways appears simpler is the following: 

The function f(«) of the continuous variable « tends to a unique 
limit Z as x tends to a (Le. oth, J (#) exists and = L)if, corresponding 


to any positive number ¢ however small, it is possible to choose 
another positive number 6 so small that for all values of # between 
a—§ and a+6 (with the possible exception of the value x=<a itself) 
the difference between f(#) and the fixed number L is less than the 
number e, 1.€. 


\f(a)-L\<e for a—d<a2<a+8(e#a). 


* Corresponding to the more general limiting numbers of a sequence (p. 44) there 
are non-unique limiting numbers (also often called limits) of a function at a point. 
They lie beyond the scope of this course. The word limit in what follows means 
unique limit. 

+ We have in fact already used this notation as an abbreviation. (See e.g. the 
footnote to p. 153 above.) 
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That these two definitions are equivalent will be obvious after a 
little thought; for if f(z) has the limit ZL as «-> a in accordance 
with the first definition, it will follow that, for all values of « suffi- 
ciently near a (i.e. within some distance 6 of a) on either side of a, 
f(#) differs from Z by less than any arbitrarily small number; for 
if, no matter how small we took 8, there were always, for « within 
the distance 6 of a, values of f(a) differing from L by more than e, 
we could then find a sequence of values of «# tending to a as limit 
for which | f(«)—Z|>e and therefore not having L as the limit 
of the sequence,—contrary to the conditions of the first definition. 
The conditions of the first definition therefore imply those of the 
second. The converse is even more obvious. 

It is with limits of this kind,—limits of functions of a continuous 
variable,—that differential calculus is mainly concerned. 


Examples of limits of functions are: 
lim #?=0; lim #?=1; lim (sinha/x)=1; lim sin (1/7)=0; lim sin (1/z) 
x>0 2—>1 a>0 x—>0 xc >0 
does not exist; lim logv=0; lim log does not exist; lim [«], where [] 
«>I t>0 L>yZ 


stands for the greatest integer not exceeding x, exists and =0; lim [wz] does 
x>1 


not exist, though if we restrict ourselves to values of w greater than 1 the limit 
(‘Son the right”) exists and =1 and if we restrict ourselves to values of x less 
than 1 the limit (“on the left”) also exists but =0. 


The notions of the limit of a function at a point and the value 
of the function at that point are, of course, quite distinct and must 
not be confused. 

The student will notice that the definition of continuity 
(Chapter U1, p. 139) may now be restated in the form: 

The function f(x) is continuous at the point «=a if EEN: 


exists and = f(a). 

158. First definition of the length of a curve. The length of 
a curve provides an example of another type of limit,—similar in 
essentials to that needed in the definition of the definite integral 
or area of a plane region. The measuring of a length is essentially 
performed by means of straight lines, length having originally no 
meaning except along a straight line. In practice it 1s true one 
can often determine the length of a curve by replacing it by a 
flexible string and measuring the string when straightened out; 
but such a method will not answer the mathematical problem of 
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the measurement of the length of the curve, for in such a method 
we have to presuppose that the string has the same length in the 
two positions (curved and straight),—a supposition which is entirely 
meaningless unless the length of the curve has been independently 
defined. We can proceed thus: On the curve AB (supposed con- 
tinuous) take a number of points, P;, P:, ... Pn say, and join them 
up in pairs in order, so that a “polygon” is formed of the straight 
lines P, P,, P, Ps, ... PnP» all of whose vertices lie on the curve. 
(See Fig. 18.) If all these chords 
P,P, ete. are small the polygon will 
appear (if the curve be a simple 


one) very much like the curve. The p; B= Pn=Pm 
perimeter Pry 
PP Peek beh ae 4 es Pn-1=Pm-2 


of this polygon is known, being Fig. 18. 


merely the sum of a number of measurable straight lines. Suppose 
now, each of the arcs of the curve cut off by the points P,, P,,... Pr 
is subdivided by taking other intermediate points on the curve, and 
all the points so obtained are joined in the same way,—thus forming 
another polygon (P,’P,’P;'P,'... Pm’ say) of a greater number of 
sides than the first polygon. Since this polygon will, in general, lie 
closer to the curve than the first, it will naturally be considered to 
give a better approximation to the length of the curve than the 
first. This process of interpolation of new vertices may be repeated 
indefinitely. (The sequence of the perimeters of these polygons, 
being increasing, will necessarily be convergent if bounded.) It may 
happen (as it does in the case of most simple curves like circles, 
conics, etc.) that the perimeters of the successive approximating 
polygons not only tend to a definite limit as the length of the 
greatest of the chords forming the sides is indefinitely diminished 
in this way, but also have the same limit for all possible choices of 
such a sequence of polygons (provided that the maximum chord is 
made to tend to zero). If this is the case, the curve is said to be 
rectifiable, or to have a length, and the limit of the perimeters of the 
inscribed polygons vs called the length of the curve. If no such unique 
limit exists the curve is not rectifiable, i.e. has no length. 


159. In this definition of the length of a curve it will be clearly 
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understood that-we do not confuse the curve with any of the 
polygons. A polygon will always consist of straight sides and 
angular vertices, and a smooth curve like a circle has neither 
straight sides nor vertices. The object of the construction of 
polygons of large numbers of sides is not to obtain a polygon “in- 
distinguishable” from the curve and then to assert that any property 
of such a polygon applies to the curve. Such an assertion would 
be very like asserting, for example, that in an ideally constructed 
American city with a large number of streets running all North 
and South or Kast and West the path of a man who travels from 
the S.W. to the N.E. corner of the city along the streets closest to 
the diagonal is practically indistinguishable from the diagonal itself 
and therefore is practically indistinguishable from this diagonal in 
length,—the truth being of course quite different, the ratios of the 
two distances being 1/2 or 1°4.... 


160. Proof of rectifiability of a circle. Using this definition 
we will now prove that any arc, or the whole circumference, of a 
circle is rectifiable. We know (from the first book of Euclid) that 
if we take any inscribed polygon, say 
P,P,P;P,P; (Fig. 19), and interpolate, 
on the arcs cut off, other points, with 
which to form vertices of an inscribed 
polygon of an extended number of sides, 
and then interpolate further points, and 
so on, the perimeter of the polygons 
steadily increases at each stage. But it 
is also easy to prove that the perimeter 
of any inscribed polygon is less than 
(say) that of a square circumscribed to 
the circle,—viz. 8R if R is the radius of the circle. Hence the 
sequence of perimeters of inscribed polygons obtained by successive 
interpolation of vertices on the circumference is a steadily increasing 
sequence which is also bounded. Therefore this sequence has a 
unique limit, say [,, which <8h. 

If we circumscribe polygons to the circle by drawing the tangents 
at the vertices of these inscribed polygons, we shall similarly obtain 
a monotonely decreasing sequence of perimeters which is bounded 
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below. This sequence has a lower bound and unique limit, say 
Ly. 
Further, supposing that all the chords which are the sides of the 
inscribed polygons tend to zero, these two limits are identical. For 
the difference between the perimeters of an inscribed polygon 
(e.g. P,P,P;P,P;) and the corresponding circumscribed polygon 
(1,T,T,T,T;) equals the sum of such differences as 

(PoT AT Pp PP; 
and this difference equals 
7 P,P, (OP,/ON,—1). 
The difference of perimeters therefore < (P,P.+...+PsP,)a if a 
is the greatest of the numbers OP,/ON,—1 etc.; ie. < 8Ra. 

But, by choosing the chords P,P, etc. sufficiently small, « (and 
therefore also 8Ra) can be made as small as we like, i.e. the peri- 
meters of the circumscribed and inscribed polygons can be made 
to differ by less than any pre-assigned positive number (however 
small). The two limits Z, and LZ, of these perimeters therefore 
cannot be unequal, i.e. L,= L,= LD say. 

It now follows easily that this common limit Z is the same no 
matter what systems of polygons may have been chosen (provided the 
maximum side tends to zero). For if L,/=L,'/=TL’ are the limits 
corresponding to any other system of polygons, we have easily 
(since any circumscribed perimeter > any inscribed perimeter*) 
L,<L,, L,>L/; 1.e L<f', L>L’'; whence L=L’. 

The limit of any sequence of inscribed perimeters is thus in- 
dependent of the particular set of polygons chosen, provided only 
that the greatest side 0. The circumference of the circle has 
therefore a length in accordance with the above definition. Slight 
modifications will make the proof applicable to any arc of a circle. 

The actual determination of the length of the circumference 
of the circle can be carried out by calculating the perimeters of 
successive inscribed and circumscribed polygons (preferably regular); 

* If P Py... P,, is any inscribed polygon, and Q 1, Qe, ... Q» the points of contact 
with the circle of any circumscribed polygon and if we form two more polygons, 
inscribed and circumscribed, having all the points P;, Ps, ... P,, Qi, Qo, ... Qun 


as vertices and points of contact with the circle, it follows (from Euclid 1, 20) that 


if p,q, 7j, T_ are the perimeters of the four polygons p<r,;<1r,<q; which proves 
the statement. 
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the length of the circumference being intermediate to the inscribed 
and circumscribed perimeters. By taking polygons of 96 sides, as 
was done by Archimedes in the third century B.C., the value of the 
ratio of the circumference of any circle to its diameter (7) can be 
calculated correct to two places of decimals. 

The evaluation of lengths of curves and limits of similar type 
depends in general on integration. 


161. Second definition of length of a curve. The above 
definition of the length of a curve is that which has up to the 
present time been most established by custom. Such lengths may 
however be defined in another way which is simpler and more 
convenient in theory and practice. 

Let us consider the set of all possible inscribed polygons (the 
vertices being taken in order along the curve). The set of numbers 
representing the perimeters of these polygons will not be a finite 
set or even a sequence (as it is impossible to set them all down in 
order as the terms of a sequence). But it is quite possible that all 
these numbers are less than some fixed number (K say); Le. that 
the set is bounded in the same sense as a sequence or a finite set 
may be bounded. If the set of perimeters of inscribed polygons vs 
bounded in this way, the curve vs rectifiable. If this is the case, the 
system of real numbers can be divided into two classes, # and y, 
such that y typifies any number (such as 4) exceeding all possible 
inscribed perimeters and w is any number less than all such numbers 
y; and the number («|y) defined by this classification is the least 
number not exceeded by any perimeter. That is, the set of peri- 
meters has an upper bound (a\y). This upper bound of the perimeters 
of inscribed polygons ws the length of the curve. 

It is easy to prove that a curve, rectifiable according to our first 
definition, is rectifiable also according to this second definition and 
that the lengths so obtained agree. The converse is also true but 
the proof of this is more difficult. 

Using this second definition, the rectifiability of the circle is 
an immediate consequence of the fact that the perimeter of any 
inscribed polygon is less than that of the circumscribed square. 


162. Definitions of circular measure and the circular func- 
tions. Having defined the length of a curve, and proved that any 
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are of a circle has a length, we are now in a position to measure 
angles in radian measure and to define and discuss the circular 
functions. 

The radian measure of an angle AOP (Fig. 20) is the length of 
the are AP which the angle cuts off the 
circumference of a circle, of centre O and 
unit radius 0A =OP=1. Thus if the length 
of the are AP =z, the radian measure of the 
angle A OP =x. 

We suppose in the first instance 0 <a@< 2 | 
and the arc AP measured from A in a definite 
direction, say that indicated in the figure by 
the arrow. Through the centre O erect OB, 
perpendicular to ‘OA, in the direction indi- 
cated in the figure. Considering 0.A and OB asa pair of rectangular 
Cartesian axes, let the coordinates of P be X, Y; so that, with due 
attention to sign, X=ON, Y=NP. The circular functions cos x 
and sin x are defined as cosx=X, sinaw= Y. 

If «>27, an arc AP of length # will > the complete circum- 
ference. In the measurement of such an arc the circumference is 
followed a second time, and so on if necessary. Corresponding to 
any positive angle «, there will always be a point P which marks 
the extremity of the are AP of length x. If w is negative, the arc 
AP is measured similarly, but in the reverse direction. In all cases 
there is a definite point P corresponding in this way to any real 
number w. The above definition of cosa# and sina will therefore 
apply to angles of any magnitude as so defined. 

The derived circular functions are defined as: 


tan #=sin 2/cos x, cosec = 1/sin @, 
sec x =1/cos x, cot # = cos z/sin 2; 
these definitions being valid for all values of x except those for 
which the denominators are zero. 
We notice that if # is positive and < 7/2, 
cosa=ON, snv«=NP, tang=AT, 
and are all positive. 
From these definitions the usual results of elementary trigono- 
metry are deduced. In particular the circular functions have 
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addition theorems and periodicity formulae which are identical 
with those of pp. 179, 184 above, with the substitution of 
cos for C, sin for S, and for a. 

Inverse circular functions arc sin x, arc cos a, arc tan « (also written 
sin #, cos «, tan“ ) can be defined in a manner similar to that in 
which the inverse trigonometrical functions S («), C («), I (w) were 
defined (p. 186 and Ex. 17, p. 189); thus are sin « is defined for all 
values of « from —1 to 1 inclusive as that angle y, measured in radians, 
restricted to lve in the interval — 1/2 to 1/2 (i.e. — 7/2 < y < 7/2), for 
which sin y = &. 

In theoretical work angles are invariably measured in radians. 
In what follows the angles are all so measured. 


163. Important inequalities and limits. We have the useful 

and important imequalities: 
secre < tang if O< 2 < 7/2. 

For the angle « is less than a right angle and we have from Fig. 20 
that VP < arc AP < AT, because NP and AT'are respectively less 
and greater than inscribed and circumscribed polygons (viz. AP 
and AS+ SP respectively) belonging to sequences of which the 
length of the are AP is respectively the upper and the lower bound. 

We deduce from these inequalities the important limits: 


] il iN) =], 
xr>0 “2—>0 
1 ON 
For = Ose = > as «\ 0 


ee Le OSL a tan # 
and therefore, a fortiori, Sa ee 1 and = ee las «\, 0; and 
as xf 0 these functions behave in the same way. 


164. Areas and tangents. The area of a portion of a plane 
bounded by curved lines is another example of a similar kind of 
limit,—the area, as with the special case of Chapter U1, being 
defined as the limit, if it exists, of the areas of any set of rectangles 
which tends to coincide with the area concerned. 

The important case of the definition and determination of 
tangents to curves has been considered before (in Chapter II) in 
discussing the continuity and differentiability of polynomials and 
other functions. 
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165. Velocity. Let us take a kinematical illustration:— What 
is meant by the velocity at a certain time of a body moving along 
a straight line? The average velocity over a specified period of time 
is simply the ratio of the distance covered to the time taken to 
cover the distance; but the body may have been moving at different 
velocities in different parts of its motion. Our problem is to define 
the velocity at any particular instant. 

Consider the average velocities over different intervals of time 
beginning or ending at the instant under consideration;—these 
simply being the ratios of the distances covered by the intervals of 
time. It may happen that these average velocities all approach 
more and more nearly to some fixed velocity as the intervals of 
time are taken smaller and smaller. If we represent the distance 
travelled by the body in the time ¢ (measured algebraically) by 
y (t), y being a function of ¢, the average velocity between the times 
t and t+h will be [y@+h)—y(O]/h. If this average velocity,— 
which is a function of the continuous variable h,—tends to a unique 
limit as h 0, this lumit rs called the velocity of the body at the 
time t. If there is no such limit the term velocity has in this case 
no meaning. The naturalness of this definition as the mathematical 
interpretation of our preconceived physical ideas of velocity will be 
sufficiently apparent to the student. 


166. Of the special types of limits, that of a function of a con- 
tinuous variable is much the most important. Throughout the 
remainder of this course we shall use the term limit solely in this 
sense except where there is occasion to use it in its original sense. 
as the limit of a sequence (or as a limiting number). 


EXAMPLES XIX. 


1. The following are examples of limits of functions of an integral variable: 
lim ($)"=0, lim (1+1/n)"=e, lim S(n)/n=0 (where S(n) is the trigono- 
n> n>D 


n> 


metrical function defined in Chapter 11, § 5), lim S(n) does not exist. 
ie 2) 


2. The following are examples of limits of functions of a continuous 
variable : 
lim #=0, lim [(w+h)?—27)|/hA=22, lim [IS = 
x >0 hd l V ‘ ane YA 
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3. The curvature of a plane curve is the limit of the “average curvature” 
over an arc of the curve as the arc tends to zero in length, the average curva- 
ture being the ratio of the angle between the tangents at the two extremities 
of the arc to its length. 


4. Evaluate the ratio of the circumference to the diameter of a circle (1) 
correct to one decimal place by calculating the perimeters of polygons of a 
sufficient number of sides inscribed and circumscribed to the circle. 


5. The angle x being measured in radians, establish the inequalities 
2/47 <(sinz)/v<1, where 0<4<7n/2. 


6. Prove lim sinz=0, lim cosxv=1, lim (1—cosx)/*=0, 
20 r—>0 “> : 
lim (1—cos#)/v?= 
x >0 
7. Prove the addition theorems for sin x and cos. Hence prove that sin # 
and cos # are continuous for all values of 2. 


8. The area of a circle may be defined as the limit of the areas of inscribed 
polygons as in the text. With this definition shew that a circle has an area 
and that it =7 R? if R=the radius. 


9. The circular measure of an angle AOP (Fig. 20) may be defined as half 
the area of the sector AOP. Prove, from this definition, the inequalities and 
limits of p. 205. 

10. The notation lim /(#) is self-explanatory. Prove 


tL > 2 
lim #”/e*=0, on [S(a)]/z= Dae [C (@) ]/~=0, one (log x)/a =0. 
Lo 

11. Prove that any part of the graph of a bounded function is rectifiable, 
(i) if the function is monotone in the range considered, or (ii) if the range can 
be divided into portions in each of which the function is monotone. 

[Form polygons as in the definition. If the extremities of one of the chords 
are (£1, ¥;) and (22, 2) the length of the chord is clearly less than the sum of 
the two positive numbers #2 - #1, 72—y, (Supposing the function increasing for, 
definiteness). Adding up for all the chords we see that the perimeter of any 
of the polygons is less than the total sum (b—a)+(B-A), where the two 
extremities of the arc are denoted by (a, A) and (6, B). The set of perimeters 
is therefore bounded. The second part is obvious. ] 


12. Any part of the graph of any of the following functions is rectifiable ; 
x”, x, log x (both extremities of the arc lying to the right of the origin), e, C (x), 
S(x), (2), S(x), cosha, sinha, argcosh sz, argsinhs, any polynomial, any 
rational function (the arc avoiding all points of discontinuity), sin 7, cos x, tan #, 
(both extremities lying between w= — 7/2 and 7/2), arc sin 2, arc cos #, arc tan 4, 
any sum-function of a power series (the extremities in the interior of the range 
of convergence). 

[For the last see pp. 171—172.] 
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13. The curve defined by the Cartesian equation #?/a?+y?/6?= 1 (the ellipse) 
is rectifiable. 

[Since y= +b,/(1—.?/a®) the curve is seen to consist of four monotone: 
continuous arcs. | 

14. Prove that any part of the graph of a function formed by the addition 
and subtraction of any number of monotone functions is rectifiable. 

[Any such function can be expressed as the difference of two increasing 
functions, say f’ (#)—f”(#). The length of any chord which is a side of the 
defining polygons, as in Ex. 11, is less than the sum of the four positive numbers 
Ly — Ly, Ly—Xyy Yo —Y1', Yo -—y1' Corresponding to the two functions. Adding 
up we get that the perimeters of the polygons are bounded by the number 
(b—a)+(b—a)+(B — A’) +(B"— A”), and the result follows. ] 

15. The function y, defined as « sin (1/x) [or # S (1/”)] when +0 and =0: 
when «=0, is continuous for all values of 2. Prove that any are of the graph 
of this function which passes through the origin is not rectifiable. 

[We can, by taking the extremities of the chords at the points 2/(4n +1) z,. 
obtain for the perimeter of a polygon a number exceeding the sum of any 

1 1 
ry ee 
to be divergent. Hence the set of perimeters is not bounded.] 


: eal 1 
number of terms of the series — | > + ; +... | which is known 
ap ees t 


16. In order that the graph of a function should be rectifiable it is necessary 
and sufficient that the function should be of bounded variation in the range 
concerned. 

17. If a bounded function f(#) is monctone, or of bounded variation, in 
a range, the limits of f(#) on the right and left at any point a of the range 
necessarily exist. 

18. Let f(#) be any bounded function, 4 any positive number, and let u (h) 
denote the upper bound of f(#) in the range a to a+h (a excluded), i.e. the 
least number not exceeded by the value of f(x) for any value of « such that 
a<«¢at+h. Shew that w(h) is a non-decreasing function of h; that the 
correspondingly-defined lower bound /(/) is a non-increasing function of h; 
and that these functions w(h) and [() have (unique) limits on the right at 
h=0. [These limits,—which are the lower bound of w (A) and the upper bound of 
1(h),—are called respectively the upper and lower limits on the right at x=a 
of the function f ().] 

19. Shew that if the upper and lower limits on the right at v=a of a 
bounded function f(«) coincide and = Z, the (unique) limit of f(x) on the right 
at c=a exists and equals 1; and conversely. 

{For the first part, with obvious notation, w (/) \ Lash \\ Oand 1 (wane 
ash\, 0. Also if a<a<ath, l(h)<f(a)<u(h). The result is now evident. 
For the converse, call the upper limit Z,;. We have 
J («)<u(h),—the upper bound of f(#),—for all values of « concerned, 

< /,+«,—any number greater than L, the lower bound of u (h),—for some 
values of yindefitritely Close (0d. .....<0sbanretesestays osuusenecnte enna (1) 
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But f (#) >u(h)—«—any number less than x (h) the upper bound of f (#),— 
for some values of x indefinitely close to a, 
> L, —- «,—any number less than Z, (the lower bound of « (A)),—for 
WEULCR OU te SUMIOLO Cl ClOSE EO, G0 os .cos cs ecceesssevetescs ice ldacocctertceccs coos (2) 


By hypothesis, f(w) > Z. Relations (1) and (2) shew that L=Z,. Similarly 
L=T, and the result is proved.] 


20. Shew that if the upper and lower limits of a function f() on the right 
at =a and the correspondingly-defined upper and lower limits on the left all 
coincide and =/(a) then f(z) is continuous at e=@; and conversely, 


§ 2. PROPERTIES OF LIMITS 


167. There is no general method by which limits of functions 
of a continuous variable can be evaluated. From the nature of the 
case the evaluation will depend on the mode of definition of the 
particular function whose limit is sought. When we reflect that the 
determination of such limits may be regarded as the general problem 
of which the evaluation of the sums of convergent series (or limits 
of convergent sequences) is but a special case, and that there is no 
general method of determining even such limits, the difficulty of the 
general problem is realised, It is fortunately true however that the 
most commen types of function are so defined that it is usually 
possible to determine their limits (when they exist). 


168. Limits of sums, products, etc. We consider first the laws 
dealing with the limit of the sum or product or other combinations 
of two or more functions whose limits are known (or known to 
exist)*, They are: 


If « and v are two functions of # such that lim wu and lim v 
aa Coa 


both exist (a being some real number) then 
lim (w + v) exists and = lim wu + lim 2, 


L>a LSra LS 
lim (w x v) exists and = lim wu x lim 2, 
L>Pa r>Sa Lea 
lim (u/v) exists and = (lim u)/(lim v) 
Lr >a La ; LS 


provided lim v is not zero, 
LSa ’ : 
In the case of division, if lim v is zero whilst lim w 1s not zero, 
LS ura 

* These laws are also applicable to limits of simple sequences; lim has only to 
U—~>a 
be replaced by lim in the symbolic statements. 

n> © 


WMA 14 
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the limit of the ratio, lim (w/v), cannot exist,—excluding, as we do, 


uu >a 


“infinity” from our number system, but if lim w and lim v are both 
xLSea all 62 


zero we cannot say without further information whether the 
limit of the ratio exists or not, nor, if it does exist, what is its 
value. 

To prove these rules is necessary, though simple. 


To prove the second law for example, let im u =U and lim v= V. 
Lr S>a UTU~ra 


The existence of the limits implies that |w| and |v| are bounded 
(i.e. < some fixed number 4’) for all values of # concerned. 
Therefore |uv—UV|=|(uwu—U)v+(v—V)U| 
<|u—U||v|+)o—V| 0 
€ iS 
< oR K+ OK K 
if x is sufficiently near to a, K being some number exceeding al! 
values of |u| and |v| concerned and ¢ any positive number whatever; 
ie. |ww -UV| <e, or w—>UV. Q.E.D. 
The third law may be proved similarly. The first is simpler. 
It should be noticed that none of these laws is reciprocal,—i.e. 
the converse is not true. For example it may happen that neither 


lim w nor lim v exists but that lim (w+v) does exist [e.g. if 
La La LSa 


u=sin(1/x),—or S(1/«), the trigonometrical function of Chapter 111,— 
v= —u=-— sin (1/#),—or — S (1/x),—and a = 0]. 

The laws however imply that if any two of the three limits 
occurring in the statement of any one of the laws exist, then the 
third limit also exists and the equality holds; subject to the re- 


striction that in the third law as stated lim v must not be zero, 
Cra 


and in the second law if, for example, the existence and value of 
lim w are to be inferred from knowledge of the other two limits, 


L>Ya 
lim v must not be zero, 


lia 
169. We can evidently extend and restate these laws as one law: 
Tf a function is defined as a combination of functions all of whose 
linuts (as the variable « tends to some limiting value a) eaist, then 
the function has a limit (as «> a) which is the same function of the 
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limits as the function is of the component functions,—provided the 
Junctions are combined only by the four cardinal operations (addition, 
etc.) and no divisions by zero are involved. 


Or symbolically, using A (u, v, w, ...) to denote any such 
arithmetical function of a number of functions wu, v, w, etc., then 
lim A (u,v, w, ...)= A (lim yw, lim », lim w, ...) provided the limits 


rT>Sa rT~ra Tera LS 


lim u, lim ¥, lim w, ete. exist and no divisions by zero are involved 
La 2 Sa La 


in the right-hand side. 

Other combinations which are not of this arithmetic type suggest 
themselves, such as powers like u” or log,,v, and it is natural to ask 
if it-is still true that (e.g.) lim w” exists and = U” if the limits 

L >a 
lim w and lim y exist and equal U and V respectively. 


Lra Tra 


As a matter of fact this particular relation is true (if lim wu > 0), 


La 


for if lim w=U and lim v=V, we have (w being positive for all 


values of x sufficiently near a), w¥— U" =(uw”—u") +(u” —U”); but 
u”—u” 0 as xa, in virtue of the continuity of the exponential 
function (Ex. 4, p. 91), because as >a, v—V; and u” —U” also 
—> 0 as #—a, in virtue of the continuity of the power function a” 
(Ex. 6, p. 92), because as >a, u—> U. 

It will in fact be seen in general that the truth or otherwise 
of the law lim F (u, v, w,...) =F (lim yu, lim »v, lim w, ...),—where 

x 


LSA >a ct >a La 
F(u, v, wv, ...) is used to denote any mathematical combination (or 
function) of u, v, w, etc.,—will depend on what may be termed the 
continuity of the defining function F. It is out of place here to 
make precise the meaning of this type of continuity. 

An important special case of this general relation is the case 
when only one component function occurs. For example, we may 
want the limit of say uv? or a” or log,u, when we know the limiting 
value of the function wu. It is here seen plainly that the question 
is simply that of the continuity or otherwise of the defining function 
(a, a®, logyv). As such, this question is that of the existence and 
evaluation of limits of special functions, and belongs properly to the 
study of the functions concerned. If we know that a function F(z) 
is continuous for a certain value of «(a= U say) then we know that 

14—2 
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the relation lim F(u) exists and =F(U) is true,—U being the 


ia 
limit, lim wu, supposed to exist. 


t>a 


170. In virtue of these properties of limits and of the simple 
knowledge that the single function # has a unique limit (a) as # 
tends to any limiting value a, we can conclude that any power 2”, 
or any polynomial P,,(#), has such a unique limit, a”, or P, (a), 
as « tends to any value a; any rational function R (x) has a unique 
limit R (a) as >a if ais any number other than a value for which 
the function is not defined. 

In fact the student will easily verify the general theorem: 

If F(a) is any function of « defined by means of a combination 
of symbols representing continuous functions, the function F (a) 1s 
continuous. If any of the component functions is undefined or dis- 
continuous for a value « =a, the function will in general be undefined 


and discontinuous at «=a and lim F'(#) may not exist; otherwise 
La 


lim F(z) exists and equals F'(a)*. 


L>a 

If the functions concerned are all defined and continuous for all 
values of w there is no difficulty in applying this theorem; but in 
the general case it may not always be easy to determine the ex- 
ceptional values (or ranges of values) of « where the component 
functions are discontinuous or not defined. 

Thus for example a? + log (2—./e”) is continuous for all values 
of « less than 2 log,2 and if a< 2 log,2, lim [a + log (2 — e*)] 


exists and equals a?+log(2—/e*). If a>2log,2, ,/e%>2, 2—v/e*<0, 
and log (2 — »/e*) is not defined for values of « near to a; the limit 
cannot then exist. 

It is not true conversely that the function F(x) will be not 
continuous if any of the defining functions is not continuous. 

An important class of limits which exist but are not covered by the 
above theorem is that class known as indeterminate forms, which 
includes all differential coefficients. For example, the limits 
. e@—@ ; h = 
Him = (= 2a), tim 5) (= 1),- tim (1 +0)" =e) 


asa &U—-O 


* Such a function as x/(x — a) will not be continuous at x=a because the symbol 
of division by x—a detines a function which is not continuous, 
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cannot be dealt with directly by the theorem, though the limits 
are known to exist. 


171. Distinction between combinations of functions and their 
limits. We can conclude from the above theorem that any ordinary 
function (being a combination of a number of the functions studied 
above and similar functions) has a limit at all ordinary points; and 
we can usually see at once any exceptional points*. But in this 
statement we cannot include under the term “ordinary function” any 
Junction defined as a limit,—e.g. the sum-function of a convergent 
series,—unless we have specially established the continuity of such 
function. It is quite possible for the sum-function of a convergent 
series of continuous functions to be not continuous+. Using for 
the moment the words “finite” and “infinite” in a loose manner, 
we observe that this essential difference between the above “finite 
combinations” of functions and “infinite combinations,” or series of 
functions, is not really surprising ;—but it will serve as a reminder 
that such “infinite combinations” are admitted to analysis only in 
an arbitrary (and well defined) sense (as limits), and that the notion 
of the “sum” of an infinite series is arbitrary and different from the 
notion of the sum of a finite number of terms. 


EXAMPLES XX. 


1. Prove from first principles that the existence of two of the three limits 


in the relation lim (w+v)= lim w+ lim » is sufficient to ensure the exist- 
LC >a La ra 


ence of the third limit and the truth of the relation. Prove also the other 
laws stated in the text. 

2. Determine the limits: s 

lim («+z?), lim (cos), lim [#C(z#)], lim (Sas) lim [# sin (1/2)]. 

a> x0 x0 aa \0*-27]° x» 

[The last limit =0 because sin (1/2) lies between +1 and therefore x sin (1/s) 
lies between +4; but #7 ~0.] 

3. Shew that lim (1—1/n2)"=1, and that lim (1—1/n)~—™ does not exist. 

N= 2 nN = 2 


4, Determine the limits lim (1—sin x)esee”, lim 2”, lim logcos s. 
xr>0 x>0 x0 


5. Shew that the function 
J[a# + log (1 - e~*)]—log (10 — x) 
(@—2) (@—1) 
is continuous for all values of # between log, 2 and 10 except at #=1 and = 2, 


* See Ex. 5 below. + See Exs. 8 and 9 below.’ 
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6. Shew that lim (log,,v) exists and equals log, V if U and V are the limits 
L>a 
of uw and v as x >a (supposed to exist). Is this true for all values of the letters 


concerned ? 

[See Ex. 5, p. 99.] 

7. It is possible for the product of two functions, neither of which has a 
limit as >a, nevertheless to have a unique limit. The product yz, where 
the function y is defined to be 1 for all rational values of wv and 0 for all irra- 
tional values, whilst z is zero for all rational values of # and 1 for all irrational 


values, is such a function; for neither of the limits lim y and lim z exists 
C>a L>a 
but the product is identically zero for all values of x. 


8. The terms of the series 
|arc tan 27—are tan #|+|arc tan 37—arc tan 27| +... 
(where arc tan # is the inverse tangent, i.e. that angle y between — 7/2 and 7/2 
in radian measure for which tany=) are continuous and the series is con- 
vergent for all values of 2. The sum-function is however not continuous at 
the point #=0. 
[If s(x) is the sum-function, far 8 (a) exists and equals 7/2 but s(0)=0.] 


: x x a L os : 
9. The series gitlen-an)*(aq-sn)t has all its 


terms continuous and is convergent for all values of w. The sum-function 
s (a) however is discontinuous at #«=0 and in fact lim s(«) does not exist. 
“> () 


10. Prove the laws of p. 209 by using the ideas of Exs. 17—20 of the last 
section, taking first the case of monotone functions and deducing the general case. 


11. The laws of limits (p. 209) will not apply to upper and lower bounds of 
functions or sequences; but the following properties hold: 


If B(y) and 6 (y) denote the upper and lower bounds of the function y, then 
(i) b(u)+b(~) <b (utr) <B(u+v) < B(u)+B(v), 

and (ii) b(u) b(v) <b (uw) ¢ B(uv) ¢ B(u) Bie); 
where 6 (ux), 6 (v), B(u), B(v) are supposed to exist, and, in (ii), b(w) and b (v) 
are not negative. 

12. Shew that if u— 0 through positive values as 7 > a and ify > V, then 

(i) if V>0, lim w? exists and =0, 
La 


(ii) if V<0, lim w? does not exist, 
L >a 


(ii) if V=0, lim w” may or may not exist. 
LS a 


§ 3. DIFFERENTIAL COEFFICIENTS 


172. We have seen in Chapters u and 11 that if the graph 
y =f («) of a function be drawn, the inclination of the chord joming 
two points P (w, y) and Q@ (+h, y+k) on the curve may be 
measured by the ratio k/h, ie. [f(a+h)—f(«)]/h;—which is the 
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trigonometrical tangent of the angle of inclination of PQ to the 
axis OX. Considering the behaviour of this ratio as the incre- 
ment / is diminished, we saw also that in certain cases the limit 
ous [f(@+h)—f(«)\/h exists, and in those cases measures in the 


same way the inclination of the tangent to the graph at P, or the 
slope of the graph at P. 

Again, if the variable w be taken to represent the time and y, or 
J (@), is some measurable physical quantity depending on the time 
(e.g. the distance moved through in time w by a moving body), the 
same ratio [f(@+h)—f(«)]/h will measure the average rate of 
increase of the quantity y in the interval of time from # to «+h 
(e.g. the average speed of the body). And, considering in such a 
case the behaviour of this ratio as the increment h is diminished, 
we saw, in §1 of this chapter, that in cases where the limit 
oe [f(a+h)—f(«)]/h exists it will measure the rate of increase 


of the quantity y at the time « (e.g. the velocity of the body at the 
time 2). 

Limits of this kind are the primary concern of the differential 
calculus. 

173. Definitions and notation. For the sake of completeness 
we restate the definitions. 

Let f(#) be a function of the continuous (real) variable «. The 
incrementary ratio of the function f(#) with respect to the variable 


f(at+h)-f (2) 
h > 


h being any real number whatever other than zero. (If the function 
is not defined for all real values of 2 we suppose w and h are such that 
f(#) is defined for the values 2, «+h, and all intermediate values.) 

This incrementary ratio depends on # and h. If we consider # 
to be fixed and h to vary, it may be regarded as a function of the 
continuous variable h, defined for all real values of h (sufficiently 
small if f(«) is not defined for all real values), except h=0. If the 


aw and the increment h is defined to be the ratio 


unique limit lm USE exists we say that the function 
h>0 U 
f(a) is differentiable for the value of # concerned, and the limit is 


called the differential coefficient or derivative of the function f(«) 
with regard to the variable «, 
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As a rule we shall use the term derivative only when we look on the limit 
as itself a function of x, ie. when we are concerned with the values of the 
differential coefficient over a whole range of values of x rather than for a single 
value. Otherwise we use the term differential coefficient. 


: ; ; , >. @ 
It is convenient in some connections to use the notation a to 
v 


denote the differential coefficient of a function y with regard to », 
and this notation is the most customary. We shall use this notation 
in places where convenient. We shall often, however, continue to 


use the notation Dy or Df(x). In using the notation a it must 
be clearly understood that the fractional form is merely symbolic 
of the definition of the differential coefficient as the limit of the 
ratio of the increments of # and of y. It must be used as a whole 
and not in any sense looked on as a quotient of two numbers da 
and dy. We shall also occasionally use the notation /” (#). 

It is to be noticed that in the evaluation of the lmit of the 
incrementary ratio, the exclusion of the limiting value (h=0) is 
essential, as the function concerned,—the incrementary ratio,—is not 
defined for that value of h*. We observe also that for the same 
reason the existence and value of the differential coefficient cannot 
in general be deduced directly from the rules of the last section. 


174. Non-differentiable functions. Differentiable functions 
necessarily continuous. It should be noticed that the definition 
does not presuppose that any functions actually are differentiable. 
In order to use differential coefficients it will be necessary for us 
to prove their existence in the cases which concern us. We know 
already (see Chapter 111) that some simple functions have differential 
coefficients; but we must not therefore jump to the conclusion that 
all functions have this property. 

It is indeed evident that an order to be differentiable at a point x 
(v.e. for a value x) a function must be continuous at that point. 

For the ratio [f(w@+h)—f(«)]/h cannot tend to any number as 
unique limit as the denominator h > 0 unless the numerator also 
— 0, Le. unless f(#) is continuous at the point 2. 

Consider for example the function y defined thus: y=sin (1/x) for all values 
of x except »=0, and y=0 for x=0,—this value being assigned to complete the 


* This exclusion agrees with the definition of limit (p. 198). 
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definition of the function (sin (1/0) having of course no meaning). This function 
is discontinuous and not differentiable at the point =0. In fact 


lim y(h)= lim sin(1/h) 
h>0 h->0 
and does not exist because sin (1//) takes on all values between —1 and 1 for 


values of / indefinitely close to 0. [The upper and lower limits of y at #=0,— 
(see Ex. 18, p. 208),—are 1 and —1.] 


Also the incrementary ratio =[sin (1/h)—0]/A and has all real numbers for 
its values for values of / indefinitely close to 0 and therefore has no unique 
limit (even on the right or left). [The function [sin (1 /)]/~ is unbounded in 
any neighbourhood 0 < #<h.] 

It is not even true that all continuous functions are differentiable. 


For example, if y=! x|, y is continuous for all values of x but not differenti- 
able at the point <=0; for the incrementary ratio there=|/|/h= +1 according 
as h is positive or negative and therefore has no unique limit as 4 > 0,— though 
the limits on the right and left, i.e. the differential coefficients on the right and 
left, exist. (They are +1 and —1 respectively.) 

Or again, the function defined thus: 

y= sin (1/x#) for all values of # except 7 =0, y=0 for r=0, 
is continuous at 7=0 because |y|<|v|—>0 as x > 0. 


_ But this function is not differentiable at =0 (nor differentiable on the right 
or left) because the incrementary ratio, viz. 


[A sin (1/A) — 0]/A= sin (1/h), 
does not tend to a unique limit as h 0. 

In view of the existence of non-differentiable functions it would 
be very rash to assume that all the functions met in the complex 
reality of nature are differentiable. In analysis of course we assume 
nothing whatever as to the amenability of our functions to such 
operations as differentiation. The cases in which such operations 
are possible will be the most useful in practical applications, though 
the other cases are of importance in the fundamental theory of 
functions. We are concerned here with the more practical class of 
functions. 


175. Differentiation of sums, products and quotients. There 
are certain general rules whereby the differentiability and differential 
coefficients of functions which are combinations of simpler functions 
can be deduced from knowledge of the simpler functions. 

Let u and v be any two functions of # which are differentiable 
for a certain value of 2, and let their differential coefficients with 
respect to # be Du and Dv. 
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Then the functions w+v, u—v, ux, u/v are differentiable and 
their differential coefficients are given by 
D(w+v)=Du+ Do, D(u—v)= Du— Do, 
D(uxv)=uDv+Du, D(u/v) =(vDu — uDo)/’, 
provided only that in the case of the quotient w/v, the denominator 
v rust not be zero for the value of x concerned. 

The first two of these rules follow directly from the corresponding 
rules of the last section for limits of sums and differences, for the 
incrementary ratio of u+v=the incrementary ratio of w+ the in- 
crementary ratio of v. 

To prove the third, the incrementary ratio of wo 

=[u(ath)v(a@+h)—u(a)v(a)\/h 

eres v(a@+ aes (w) es) u (a+ 2 —u(#) 

—> u(x) Dv (a) +0 (a) Du (x), 
by using the rules for the limit of a product and of a sum of two 
functions (p. 209)*; and the rule is established. 

Similarly for the quotient, the incrementary ratio of u/v 
_lfu(@th) u(@)|_ u(e@+h)o(#)—u (a) v(@ +h) 
=i | perb-re) hv(a2)v(a@+h) 


= \° (x) DS: : ye u (a) Aang Do y ae | [tw (a) v(x@+h)] 
—> [v (a) Du (#2) —u(a) Do («)]/[v (2), 


from the rules for limits, the denominator v(«) v(#+h) having the 
unique limit [v (x)? (which + 0) as h—~0. The rule is established. 


176. Differentiation of a function of a function. These rules 
may evidently be extended to cover similar combinations of several 
functions, but in practice it is best to make repeated applications 
of these rules. A fifth rule, dealing with the differential coefficient 
of a function of a function, is however of importance. 

If u(a) 1s any function of «, differentiable with respect to « for 
a certain value of «,and y(u) is any function of u, differentiable 
with respect to u for the value of wu corresponding to this value of 
x, then y may be regarded as a function of «; y is differentiable 
with regard to « for the value concerned; and, if w' is the differential 
coefficient of wu with respect to « and y’ the differential coefficient 


* w(a+h)—>u{x) because the function wu («) is necessarily continuous. 
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of y with respect to u, then the differential coefficient of y with 
respect to «#=y' x u’. Expressed in the usual notation 
dy _dy(u)_ du(«)_ dy du 
ci i pealas lame Or for brevity. 

The proof of this is simple: 

The incrementary ratio of y regarded as a function of # 
=[y ju(e@th)} —y {u(a)}V/h 
_y(ule+h—y{u@} uth) —u(o) 

u(ath)—u(«) ~ h 
because u(vx+h)—w(x)>0 as h—0O and therefore the incre- 


y {ula +h) —y {u(@)} 
u(a+h)—w(a) 


>yuw a h—>0 


— the differential coefficient 


mentary ratio 


yf. 

As an example of this theorem consider the function y = log, 2”. 
The differential coefficient of u (= x) with regard to # = da*/da = 2x, 
and the differential coefficient of y (= loge u) with regard to 
u=dlog.u/du=1/u (supposing u>0, 1e. +0). Therefore the 
differential coefficient of y (= log, x?) with regard to « (for « + 0) 

_dy_dydu_1 

da dudx 
The student may verify from first principles that the function 
log, x? is differentiable for all positive and negative values of « 
and that its differential coefficient = 2/z. 


aoe == 2a /a? = Dia. 


177. Differentiation of inverse functions. Existence theorem. 
Asa corollary of this theorem we have the following theorem, useful 
in the differentiation of inverse functions: 

If a pair of variables x and y are related in such a way that each 
may be regarded as a function of the other (eg. y=, c=/y; or 
y=a*, w=log,y) then if y is differentiable with regard to « for 
a value # and the differential coefficient =dy/dz, and vf «x is differ- 
entiable with regard to y for the corresponding value of y and the 
differential coefficient = da/dy, then da/dy = 1/(dy/da). 

For 1=dza/dx = (d«/dy) (dy/dz), i.e. da/dy = 1/(dy/da). 

Regarding the conditions under which a functional relation 
y =f (#),—the function f(«) being for example continuous and 
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differentiable,—leads to an inverse functional relation of the same 
character, it is easy to prove the following theorem: 

Tf a function y =f (a) is steadily increasing (or steadily decreasing), 
continuous and differentiable in a certain range, then there ws an 
inverse function of y, viz. « = F (y), defined in the corresponding range, 
which is also steadily increasing (or decreasing), continuous and, 
differentiable throughout its range, and the relation dx/dy = 1/(dy/da) 
holds. 

The analytical proof is left to the student. 

Geometrically also this theorem is simple: 

Draw (Fig. 21) the graph of y=/(2). 

By interchanging the w and y axes this graph may be considered 
as the graph of w as a function of y,—for to 
every value of y in the range (c, d) there 
corresponds a definite value of #. The graph 
is continuous and has at all points a tangent 
PT which is not parallel to either axis,— 
and this is clearly independent of whether 
the graph is looked on as the graph of y as 
a function of w or that of w as a function of y. 
Therefore z, considered as a function of y, is 
continuous and differentiable at all points. 
Also if a and @ are the angles PT’ makes with OX and OY re- 
spectively, tana=dy/dx, tan B = dax/dy. 

But the angles a and 8 are complementary and therefore 

tan 8 =cot a= 1/tana. 
Therefore da/dy = 1/(dy/dza). 

It will be noticed that for the truth of this theorem it is essential 
that f() should be definitely increasing (or decreasing) (and that 
dy/d« must not be zero). Unless we are prepared to consider 
“multiple valued functions” and “infinite differential coefficients” 
we cannot dispense with this condition. 


Fig. 21. 


EXAMPLES XXI. 


1. Prove directly from the rules for the differentiation of products and 
quotients and the facts Dr=1, D1=0, that any positive integral power of 
a, viz. “”, is differentiable and Dz”=nx"~! for all values of #; and that any 
negative integral power of x (2" where n is a negative integer) is differentiable 
for all values of v other than zero and Da” =nz"-1, 


§ 3] DIFFERENTIAL COEFFICIENTS 221 


[Dz?=D (ec. #)\=2De+ae2Dx=2+x0=22; 
D3 =D (x. 0) =2Da?+ 2° Dx = 22x +071 = 3.2%, eto, 
And D (1/#)=(@D1 -1D2)/x2?2= — 1/22, 


D (1/x?)=D G/*) =[#D (1/2) —(1/x) Dx)/a?=(—1/"—-1/x)/a?= — 2/23, ete. 
The proofs are completed by induction. ] 


2. Prove from the rules for differentiation of sums etc. that any polynomial 
P,,(#) is differentiable for all values of w and that any rational function 
P,.(£)/Qm(#) is differentiable for all values of # which are not roots of the 
equation Q,, (”)=0. 

3. Prove that if uw, v2, ... u, are differentiable functions of w and a, dg, ... dy 
are constants, then a u,+ d2Ug+...+Gn Up, is differentiable and 

D (QU + 1.6 + Oy Un) =A, Dy +... + Oy Diy. 

4. If uw, (v)+u2(“)+... is a convergent series of differentiable functions, it 
is not in general true that the sum-function is differentiable. If the series is. 
a power series however, 
Ay ta, L+a,2?+..., 
it is true that D (Qo +4,02+4+ 4227+...) 
exists and equals 

Day + Day 4+ Dau? +...=0,+2d,443a3K7+.... 
[See Ex. 14, p. 195.] 


5. Given Dz*=nxz"—! for all values of x if m is any positive integer, prove 


1 
: ee 
that the inverse function %/z is also differentiable and Dia=— a" 7 Hor 


what values of « is the result valid? 


6. Using the results of Ex. 1 and that De*=e*, shew that 
De —2ne? ; D(e*)2=2e*. 
[Function of a function. ] 
7. Given Dog, «#=1/x (for «>0), DS (£)=C (2), 
and DC (x2) = —S (x), 
shew that Dlog,S(x)=C(x)/S (x), Dlog, C (x)= —S8(x)/C (a), 
DS (log, x) = C (log, x)/«, DC (log, x)= —S (log, x)/x ; 
the functions S (x) and C («) being the trigonometrical functions of Chapter 111. 
State in each case the ranges of values of « for which the result is valid. 
8. Given De*=e*, De~*= —e-* and the differential coefficients in the last. 
example, shew that 
De 8 («#)=e [C (2) +8 (x)], De* C(x) =e" [C (a) —S (x) ], 
De-* S (x) =e-*[C (x) —S(a)], De-* O(a) = —e-*[C (x) +8 (2)], 
De-%* 8 (bx) =e-[ — aS (bx) +bC (bx)], 
De- % C (ba) = —e~ [aC (ba) + dS (b2)]; 
a and 0b being any constants. 


222 DIFFERENTIAL AND INTEGRAL CALCULUS [CH. IV 


9 Show eta) alata) — adflav+d)_ aflan+b) 

, da d(#+a)’ dx d(ax+b) ’ 
a and b being any constants; the differential coefficients figuring on the right 
being supposed to exist. 

10. Using the results of the above examples, shew that 

De® +>=aem+?; Dae +> = ear +b (ax+1); 
Dela? + loge x) = e(z? + logex)(Qv+1/x) for r>0; 
Due. = xe (20+) : 

& 

11. If y is the distance moved through in time # by a moving body, then 
the velocity of the body at the end of any time # is v=dy/dz and the accelera- 
tion (the rate of increase of velocity) =f=dv/da. 

12. It can be proved experimentally that the distance (y) moved through by 
a falling body (under gravity) in any time « is given approximately by the 
formula y=16z",—(xv and y being measured in seconds and feet). Shew that 
the velocity acquired in time # is 32x feet per second, and that the acceleration 
is constant (=32 feet per second per second). 
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178. Standard forms. In this section we will obtain the dif- 
ferential coefficients of the simple functions which are of importance. 
By using the general rules of the last section we shall then be ina 
position to differentiate all functions which arise out of ordinary 
combinations of these known functions. 

We have the following standard forms: 

I. Powers of «. 

Da” = na" if n is any real number; 

valid for all values of w if n is a positive integer, 

for all values of # except # =0 if n is a negative integer or zero, 

and for all positive values of # if n is any non-integral number, 

Il. Logarithnuc function. 

D log. =1/x, Dilogyx=log,e/« if a is any positive number 
other than 1; 

valid for all positive values of a. 

III. Eaponential function. 

De = &, Da* = a* . log, a if a is any positive number; 

valid for all real values of a. 

IV. Circular and trigonometrical functions. 

(a) Dsinx=cosx#, Deos«=—sina; 

valid for all real values of a. 
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D tan « = sec? #, D sec x = sin x sec? 7; 
valid for all values of # except odd multiples.of + 7/2. 
D cot « = — cosec? x, D cosec # = — cos «# cosec? x; 
valid for all values of # except 0 and multiples of + 7. 
(6) DS (a) = C(«), DC (#) =— S(a); 
valid for all values of «. 
1 D ee, 
[C(w)P’ ~~ O(@) (Cla)? 
valid for all values of # except odd multiples of + #/2. 
1 1 i O(a) 
° TO Ber ?S@-~ Ser 


valid for all values of x except 0 and multiples of + a. 


DT (@)= 


V. Inverse circular and trigonometrical functions. 
(a) Daresinx =1/V1—2, Dare cos # =—1/V1— 2; 
valid for all values of # interior to the range of definition, i.e. for 
—b<7< 1. 
D arc tan # = 1/(1 +2), Dare cot # =— 1/(1 + 2); 
valid for all values of a. 
1 1 


D arc sec «& = —-=—_, D arc cosec 4 = — —__—_; 
e aN a —1 ange — 1? 
valid for all values of # interior to the range of definition, i.e. for 
which | #|>1. 


(b) DS(2) = 


1 
V1 — a Vi —a 

valid for all values of # interior to the range of definition, i.e. for 
which |#|< 1. 


DO (x) =— 


DT (x)= = valid for all values of #. 


VI. Hyperbolic and inverse hyperbolic functions. 
Dsinh z =cosh 2, Dcosh «=sinh 2, D tanh x = sech? 2, 


Dsech #=— NG ; valid for all values of «. 
cosh? # 
cosh x : 
Dcoth # =—cosech?, D cosech # = — ae valid for all values 


of # except # = 0. 
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D arg sinh «= case , valid for all values of a. 

Va? +1 
D arg cosh «= wEN ie , valid for «> 1. 

Va?—1 
D arg tanh «= i ae valid for |xz|< 1. 
D arg coth «= ae valid for | #| > 1. 
D arg sech «& = - =, valid for 0<a< 1. 

onl — a 
D arg cosech # = — eee valid for all values of x except 
avo +1 


= (, 

VIL Any power seres. 

D (dy + G12 + Apt? +...) = A, + 2a,@ + 30,2? + ..., Ay, Gi, Ae, «. 
being constants; valid for all values of # interior to the range of 
convergence of the series. 


179. Proofs. Powers, exponentials and logarithms. For the 
sake of completeness we append (or recall) proofs: 
I. Ifn isa positive integer the incrementary ratio [(a@+h)"—a"]/h 
can be divided out by / and so reduced to 
(a +h) +(a+h)y"?a+...+(a@—h) a? + om, 
which > nz” as h > 0, by the rules of § 2 of this chapter for the 
evaluation of limits. Similarly if n is a negative integer, = — m say, 
the incrementary ratio 
eae 1] (@+hy"—am 
=i lercnea! he (ae hy 
_  @+het+@rhyore+.. tea 
aie a” (a + hy 


ee NUE RS a 
i. gem er gint Ls, 
provided «+0 (it being then always possible to choose h so small 
that # and «+h have the same sign). 

In the general case we use the inequality (iii) of p. 29 as com- 
pleted in Ex. 2, p. 91, viz. (a” —b")/(a—b) lies between na” and 
nb" if n is any real number and a and 6 any two numbers of the 
same sign. 
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Taking 2 positive (x” being defined only for 2>0 if n is not 
integral), we can take |h| so small that «+h is also positive. The 
incrementary ratio [(# +h)"—«x" |/h therefore lies between n(a+h)"> 
and na”—, 

But the power function x” is continuous,—as follows immediately, 
as in the case of the integral power (p. 158 above). Therefore 
n (a +h)" +> na as hh > 0. 

Hence the incrementary ratio also > nx” and the result is 
established. 

Note. If n>1, the differential coefficient on the right at «=0 
exists and = 0 whether n be integral or not. 

II. The inequality of p. 110 above, viz. 

logg(x+h)—loga« 
h 


logaeé arr loga é , 
x ath 
holds if # and «+h are any positive numbers and a any positive 
number other than 1. Hence the incrementary ratio of log, «, viz, 
[logy (@ + h) — log, «]/h, 
tends to the common value of 
lim logaé and lim es i.e. (Logg e)/x. 


h>0 “ath h—-~0 


les between 


Therefore 
D log, « = (log,e)/« and D log, « = (log. e)/# = 1/a. 

Ill. If a+1, let y=a*, so that «=log,y,—and this pair of 
inverse functions has been proved (Chapter 1, §§ 1 and 2) to exist 
and be both monotone and continuous for all values of # and for 
a> 0). 

By II above, dx/dy = d logy y/dy = (loga e)/y. 

Therefore by the theorem of p. 220, or directly as on pp. 128—129, 
dy/d« exists and 

= 1/(dx/dy) = y/(loga e) = a* log, a; 
and this result is true for all positive values of y and all values of «. 
When a=1, y=1 for all values of # and Dy=0=a* log. 1. 
De® = e log. e =e". 

180. The circular and inverse circular functions. IV. To 
differentiate the circular functions sin and cos# we may use the 
addition theorems for the circular functions and the method of 
p. 181, or we may proceed independently thus: 


WMA 15 
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Let 0<a#< 7/2 and let (Fig. 22) the point P on a unit circle 
represent the angle z, so that the are AP =a. 
Let Q be any point on the are AB between 
P and B, and let the are PQ=h. ‘ 

All distances concerned will be positive. 

Let SPT be the tangent at P. 

The incrementary ratios of cos # and sin a 
with respect to the increment h are re- 


spectively 

— RP/are PQ and RQ/arc PQ, 
. RP PQ RQ PQ 
bo ML SP O.ard POs aaa Ones 


Now as Q —> P along the arc, 

RP/PQ\ OT/ST =sin OST =sin & 
and RQ/PQ ( OS/ST = cos OST = cos a, 
from the simple properties of the circle and of similar triangles. 
Also ‘ 
PQ/are PQ = [sin (h/2)]/(h/2) > 1 


as h 0, because lm = = 1 (p. 205). 


ro 

Therefore, as h\,0, the incrementary ratios for cos # and 
sin x tend to — sin w and cos a respectively. 

This is true also as h / 0, and therefore 

D cos x=—sinz, Dsin«=cos a. 

This result,—thus proved for 0 < # < 7/2,—is easily extended to 
cover all cases. 

To find Dtanaw, Dsecx, Dcosec« we use the rule for the dif- 
ferentiation of a quotient (p. 218), thus: 


sin a cos @ D sinwx —sin« Decosa 
Dtana=D( is ———= 
COS & COs? a@ 
cos? w + sin? a 1 
=- es = —— =sec’ x; 
COS? x Cos? x& 


valid for all values of « which do not make cosa=0, ie. for all | 
values of # except odd multiples of + 7/2. 

The differential coefficients of the trigonometrical functions 
C(a) and S(#) (defined in Chapter 111,§5) have been obtained 
before (pp. 180—182). DT'(«), etc. are derived from these precisely 
as D tana, etc. are derived from Dsinz and Dcosz. 
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V. The inverse circular functions arcsinw and arecos# are 
defined thus: . 

arcsina is that angle y, measured in radians, belonging to the 
interval (- : ; 5) (1.e. —17/2<¢y <7/2), for which siny=2; 

arc cos # 1s that angle y, measured in radians, such that 0<y <7, 
Jor which cos y = «. 

Both these functions are defined for all values of #« between — 1 
and 1 and for e=—1 and «#=1, but for no other values. If the 
restrictions (— 77/2 <y < 7/2 or0 <y <7) were removed the functions 
would be multiple-valued. The restrictions are arbitrary, but 
desirable. We retain them *. 

To differentiate these inverse functions, the theorem on p. 220 
will apply. 

y =arc sin # gives #=sin y. 

Therefore da/dy=cosy=V1—sin?y=V1—2’, 
and this (=cos y) is positive (or zero) because — 17/2 <y < 7/2. 

Therefore dy/da = + 1/V1 — a. 

Similarly, from Y=AaYccos#, #=cosy, 

dajdy =—siny =—V1—a? and dy/dx=—1/V1— a. 

The inverse tangent arc tan x 1s defined as that angle y between 
— 7/2 and r/2 for which tany =a. It is defined for all real values 
of a. 

Using the theorem of p. 220, if y=arc tan a, = tan y, 

daz/dy = sec? y = 1 + tan? y = 1 + 2’, 


and therefore dy/da = 1/(1 + 2°). 
The other inverse circular functions are defined and differentiated 
similarly. 


The inverse trigonometrical functions S (a), C(x), T'(«) are defined 
and differentiated in precisely the same way as the inverse circular 
functions, with the replacement of 7 by a, sin by S, cos by C, and 
tan by 7. 


181. The hyperbolic and inverse hyperbolic functions. VI. 
To differentiate sinh #, the incrementary ratio 
= [sinh (# + h) — sinh «)/h = [cosh (# + h/2) sinh (h/2)}/(h/2), 


* When multiple values are admitted these functions are termed the principal 
values of the functions arc sin, etc. See also Ex. 4, p. 230 below. 


15—2 
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by Ex. 3, p. 193. This tends to cosh # as h > 0 by considerations 
analogous to those used in the differentiation of S(x) and C'(@). 

Similarly for cosh w: the incrementary ratio 

=[cosh (# + h) — cosh «]/h = sinh (# + h/2) Fe) 
—>sinhzash—0. 
To differentiate the hyperbolic tangent tanh w we have 
DishaelD einhecenoe cosh # D sinh # — sinh « D cosh # 
cosh? 
_cosh?s—sinh’z 1 
% cosh? a ~ cosh? 2’ 
for all values of z, because cosh « is never zero. 

The other hyperbolic functions are differentiated similarly. 

The inverse function theorem of p. 220 applies to all the inverse 
hyperbolic functions and establishes their ranges of definition and 
the differential coefficients, as given. These functions are neces- 
sarily single-valued*. 


182. Sum-function of a power series. VII. The theorem that 
the sum-function of a power series @ + 4” + a,” + ... 1s continuous 
and differentiable at all points interior to the range of convergence 
has been proved above (p. 193 and Ex. 14, p. 195). Some series are 
convergent for all values of «, but usually the values of # for which 
a power series 1s convergent consist of all the values between — R 
and &, R being some positive number, called the “radius of con- 
vergence.” The series may or may not converge also for # =— A and 
x= R, but it is not convergent for any value of x for which |z|>R 
and it is absolutely convergent for all values of # between — R and 
R. (See Ex. 13, p. 194.) If the terms of the power series are dif- 
ferentiated (term by term) a second series, = a, + 2a.” + 3a,4°+4+ ..., 
is obtained. The theorem of p. 193 shews at once that the radius 
of convergence of this differentiated series is at least R; it is in fact 
precisely Rt. 

If a power series is convergent for all values of « (e.g. the series of 
Chapter 11, §§ 5, 6) the differentiated series will also be convergent 
for all values of « and its sum will be the differential coefficient of 
the sum-function. By using this result the differential coefficients 


* Tf complex numbers are introduced the hyperbolic functions are, like the circular 
functions, periodic and the inverse hyperbolic functions many-valued. 
+ By the comparison theorem (I), p. 79 above. 
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of the functions C'(«), S(«), cosh w, sinh « (and E («) of p. 173) could 
be found without resort to the algebraic addition theorems. 


183. Differentiation of compound functions. By means of the 
results of this section and the rules of the last section we are now in 
a position to differentiate any function which is defined by means 
of a combination of the functions considered in this section, but not 
to differentiate functions defined as limits of such functions except 
in the special case VII. All functions met naturally in elementary 
analysis and applications (with the exception of some infinite series 
which are not power series) can therefore be so dealt with. 

To shew the scope of our methods of differentiation let us 
differentiate the somewhat complicated function 


log, Toy. {1 + sin Es} 


The function =log,[log, {1 +sin w}], where w=(a? + 1)/(w— 1), 
= log, [log. uv], where v=1+sin w, 
= log, u, where u= log, », 
=y, where y = log, u. 

dy _dy du dv dw 

da dudv dw dx 
(by repeated application of the rule for the differentiation of a 
function of a function) 


Therefore 


(=+*) 

d log, u d logy d(1 +sin w) z—1 

Ou dv dw dix 

halt (a —1) D(#@ +1) —(22 +1) D(#-1) 

= --—cos w -——* <—__-= 
v (a —1) 


(by the rule for a quotient) 
Ly (g=— )b22—2—1 
——cos w (o— 17 


a—l 


log. {1 + sin (S*) i +sin (>) (a —1) 


The range of validity of this result will depend on the range of 
validity of the various steps. It is necessary that x +1, that 


j 
cos (* i *) (a? — 2% — 1) 


230 DIFFERENTIAL AND INTEGRAL CALCULUS [CH. IV 


2 A 02 1 
1 + sin (Z==) > 0, and that log, 1+sin (2 ) > 0; 
a—1l \a—1 
f _ eel 
Le. that sin >0 and. 2+ 1. 


These inequations can be solved. Such functions are rare. 


EXAMPLES XXII. 
1. Differentiate 
(w—1)/(a?+1), 4a3-ax—b, 1//[(1—2?)(1—#2?)], sin 22, 
2cos2x, 1f(a+bcosx), (a+bx)", «sin ba, 
sin z/(a sin? 2+bcos*x), 1//(1-2cosz), e~“cosba, e~“sin bz; 
a, 6, k, and 2 being constants. 


2. Prove (under appropriate conditions) : 
(i) Dlog,sinzx=cotw, [sinx>0], 


(ii) Dlog,cos#=—tan 2, [cos «> 0], : 
(iii) D log, tan (t 7 +$x)=D log, (sec « + tan #)=sec #, [tan (¢7+4}.x)> 0], 
(iv) Dlog, tan (t7 —4x)=D log, (sec x — tan x)= —sec 2, 


[tan (fr — 3a) > 0], 
(v) Dlog,log,#=1/(xlog, x), (log. 7 >0, ie. x >1], 
(vi) Dlog, log, log,.«=1/(# log, x log, log, x), [log, log, x >0, i.e. « >e], 
(vii) D (e*/a")=e*(x—n)/a"*1, [~ +0 if n is a positive integer], 
(viii) D(2"/log, 2)=a"-! (n log, —1)/(log, x)*, [vw >0 and #+1], 
(ix) Dat=D (ere) = x*(1+log, x), [x >0], 
(x) De =e"x* (1+log,«), [vw > 0}. 
3. By differentiating the logarithmic series term by term verify that 
Diog,#=1)/x% for V< 7 <2. 


4. Most of the inverse functions considered above in the text are capable 
of extended definition. Thus arcsin z may be considered to be the multiple- 
valued function y which is any number for which sin y=. The different values 
of the function constitute what are called branches of the function. The formula 
for the differentiation of arc sin x is applicable to any branch, but the sign will 
depend on the particular branch. Thus for the branch comprising the values 
of y between 1/2 and 32/2, Dy= — 1/,/(1—2?). 


5. By means of the inverse function theorem of p. 220 a function which we 
may call %/x is defined for all values of x, positive and negative, if 7 is an odd 
integer. We can similarly build up a power function #?/4 for all values of wx if 
g is odd and thus extend the range of definition of the power function in such 


p 
ne ——1 
cases. With this definition Dx?/4 = .24 — for positive and negative values 


of «. 
. [See p. 89 above. ] 


6. Shew that De sin (1/#)=sin (1/x) — (1/2) cos (1/2) 
and D2? sin (1/2) = 2 sin (1/#) — cos (1/2). 
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These functions are not defined for z=0. Prove that the first is not differenti- 
able at_ z=0 whatever value be assigned to it to complete its definition, but 
that the second function is differentiable at «=0 if the value 0 be assigned to 
it there. 


7. Establish the series 


: gee WBE Wa elas ee) 
ee eee O18 1945 hora ay Cs 


for -—l<a<l. 

By comparing with Ex. 16, p. 189, deduce that arcsinz=S(«), =a, and 
that sinw=S (x), firstly for — m/2 <a#<2/2, and thence for all values of x. The 
identity of cos x and tan # with C'() and 7'(«) then follows, or may be proved 
independently in the same way. 
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184. In this section we shall discuss a few simple problems 
capable of easy solution by a consideration of differential coefficients. 
We shall suppose generally that the functions concerned are con- 
tinuous and differentiable at all points of the ranges concerned. 
These assumptions will be justified at all ordinary points for the 
functions hitherto defined in this course. Any exceptional points,— 
of discontinuity, etc.—can be dealt with separately. 

185. Maxima and minima. Let a be a value of x for which a 
function y, =/ (2), has a differential coefficient Dy which is positive. 
Then, from the definition of a differential coefficient, since the 
differential coefficient on the right at a>0, it follows that 
f(ath)—f(a)/h > 0 for all positive values of h sufficiently small; and 
therefore f(a +h) >/(q) for all positive values of h sufficiently small. 

Also, because the differential coefficient on the left > 0, 


S(a-h)< f(a) 
for all positive values of h sufficiently small. 

That is, there is a neighbourhood to the right of a in which the 
values of y exceed f(a) and a neighbourhood to the left in which 
the values of y are less than f(a). We say that /(«) as increasing 
at the pownt. 

Similarly if Dy is negative at a, there is a neighbourhood to the 
right of ain which y < f(a) and a neighbourhood to the left in which 
y>f (a); or f(a) ts decreasing at a. 

In these definitions we say nothing as to the magnitude of the 
neighbourhood in which y > (or <) the value at the point a, but 
only that there is some such neighbourhood,—i.e, that h can be 
chosen small enough to ensure the truth of the inequalities. 
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If now /(@) is increasing at all points of a range, it is geometri- 
cally intuitive that its least and greatest values will occur at the 
beginning and end of the range respectively; and it is not difficult 
to prove this strictly analytically*. Similarly (mutatis mutandis) 
if f(x) is decreasing. 

Suppose now Dy > 0 at all points in a neighbourhood to the left 
of a point a, and Dy <0 at all points in a neighbourhood to the 
right of a. The function y increases up to a and decreases beyond 
a; and the value of the function at a, viz. f(a), exceeds all other 
values of the function in the neighbourhood. The function f(z) vs 
then said to have a maximum value at the point a. At such a point 
the differential coefficient on the left 


= lm t[f(a)—f(a—A)]/h > 0, 
n\ <0 


and the differential coefficient on the right 
= lim [f(ath)—f(a)lh <0; 
n\,0 


and therefore Dy,—the common value of these two differential 
coefficients,—must = 0. 

Similarly if Dy <0 at all points in a neighbourhood to the left 
of a and Dy>0 at all points in a neighbourhood to the right of a, 
J (a) is the least value of y in the neighbourhood and f(«) has a 
minimum value at a. Again Dy = 0. 

Thus if y,=/(«), has a maximum or minimum value at a, Dy = 0 
at a. If Dy changes from being positive to being negative as x 
wncreases through a, y 1s a maximum there; if from negative to 
positive, y is a minimum. 

It is possible that Dy=0 at a and is positive at all other points 
in the neighbourhood of a on both sides. In this case the function 
has neither a maximum nor a minimum there, and is in fact in- 
creasing at the point. Also Dy may be zero at a and negative at 
all other points in the neighbourhood. It is then decreasing at a. 
In both these cases it is customary to say that y is stationary at 
the point a. The point on the-graph is then a point of inflexion. 

Other cases may arise in which Dy=0 at a point a but has both positive 
and negative values on one side (or both sides) of _a indefinitely close to a,—e.g. 


the function w*sin(1/x#) of Ex. 6, p. 230. Other cases again arise if we relax 
the condition that f() is differentiable. 


* This is substantially the theorem of p. 119 above. 
+ This symbol is self-explanatory. 
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186. The following are examples: 


(i) The function 2? has a derivative 2a for all values of x, which 
<0 if*#<0,=0 for e=0, and >0 for >0. 

Therefore x decreases up to x=0, where it has a minimum value, 
and thereafter increases. 


(i) The function 2? has a derivative 32? for all values of w, which 
> 0 for all values of w except «=0, for which it = 0. Therefore 2? is 
amereasing for all values of x though stationary at x=0. The origin 
ws a point of inflewion on the graph y = x*. 

(ul) The maaima and minima of the polynomial a — 3a? + 2a + 4 
have already been discussed on p. 158. 

(iv) The rectangle of given perimeter which has the greatest area 
18 a square. 

For, let the given perimeter be 4K, and let the sides of the 
rectangle be # and 2K —z. 

The area = y=x(2K — 2). 

The area y depends on # and is in fact a continuous and dif- 
ferentiable function of 2. 

Dy =2K — 2x, which =0 for «=K, and Dy decreases from 
positive to negative as x increases through the value K. Therefore 
y has its only maximum for «= K, ie. when the rectangle is a 
square of side K. 

Note. In a practical problem of this kind it is quite possible for 
the greatest or least value to occur for the extreme allowable values 
of the variable z,—in this example #=0 or =2K. We see in this 
example that these values correspond to the minimum and not the 
required maximum. 


187. Inequalities. Maxima and minima can be applied to 
establish inequalities. 

(i) The example just considered gives a proof of inequality (1) 
of p. 29 above,—that the arithmetic mean of two positive numbers 
a and b > the geometric mean. 

For, if a+b = 2K, putting a =a and b = 2K — a, we have that 
ab = «(2K — x) and has its maximum value, viz. K?, when «= K; 
and therefore if # + K, «(2K — 2) is less than K*. 

a+b 


Hence ab< () and the inequality is established. 
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(ii) Similarly we can establish the more general inequality 


Man 
ami < amen a tbym*s 
where a and b are any positive numbers and m and n any positive integers. 
Put a+b=K, a=. 
Then ar br=a" (K—x)"=y say. 


Dy=ma™—) (K —2)"—na™ (K - 2/7} 
=2"-1(K —2)"-1[m(K- x) -nz}, 
which =O when r=0, e=K, and e=mK/(m+n). 
When w=0 or A, y has its minimum value 0. 
When «=mK/(m+n), y has its maximum value, because Dy decreases from 
positive to negative as « increases through this value. 


mK \i%/_ aniK \® 
Therefore y <= (“) (x =) az -) 3 
Man 
ie. amon < —" * (at bymn, Q.E.D. 


(m+nyr*n 
(iii) The inequality (iv) of p. 29 may be established thus: 
Consider the function 

y = na” (“2 — a”) — ma™ (a” — a”), 
a being any positive number and m and n positive integers; and 
let m>n. 
Dy = nma" ze” — mna™ a” 
= ming a! (ag — qi). 
Considering only positive values of «, Dy =0 only for «=a. 
Where 0<a<a, Dy <0; and where «>a, Dy > 0. 
Therefore y has its only minimum value (for positive values of «) 

at «=a, where y= 0, 

Hence if « is positive and +a, y > 0; 
Hh OO Tip) 


1.€, prin a "fg = OF" > One, 1 ees 


C—O 3 
and Pei ps ae 
a" —a n 
Hence, if 0<a< band m>vn, 
m _ hm 
LOR eri ORNL Ns 
n C8 08 ¢ 


and the inequality is proved. 


188. Tangents. We have seen that the angle of inclination to 
the « axis of the tangent at a point (#, y) of a curve given by the 
equation y= f(x) is , given by tan w= dy/dx. The equation of 
the tangent at any point of such a curve can therefore be found. 
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(1) To find the tangent at the point (1, 1) on the parabola y = 2°, 
we have dy/d« = Da? = 2x = 2 at the point (1, 1). 

Therefore the equation of the tangent is 

y=l=2(¢—1) or y= 22>], 

(1) We can verify that the tangent to a circle (defined as the limit 
of the chord) és the perpendicular to the radius, thus: 

The half above the « axis of the circle whose centre is the origin 
O and radius R is given by the equation 


y=+/(R? — 2°), 


We have 
} _ di? — a*) d (BR? — 2?) 
eg ee ea 
EOE SSS i, a cee 
— 2, — aa) 2) =~ CR a)’ 


Therefore the tangent at the point P (z, y) makes an angle 
with OX, where tan w= — 2//(R? — 2) = — a/y. 

But the radius OP makes the angle 6 with OX, where tan 6 = y/z. 

These two lines are therefore perpendicular, because 


_1+tan @ tan _ 
a tan 6 — tan y fis 
The result is proved. 
The equation of the tangent at the point (*, 4) 1s 


(y — y,)/(@ — a) = tan p= — /y, 
or Lk + YY =H + yP = RK 


189. Velocity, ete. Let y represent the distance in a given 
direction moved through in time # by a body moving in a straight 
line. We have seen that the velocity (v) at any time a is given by 
dy/dx and the acceleration (f) by du/dz. 

(i) Suppose we know that a body moves so that y=a+ba-+t ca’, 
a, b and ¢ being known constants. We can at once deduce the 
velocity and acceleration at any time during the motion, for 

v = dy/dx =b + 2cx, and f= do/da = 2c. 
Thus the acceleration is constant and = 2c. 

(i) A body is observed to oscillate on a straight line according to 
the formula y = asin nx + bcos na, a, b and n being constants. The 
acceleration at any time « during the motion 1s proportional to the 
distance y from the origin. 
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For, the velocity 
=v = dy/dx = na cos nw — nb sin nx 
and the acceleration 
= f = du/dx = — n’a sin na — n*b cos nz = — ny, 
and the result is proved. 
Such motion.is called simple harmome motion. 
(iii) A body zs observed to oscillate according to the law 
y =e-™ (a sin na + b cos na), 
where a, b and n are as in (ii) and m is a positive constant. 

The acceleration in this case may be divided up into two parts,— 
one proportional to y as in (ii) and the other proportional to the 
velocity v. 

For 
v= dy/dx =e" [n (a cos nw — b sin nx) — m (asin nx + bcos nx)] 

= ne” (a cos nx — b sin nx) — my. 
f= do/dx = e-™ [— n? (asin nx + b cos nx) — mn (a cos na — b sin nx) 
—mn(acos nz —b sin nx) +m? (asin nz + b cos nx)] 
=e-™ [(m? — n?) (asin nx + b cos nx) — 2mn (a cos nx — b sin nx)] 
=(m?— n?) y —2m(v+ my) 
= — (m? +n”) y — 2mv. 


190. Rolle’s theorem. if a function y, =f (a), is differentiable 
at all points of an interval (a, b) and f (a) = f(b), then there is at least 
one point of the interval, other than a or b, at which the differential 
coefficient vanishes, 1.e. Dy = 0. 

The proof of this theorem depends on the following generalisation 
of the fundamental property of continuous functions: 

If a function f (x) is continuous at all points of an interval (a, b) 
and if M is the upper bound of f(x) in the interval (i.e. the least 
number not exceeded by any value of f(x) concerned) and m is the 
corresponding lower bound, then, whatever number k may be, from 
m to M inclusive, there 1s at least one point « of the interval (from 
a to b inclusive) at which f(x) =k. 

To prove this we first remark that, if, besides being continuous, 
J () is monotone throughout the interval, the theorem follows easily 
by the fundamental kind of argument of pp. 182—183 above, used 
in establishing the existence of the number a/2. 
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Secondly, if f(«) is not monotone, suppose for definiteness that, 
J(a)<k<M. Consider the function F (x), defined as the upper bound 
of f(x) in the interval (a, x). This function is plainly monotone and 
continuous for all values of « from a to 6 and has f(a) and M for its 
lower and upper bounds. Therefore there are values of x for which 
F(«)=k. Denote by c the lower bound of these values (or the single 
value if there is only one). We have F'(c)=k. 

It follows now that f(c)=k also. For, if f(c)+k, say f(c) =k <k, 
the point c, being a point of continuity of f(), could be enclosed in 
an interval throughout which f(«#)<(k+k’)/2 say; and F(a), the 
upper bound of f(x) in the interval (a, x), being less than k if x < c, 
would then also be less than k for «=c,—which is not the case. 
Hence f(c)=&. 

The theorem is now established for the case when f(a) <k < M; it 
follows immediately for the other possible case,—when m <k < f(a). 

To deduce Rolle’s theorem we remark in the first place that 
the function f(z), being differentiable, is necessarily continuous 
throughout the interval. It follows from the theorem just proved 
that there must be values of w in the interval for which f(z) = M 
and f(#) =m; and it is clear (because f(a) and f(b) are equal and 
lie between m and M) that at least one of these values must be 
different from both a and b. For this value the function is a 
maximum or a minimum and it follows (p. 232) that the differential 
coefficient there is neither positive nor negative, whence Dy = 0 for 
this value. 

It is worth noting that the above theorems are still true if nothing is known 


about the behaviour of the function f(x) at the end-points a, b of the interval 
except that f() is continuous on the right at a, and continuous on the left at b. 


If the function y is a polynomial, 
Y = Ann” + OP si ag ep palin 
and if «=a, «=b are two roots of the equation y=0, it follows 
from Rolle’s theorem that Dy = 0 for at least one value of « between 
a and b. Hence if the equation Dy =0 has no roots in a certain 
range for x, the original equation y=0 can at most have one root in 
that range. Since the equation Dy =0 is of degree one less than 
that of the equation y= 0, it is often possible to discuss the roots 
of this equation when the equation y=0 cannot be so discussed, 
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and thus obtain indirectly information as to the roots of the equation 
y=. 

(i) For example, consider the cubic equation 

e+ae—-2=0. 
The derivative of 2? + w — 2 equals 
Dy = 32 +1. 

The equation Dy=0 has no real roots. Therefore the original 
cubic has at most one real root. Being of odd degree, it therefore 
has one such root (Ex. 5, p. 162). It is evidently #=1. 

(ii) Again, consider the equation 

wt — 327+ 2a+4=0. 
Writing y for the left-hand side, we have 
Dy = 4a? — 6” + 2. 

The roots of the equation Dy = 0, Le. of 24% — 37+1=0,areva=1 

and the roots of the quadratic 
20° — 38a +1 
ie 

1.e. a= —4—43,/3 and Q=—F+ 3/3. 


= 227+ 27 —-1=0; 


f] 
That is, the equation Dy = 0 has roots 
@=—}$-43, o=— $+4,/3, and t= 1. 

There is at most one root of y = 0 between any two of these three 
roots, or exceeding, or less than all these roots. 

By the fundamental property of continuous functions, there is 
at least one root of y = 0 for #< —4-—4,/3 and at least one between 
—$-—4,/3 and —$+44/3 (because the values of y for these critical 
values of # are 7/4—(34/3)/2<0 and 7/4+(3,/3)/2> 0). Hence 
there is precisely one root in each of these ranges. 

There is no other real root, for y> 4 for all values of # greater 
than —$4+4¥/3. 

The equation has therefore precisely two real roots, situated as 
described. Approximations to the actual values of the roots can 
now be obtained as accurately as desired by considering the value 
of y for different values of # in the ranges concerned. The graph 
of the function y is sketched in Fig. 11, p. 158. 


191. The mean value theorem (for derivatives). A corollary 
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of Rolle’s theorem of very wide applicability is the theorem known 
as the mean value theorem: 

Tf y, =f («), is a function of x, differentiable throughout an interval 
(a, 6), there is at least one value of x between a and b(a< x <b) for 
which Dy = (f(b) —f(a)\(b — a)*. 


To prove this we need only consider the function+ 


F(a) =[f(e) -F 1) - (F=*) [FO -F@) 


F (@) is differentiable throughout (a, b) and F(a) = f(b) =0. 
Rolle’s theorem therefore applies to F(z). 

The derivative of F(x) = Dy —[ f(b) — f(a)]/(b — a); therefore 
Dy —( f (6) —f (a)]/(6 — a) =0 for some value of # between a and b; i.e. 
Dy =[ f(b) —f(@]/(b — a); and the theorem is proved. 

Looked at geometrically, this theorem expresses the evident fact 
that the tangent at some point P of an are AB ofa curve is parallel 
to the chord A Bf. 

The mean value theorem expresses the fact that, though it is in 
general not true that the incrementary ratio [f(@+h)—f(a)]/h 
is equal to Df(«), the limiting value of the incrementary ratio as 
h—0, yet there is a point between # and # +h at which the dif- 
ferential coefficient equals the incrementary ratio[ f(w+h)—f(x)|/h. 
This is useful in particular in expressing limits (e.g. the length of 
a curve) in the form of definite integrals, and in many questions 
involving limits. 

Thus, suppose f(x) and F(x) are two functions which are both 
continuous and differentiable in the neighbourhood of a point «=a, 
and both =0 when x=a. We may require the limit 


OA ACERS: 


We cannot say that this limit =f(a)/#'(a) for this apparent 
fraction is 0/0, which is meaningless. 
But we have [ f(z) —f(a)]/(w — a) = Df («) at some point between 


* The remarks on p. 237 about the behaviour of f(x) at the end-points (a, b) 
apply also to this theorem. 

+ If A, P, B are the points on the graph y =f (x) corresponding to the abscissae 
a, c, b and if Q is the point in which the chord 4B cuts the ordinate through P, 
the function F' (x) represents the distance QP. 

t Cf. geometrical interpretation of F(x), preceding footnote. 
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a and a, and [F (a) — F (a)]/(# — a4) = DF (a) at some (other) point 
between a and z. 

If therefore the derivatives Df(«) and DF («) are continuous at 
x =a, and if at c=a, Df(«) =f" (a) and DF (x) = F(a), then, if 
F’(a)+0, lim fF @) =f (OIF 

If for example, f(x) = sina, F'(#)=sinhz, a=0; we have: 

Df (x) =cos x2, DF(«)=cosha, f’ (0)=cos 0 =1, 

F’ (0)=coshO=1; 

and therefore sae (sin w)/(sinh z) = f’ (0)/F’ (0) =1. To such a 


case none of the rules for limits previously obtained will apply. 


By applying Rolle’s theorem to the function 
o (2)=f (@) [FP (a) - F()]— F (2) (F(a) -F ()) 


where f() and F'(#) are continuous and differentiable throughout the interval 


(a, b), we prove that ra ye at where /’ (x) and F’ (2) are the dif- 


ferential coefficients of f(z) and /'(#) at some point # of the interval, the same 
for f’ (w) and F” (x). 
If now, as before, f(x) and /'(#) are continuous and differentiable in the 
neighbourhood of a point «=a, and f(a)=F'(a)=0, then, if w is any point in 
y Hea ; f(#) __ F(#)-Ffla) _ f'(X) ; 
this neighbourhood, Fis)” F(e)—Fla)~ F'( FX)? where X lies between a and 


a. If lim i es erate and= ZL, ie ce) will also exist and equal Z. We 


Xa P(X) a F’'(«) 
have established the more general theorem that lim a ee and equals 
ama 
lim ¢ TAD) of this latter linut exists. 
aaa l (#) 


This theorem does not require that f(a), F’(a), lim f’(x), lim #” (x) 
ta La 


should exist. 
EXAMPLES XXIII. 


1. Find the vertex of the parabola given by y=.? — 2a —5, and the minimum 
value of y. Find also the tangents to the curve at the points where it cuts the 
axes, 

2. Shew that the tangent at any point P of the parabola y=? makes the 
same angle with SP as it does with OY, S being the point (0, 4). 


3. The length (7) of the radius from the centre of an ellipse to a point on 
the ellipse is given by the formula 
7? (cos? 6/a? + sin? 6/b?)=1, 
where 6 is the angle the radius makes with a fixed line through the centre (the 
major axis). Shew that the maximum and minimum values of 7 occur where 
6=0 or 7 and @= +7/2; and those values are a and b. 
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4. Assuming that the path of a ray of light in a homogeneous medium is a 
straight line and that in passing from a point A in one medium (air) of re- 
fractive index 1 to a point B in another medium (glass) of refractive index p, 
separated from the first by a plane face, the path APB is such that AP+p. PB 
is the least possible, verify the usual law of refraction,—that if a and 8 are 


the angles (of incidence and refraction) which AP and PB make with the normal 
to the surface, sin a=yp sin 8. 


5. By considering the function (1+”)"—nx prove (1+x)">1+ 22 for all 
values of w for which (1+.)" is defined if m > 1 and is not an odd integer; and 
for >—1linallcasesifr>1. If0 <n <1 the inequality is reversed. Consider 
also the cases when 2 is negative. 

[Cf. inequality (ii) of p. 29; Ex. 1, p. 91; and Ex. 3, p. 132.] 

6. Establish the inequality of Ex. 4, p. 36 by the method of this section. 

7. Prove that, if « is any positive real number and m and n are positive 


. : pn __ “fi Me 
integers such that m<vn, ae > ‘Z ! 7 
n m 


8. Find the maxima and minima of the cubic polynomial 
yaa Ba? +0 I 


Shew (i) that of the three possible real roots of the equation y=0 only one 
can satisfy each of the inequalities <1/5, 1/s< «<1, #>1; (ii) that there 
can be no root satisfying the first of these inequalities ; and (iii) that the only 
real root of the equation is > 1. 

Obtain this root correct to within ‘1. 


9. Use the mean value theorem to verify that if « is positive log, (1+.) is 
positive and less than z. Prove in the same way (i) & lies between 1+. and 
1/1 —2) if0<a#<1; (ii) (1+x)" lies between 1 and 1+ 2 if r>0 andn<1, 
or if —1<#<0 and n>1, but lies outside these limits if >0 and 2>1 or 
if -l<e<Oandn<l. 


10. The velocity v of a meteor falling vertically to the earth is given approxi- 
mately in terms of its height (y) above the earth’s surface by the relation 
v= K/(R+y), where £ is the radius of the earth (in appropriate units) and A’ 
is some constant. Shew that the meteor is subject to a variable acceleration 
towards the centre of the earth inversely proportional to the square of its 
distance from the centre of the earth. 


11. Determine the limits 
(a) lim (1—cos«)/sin 2, (6) lim [log,(1+-2)]/2, 
xr—>0 xa—>0 


(c) lim (#—1)/, (4) lim (@—1)/[loge (1 - 2) 
4—>0) L> 

(e) lim tanh w/are sin («/2). 
a> 


1 
Deduce from (b) that lim (1+.)*=e. 
cz—>0 


WMA 16 
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12. The generalisation of the fundamental property of continuous functions 
(p. 236) can be proved alternatively by the method used in the proof of the 
theorem on derivatives on p. 119 above. 

[To prove that there are values of w in the interval (a, 6) for which f (7) = /,— 
the upper bound of f(x) in (a, 6),—bisect the interval. The upper bound of 
f (2) in at least one of these half intervals must = JZ. Bisect this half interval, 
and so on. A sequence of intervals (as on p. 120) is obtained, converging to a 
limit point, a say. The upper bound of f(z) in any neighbourhood of a is M. 
It follows from the continuity of f(#) at a that f(a)=W, and the result is 
established. To prove that there are values of x for which f(#)=, where 
m<k< WM, a sequence of intervals is obtained in which there are values of 
zw for which f(~)>é and values for which f(x) <#. If a is the limit point 
f(a)=k.] : 


§6. THE DEFINITE INTEGRAL AND ITS EVALUATION 


192. Integration in general. In Chapter 111, § 1, in considering 
the question of areas we defined the definite integral. The definition 
isapplicable to other questions. Briefly, wherea geometrical, physical, 
or other quantity can be divided into an indefinitely large number 
of small portions (or elements) each of which can be measured 
approximately (or may be regarded as so divided), the measure of 
the whole quantity is given by a definite integral. Integration is 
the process of summing the elements to arrive at the total quantity. 
Areas, volumes, lengths of curves, moments of inertia, centres of 
mass, etc. provide common practical examples of questions of this 
kind; as also such questions as the determination of the distance 
traversed in a given time by a body moving with variable velocity. 
In mathematical physics most quantities are measured by means 
of definite integrals. In this section we consider the matter ab initio. 


193. Function assumed bounded. Let f(x) be a function of x 
defined for a<a<b,a and b being two real numbers (a <b). We 
shall say that f(x) is defined throughout the interval (a, b). Let 
J (#) be bounded in this interval,—e. | f(@)| < a fixed number K 
for all values of x in the interval*. Let M and m be the upper and 
lower bounds of the values of f(z) in the interval. 


194. Limits of larger and smaller sums. Suppose now the 
interval (a, b) is divided into any number of parts,—say by the 


: ee : : : 

* Unbounded functions (such as x7! or #3 in an interval including «=0) are 
excluded from our discussion of integration. For such “infinite integrals” see 
Hardy’s Pure Mathematics. 
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points (or numbers) a, a, 2, ... Ln_y, b (in order). In every one of 
the sub-intervals so formed, e.g. (a, #,), f(#) is bounded and has an 
upper and a lower bound (say Jf, and m,). Moreover it is clear that 
M,<M and m,>m. If we form the sum 
S, = M, (a, — a) + My (a, — @,) +... +My (b — apr), 

the terms of which are the products of the lengths of the various 
sub-intervals* and the upper bounds of f(a) in those sub-intervals, 
we have S, < M (b—a). 

If now the sub-intervals (a, a), (4, 2), ... (&n1, b) are themselves 
divided in the same way, in each of the smaller parts thus formed, 
the upper bound of f(x) < the upper bound in the corresponding 
sub-interval of the first system of division. The sum formed from 
‘this second system in the same way as S, was formed from the first 
system,—say 

S,= My (a, — a) + My! (a, — wf) +... + Mn’! (6 — ty _7), 
'—is clearly <8). 
By further subdivision we get a third sum, S; say, and so on. 
We thus obtain a sequence of “larger sums” (as we may call 


them), 
SPSS as Pett MANA a nee Mrs BPE se (1). 


Similarly by taking the lower bounds in each part of the interval 
we obtain a sequence of “smaller sums,” 


Of these sequences we know 
M(b—a)>S8,28,2... 
and m(b—4) <8 <<... 
and it is evident that every larger sum > every smaller sum. 
We may write 
PUTO aon Sac a Spo 81S MAD O) Siem coms (3). 

It follows that the sequence (1) \\ a unique limit, S say, and 
the sequence (2) (7 a unique limit, S say; and S>S. 

195. Upper and lower integrals. The definite integral. 
Definitions. So far this is true whatever system of division has been 
chosen, but the numbers S and S will depend on the way the division 
is carried out. We could make the numbers S and S definite if we 


* The length of an interval (a, b) is b—a. 
16—2 
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supposed that in the process of division the greatest of the parts is 
made to diminish indefinitely to the limit zero. It is not @ priore 
evident that, even with this limitation, the numbers S and S are 
definite,—the same for all possible modes of division of the above 
type,—though this is in fact true. 

In any case however the set of all possible larger sums 1s bounded 
below and has a definite lower bound, I say; and the set of smaller 
sums ts bounded above and has an upper bound, I say; and I> 1. 

To prove that I >I we observe that any “larger sum” whatever 
is greater than or equal to any “smaller sum”; for the upper bound 
of a (bounded) function in any interval > the lower bound of the 
function in any other interval with which the first interval has any 
part in common, because the upper bound concerned > the upper 
bound in the common part, which > the lower bound in the common 
part, which > the lower bound concerned. 

T is called the upper integral of f(x) over the interval and J the 
lower integral. Both exist for any bounded function in any bounded 
interval. 

If the upper and lower integrals I and I coincide, f (x) is said to 
be integrable over the interval, and the common value [=I =T say, 
as called the definite integral of f (a) over the interval (a, b), or between 
the limits a, b, or from a to b. 

a and b are called respectively the lower and upper limits of 
integration and the interval (a, b) the range of integration. 

It is evident that the function will certainly be integrable in this 
sense if the limits S and S, obtained in the way described above, 
coincide, because S< <I <S. The common value of § and S will 


b 
then be the integral i I (a) da. 


It can be proved, conversely, that if a function is integrable in 
this sense, the limits S and S are necessarily unique, identical, and 
equal to the integral J, provided the greatest of the parts in the 
division has been made to diminish indefinitely to the limit zero. 

This definition thus agrees with that given in the last chapter 
(pp. 143—149). We use the notation 


ne i fe) ee 


The definition can be modified to cover the case when b <a; or 
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7) : a 
we define [ J (#)da when b<a as — | f(z) dx, supposing this 
la b 
latter integral exists. 


196. Properties of the definite integral. From the definition 
we have the following general theorems*: 

G) If f(@) ts integrable in an interval (a, b) and also in an interval 
(0, c), then it 1s also integrable in the interval (a, c) and 


['Flo)de = [f(a de + [° Fee) ae 


(1) If f,(@) and f,(@) are two functions which are both integrable 
im an interval (a, b), then the sum or difference f, (x) + fo(x) ts also 
- entegrable and 


[A@tA@lde=[ Aedes [Alo ae 


Qu) Lf f(a) ts integrable in (a, b) and k is a constant, then kf (x) 
as integrable and 


i aan [ro le 


(iv) If fi(z) and f,(#) are integrable in (a, b) the product 
Sil) x fi(2) ts also integrable in (a, b). 

The student will find it instructive to write out proofs of these 
simple fundamental theorems. 

To prove (ii) on the basis of the definition of this section, without 
relying on geometrical intuition or on the unproved statements 
concerning the limits S and S, we can proceed thus: 

The result will follow if it can be proved in general that the 
upper integral of f; («) + fy(a), say I, is less than or equal to the 
sum of the upper integrals of f,(w) and f,(#), say J,+J,, and the 
lower integral of f, (a) +/. (a), say J, is greater than or equal to 
the sum of the lower integrals of f, (w) and f,(«), say 1, + J,. For 
then, f,(#) and f,(«) being integrable, we should have J, =1,=T, 
say, and I, = 1, =I, say, and therefore f=J=f,+1,. 

To prove the first of the results stated, viz. I <I,+,, we observe 
that J, and J, are the lower bounds of the “larger sums” associated 
with the functions f, (#) and f, («), and therefore systems of division 
of the interval can be found for which these “larger sums” exceed 


* These theorems are equally true whether a<b, etc. or not. 
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I, and I, respectively by arbitrarily little,—say less than e. By 
combining the points of division of these two systems a single 
system of division is obtained for which the “larger sums” exceed 
their respective lower bounds (J, and J,) by less than e. For this 
system, the “larger sum” associated with the combined function 
fi(“) + fo(@) is less than or equal to the sum of the two “larger 
sums” and therefore is < /, + /, +e. It follows that the lower bound 
of such “larger sums,” viz. Lets ele. Q.E.D. 

The result for the lower integrals follows similarly. 

A proof of theorem (iv) is given in Ex. 12, p. 260 below. 


197. Integrability of bounded monotone function and of all 
elementary functions. So far in this section we have not proved 
that any functions are integrable. We will now prove theorems 
establishing the integrability of wide classes of functions,—in- 
cluding all the functions considered in this course, over any interval 
excluding points of discontinuity. 

I. Jf f(a) ts any (bounded) monotone function im an interval 
(a, b) then tt 1s entegrable in (a, b). 

For the difference between a “larger sum” 

M, (a, — a) + M, (x. — &)) +... + My, (6 — &p_1) 
and the corresponding “smaller sum” 
My (& — A) + Ms (Hy — #,) +... + Mn (D — ay») 
is 

(M, — m,) (a, — a) + (M, — mz) (@, -— 4%) +... 

+ (Mi, — Mn) (b = yy) «205. (4); 

and,—supposing for definiteness that f(a) is non-decreasing,— 

mM, =f (a), M, = f(a”) = Mz, M, = f (a) = Ms, eee M,, = f (0). 

Therefore, if the greatest of the parts, 
2, — A, Ly — L, ...b— Hy, equals A, 

the difference (4) 

<A [(M, — m) + (MM, — m,) +.... + (Mn - mn)] 

=ALP (a) —f (a) + f(t) — f(a) + + £0) —f @na)] 

=A[f(o)-f(@)], 
which > 0 as A 0; and it follows that the lower bound of the 


larger sums and the upper bound of the smaller sums coincide: 
ie. =, ; 


§ 6] THE DEFINITE INTEGRAL AND ITS EVALUATION 247 


From theorem (i) above it now follows that any (bounded) 
function which is monotone in stretches throughout an interval * 
is integrable in that interval. From theorems (ii) and (iii) any 
function which is a linear combination of such functions is also 
integrable. From theorem (iv) and the fact that the reciprocal of 
an integrable function is integrable over any interval in which 
Ff («) +0 it follows that any arithmetical combination of integrable 
functions is integrable over any interval (excluding points where 
the function is not defined). All the particular functions considered 
in this course are of these types in any interval excluding all points 
of discontinurty. 

All functions of bounded variation are integrable, in direct con- 
sequence of theorems (ii), p. 245, and I, p. 246, and the definition 
of p. 138 above. 


198. The integrability of continuous functions. The proof of the 
integrability (in appropriate intervals) of the functions of elementary analysis 
can be made to rest alternatively on the following theorem: 

Il. If f (a) ts any continuous function in an interval (a, b) then rt ts integrable 
in (a, 6). 

The proof rests on proving that the difference (4) 0 as A—0. If the 
greatest of the differences 

M,-—™, Mz- m2, eee M,- Mn 
is 6,—the difference (4) 
<6 [4 -a@4+42.-4,+ we $b = 23] 
=6(b-a). 

In virtue of the continuity of f(z) it can be proved that 6 —> 0 as A — Of. 

Hence the difference (4) > 0 and the theorem follows. 


199. It is neither evident nor true that a function defined in a certain range 
as the sum of a convergent infinite series of monotone or continuous functions 
is itself monotone or continuous (or is a linear combination of such functions). 
But it is true that the sum-function of any power series is both monotone or 
expressible as a linear combination of monotone functions,—i.e. of bounded 
variation,—and continuous, throughout any interval wholly interior to the range 
of convergence of the series,—though not necessarily if the interval includes 
the whole range of convergence. These facts are proved above (pp. 171—172 
and Ex. 14, p. 195). Any such function is therefore integrable in any such 
interval. 


* Te. such that the interval can be divided into a number of sub-intervals in each 
of which the function is monotone. 
+ See Ex. 13, p. 260 below. 
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200. Functions assumed integrable and continuous. Through- 
out the remainder of this section we shall suppose the function f(#) 
under consideration to be integrable and continuous. 


201. The integral as a function of the upper limit. The 
fundamental theorem. Let us consider now the definite integral 


te 
| f («) da where a < X < b and f(a) is integrable and continuous 


in the range (a, b). Drawing the graph of f(x) (Fig. 23) we see that 


Fig. 23. 


x 
| J (a) de represents the area ACMP. For brevity write 
x 
I (X) =| f (x) dz = area ACMP. 
This area, or integral J (X), depends on X and is a function of X. 
x 
The integral I (X)= | F(x) dx is also continuous and differen- 
tiable with respect to X for any value of X between a and b; and 
DI (X) = f (X). 
For I(X +h)—I(X)=area ACNQ — area ACMP 
= area PMNQ 
<M NUS 


if U is the upper bound of f(#) in the range (X, X + h),—1i.e. over 
PQ. This ~0 as h—0 and the continuity is established. 
Moreover the incrementary ratio 


[J (X +h) -—I(X)V/h = (area PMNQ)/h < U 
and similarly >u,—the lower bound of f(#) in (X, X +h). 
But as h—0, U > f(X)(= MP) and u> f(X). 
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Therefore the incrementary ratio 
(i+ h)— P(X) A > F(X), 
or the integral (X) is differentiable with respect to X and 
DI(X) = f(X). 


202. The inverse character of integration and differentiation. 
This result,—which is an analytical theorem clearly independent 
of the graphical representation,—establishes what we may call the 
inverse character of integration and differentiation. It is the most 
important property possessed by integrals and is known as the 
Sundamental theorem of the integral calculus. By means of this 
theorem we are enabled to integrate, i.e. to evaluate the definite 
integrals of, many of the common functions of mathematics. The 
theorem is true under wider conditions than those here supposed,— 
J (@) integrable and continuous,—but, as stated, it is sufficient for 
all the needs of elementary analysis. 


203. Tentative evaluation of definite integrals. To evaluate 


1 
a definite integral,—say | x dx,—we might now argue that the 
0 


x 
integral J (X) = | a’ dx is differentiable and DJ (X) = X*. 
0 


But D (X23) =X? 
If therefore X#/3 were the only function whose derivative is x 


it would follow that J (X) = X*/3 and thence that [ eda=I(1)=1/3, 
0 


—which 1s in fact the correct result. 

There are, however, any number of functions having the same 
derivative. 

Thus D(1+X?/3)=D(—24+ X?*/3)=D(X'/3) =X? 

The suggested argument is therefore not sound. Nevertheless we 
notice that the examples given of functions with the same derivative 
X?, though not identical, differ from one another by mere constants, 
and the student will convince himself that this must be so. 


204. Theorem on functions with same derivative. It is in 
fact true that: 

If f:(«) and f(x) are any two functions whose derivatives Df, (x) 
and Df,(x) are equal for all values of « in a given range, then f, (a) 
and f,(«) differ by a constant (or are equal) throughout the range. 
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This follows at once from the theorem of p. 121 above, viz. 

If the derivative Df (x) of a function f(a) 1s zero throughout a 
range, then f(a) is constant throughout the range; 
for if Df,(«) = Df,(«), DL f(x) —f:(«)]=0 and this theorem will 
shew that f,(«) —f,(«) = constant. 

This last theorem may be proved alternatively by using the 
mean value theorem of p. 239 above, thus: 

If the values of f(#) at any two points a, b of the range were 
different, the derivative Df(a#) at some point between a and b 
=[ f(b) —f(a)]/(b— a) +0, and the theorem follows by reductio ad 
absurdum*. 


205. We can now remodel the argument by which we sought to 
1 
determine | «dw thus: 
DIX )= Xtand DiC Xe Xs 
therefore J (X )= X°*/3 or differs from X?*/3 by a constant. 

Say I(X)=X73/3+C. 

It is now possible to determine the constant C from other con- 
siderations; for we know that as X > 0, J (X )—0; and therefore 
in this case C= 0. 

We have proved therefore that 


x 1 
| x dx = X*/3 and that | ede= 1/3, 
0 J0 


206. The fundamental formula. The indefinite integral. This 
process is evidently general. We have arrived at the standard 
method of evaluating definite integrals: 


b 
To evaluate the definite integral | F(a) da of a function f(a) 


(supposed to be continuous and integrable) we first find any function 
F(a) whose derwative DF (x)= f(«) for all values of x in the range 
(a, b). We then have 


[ s@)do=F)-Fa). 


& 
For | J (#2) d« = F(X) + constant 

a = F(X) —- F(a) 
because | f(a) dx—>0 when X >a, 


* The theorem of p. 119 may also be proved by this method. 
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Such a function as F’(z) is an inverse derivative of f(a). In view 
of the importance of such functions in integration they are also 
called indefinite integrals. The indefinite integral of f(«) is any 
function F(x) which has f(x) for its derivative at all points of a 


range. The indefinite integral of f(x) is denoted by | J («)da, As 
the name itself implies, the indefinite integral is not a definite 
unique function. 


b 
iy ae | faz Fb) — Fay. 
which is often written 


| . (e)de=[F(a)].” or [F@)],, 


is called the fundamental formula of the integral calculus. 


In view of the fact (Theorem II, p. 247) that a continuous function is 
necessarily integrable, it is seen that the fundamental formula will always 
apply if the function f(z) is known to be continuous throughout the range 
concerned, /'(x) being any function whose derivative is f(x) throughout the 
range. 


207. Standard indefinite integrals. The evaluation of definite 
integrals depends on the determination of indefinite integrals. We 
have at once from the list of differential coefficients of § 4 above, 
a corresponding list of indefinite integrals: 


Ik i ada = «°*!/(n +1) for all values of n other than — 1 ;—valid 


for all values of « for which x” is defined. 


Il. fo dx = log, «;—valid for« >0. Ifa <0, fon da =log,(— 2). 
Or, for all w except [a+ dx =log, |x|. 


LLY. Je da = e*;—valid for all a. 


IV. (a) [cos ad“ =sin &, [sin eda =— cos #;—valid for all a. 


sin cda 


= sec #;—valid for all values 
Cos? x& 


[ sect xdx = tan a, | 


of x except odd multiples of + 7/2. 
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cos vda 
| cosec? xda = — cot a, | Re Sai cosec av ;—valid for all 


values of « except 0 and multiples of + 7. 
(b) [ew dz = S (a), [s@ da=— C(«);—valid for all values 


of a. 
dae rS(a)de 1 
lewr 7), | [CWP O(a)’ 
of 2 except odd multiples of + #/2. 
de 1 C (a) dx _ ce 
[S (x) at T (a) ? i [Ss (2) SS Viaje for all 


values of # except 0 and multiples of + a. 


—valid for all values 


V. (a) i i Pers = arc sin a, i Ft ney =— arc cos 7;—valid for 
—l<e<l. 
| ns = are tan x, | Se =—arccot #;—valid for all 
1+ 1+ 


values of a. 


fe aie) aes Tie arc SeC a, | Gi ai) = — arc cosec w ;—valid for 
|v|>1. 
(b) lage = S(w), lye =—O(«);—validfor—l<a<1. 
dx 
Teeee = T («);—valid for all values of a. 


vere i cosh xda = sinh a, | sinh «da = cosh a, | sech? da = tanha. 


| seeks = —sech x ;—valid for all x. 
| cosech? dx = —coth az, | ee —cosech # ;—valid for 7+0, 
las J wr +1 = arg sinh #;—valid for all 2. 
[Fy A ee = arg cosh #;—valid for # > 1. 
f dx 


ees = = arg tanh #;—valid for) <a, 
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[“o- arg coth w;—valid for | #| > 1. 
2 
| a io a) arg sech # ;--valid for O<a#<1. 


dx : 
i Cr ae arg cosech w ;—valid for ~+0. 


Note: It is usually more convenient to use alternative forms 


wmvolving logarithms in preference to inverse hyperbolic functions; 
thus 


dat dee Neer 

a= | Pol 2 Bey —,» Valid for | «| < Land 
da dx e+] ; ; 

: =— =—1 2a ; 

S&S ep ae 3 log. >> valid for | #| > 1. 


Wad [@tact anv +...)\de=aevt+4ae+ tane+...; 


—valid for x within the range of convergence of either series. 
In this list, in order to have the general form of the indefinite 
integral, an arbitrary constant must be added to each result. 


208. Evaluation of definite integrals. The definite integral of 
any of the above functions over any range within which the function 
is known to be integrable can now be written down at once. 


2 
Thus to evaluate | ada; the indefinite integral | x dx = x*/3 
1 


(+ arbitrary constant C); and therefore, from the fundamental 
formula of p. 251, 


2 
| ade = 2/3 — 13/3 = 7/8. 
1 


Or li ode = 13/3 —(—1)/3 = 2/3. 


Or again to find the area of a wave of the graph of y=sin# 
(cf. Fig. 15, p. 185),—i.e. to evaluate the definite integral 
i: sin zda, 
0 


we have | sin eda =—cosx+C 


and therefore ie sin ada = (— cos 7r) — (— cos 0) = 2. 
0 
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209. Alternative forms for indefinite integrals. In the above 
table, in V and VI, alternative forms are given for the same 


integral; for example ene =arce sin # and also = — arc cos & 
eral; for p era x =—ar ; 


This arises from the essential indefiniteness of the indefinite 
integral. The two functions arc sin # and — arc cos # differ by a 
constant, for if arcsinv=y, and arccosr=y,, siny,=a# and 
cos y,=x; and therefore y, and y, are complementary (we know 
—1/2<y,<7/2 and 0<y,<7); Le. y+ Yo=7/2; or 

are sin # —(— are cos 7) = ¥, + ¥, = 7/2. 
Both forms are included in the general forms 
are sina + C, —arecosa2+C, 
C being an arbitrary constant. 

Either form will of course give the same result for a definite 

integral deduced from it. 


210. Integration by substitution and by parts. From the 
above table of standard forms the indefinite integrals of other 
functions can to some extent be deduced,—by use of theorems 
similar to those of p. 245 above and by other methods. 

There are two methods of frequent applicability by which an 
integral may be transformed into a simpler one and thence evalu- 
ated ;—integration by substitution and integration by parts. 

Integration by substitution rests on the law for the differentiation 
of a function of a function (p. 219) and integration by parts on the 
law for the differentiation of a product (p. 218). 

Thus, if y is a function of # and # may be regarded as a function 
of another variable u, we have (assuming the existence of all the 
derivatives and integrals involved) 


d d Of. Oa 
ga | eae eee 
Le. ba is the derivative with respect to u of the function | ydx 
(or any one of these indefinite integrals). 
“a 


Therefore | yds = i y B du,—the formula for integration by sub- 


stitution. 
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Thus, e.g., if in | jae 


V/(@ — 2) =ar/(1 — sin?u)=acosu and daidn =a COS Ut, 


we put «=asin wu, so that 


we have | Se = | pate oe du=u=e i 
Ma? — a) Sod bere os udu = uw = arc sin (#/a). 


This result verifies the first result of V above. 


Or a [eras ale q a ) d (ax) = — ee, 
or again 
de il Ae qe a) 
aa lecadGe a OF = log, (#— a). 


The formula for the differentiation of a product is 
duv dv nA du 
da da” " da 


which gives at once 
w= [ue ae da + v7 


whence the formula for integration by parts: 
dv du 
[uF do = wn — |v F de 


dsin x 


[ #008 ede = ip = Ohi 


For example 


da 
=xsiIn x — | sin ada, 


from the formula (putting u = #, v=sin 2), 
= sin 7 + cosx. 
The use of this formula depends on expressing the function to be 


integrated in the form u we and on the integration of the function 
da’ 

In both these formulae we tacitly suppose that the functions 
concerned are differentiable (and integrable) as required. In the 
practical work of evaluation of indefinite integrals these assumptions 
need not be verified. If there is any doubt as to the validity of 
either formula in any particular case the result is easily verified 
by direct differentiation. 
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211. Integration of rational functions. The integration of 
elementary compound functions is not so systematic as is dif- 
ferentiation. Certain wide classes of functions however can always 
be integrated. It is also always possible to integrate any function 
if it can be expressed as a power series, by standard form VII 
above,—a fact which is often useful in practical work. 

If a rational function R (z) can be expressed as a sum of partial 
fractions of the form 

R (a) = A,/(x —a,) + A,/(x — ay) +... + An/(H — An), 
we have at once 


[ B@) de =Aylog, (@—a,)+ Aslog, (w= a:) +... + Ay loge (@ — ay. 


Or the function 1/(a? + px + q), p and q being constants, can be 
rewritten as 1/[(x + p/2)? + (q —p?/4)]. 
If g—p’/4>0 and = a@ say, form V above gives 
[ da nd 
I (2+ p/2°+ @ 
and the function is integrated. 
If g—p’/4< 0 and =—a?, form VI above gives 


* are tan [(@ + p/2)/a], 


dx 1 
| @exparcet— gs tanh [e+ p/2)/a] 
oe 
or 2a log, Dp ; 
WO ae 9 + @ 


and the function is integrated. 
dx 
If = p?/4 l< ata 
= Pit | Got pee ee 
Rational functions may usually be integrated by these methods. 


212. Again the function 1/(/(a+ pe +q)) can be integrated 
similarly and we have 


f di 
| det pega oe 
where we=q—p/4& if g> p/4, 


or =argcosh[(x + p/2)/a], where a?=p?/4—q if q< p*/4, 
or =log,(«@+ p/2) if g=p?/4. 
Other integrations will be found in the examples. 
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EXAMPLES XXIV, 
[In these examples all letters except x denote constants. The ranges of 
validity of the results should be supplied. ] 
_ 1. Verify the following integrations: 
(i) 


ax i Ree 
fs ; 
ea Wa “rta’ 


moe this with the alternative form St qe coth - .) 
(ai) = — “are fan and = — = are cot = 
eae 2 a 
(211) [em adaz= —log, cosa; 
(iv) [ect adx=-+log, sin x; 
(v) | a* dz =a" log, e=a*/log, a; 
Oi) [oem plese (abe); 


Gi i Mota) dn= (wart. 


2. Establish : 


Sa : 1 

(i) [ cos2eae—5 sin 205 (ii) | sin 2u da = — > cos OUD 
é F 1 

(111) | cos nod sin nx ; (iv) [se ne dan = — 7, C08 Ne 3 


1 ee i 
(Vv) | costedo=s sin w 008 0-45 3 
; i : it 
(vi) J Sint 2de= — 5008 0 sin 245 23 


2 2 


oe ‘Lire Pe 
(vii) J £088 wdo-—5 sin w cost 0-45 sin 2 


(vill) | sin? edz=— : cos # sin? 4 — : cos #5 
(ix) i sin? cdz=— cos # _ cos? 4 — : cos? «x. 
3. Prove: 
Q) [tenn ada=log, cosh £ ; (1) foot adx=log, sinh «; 
(iii) | sech xdar=2 arc tan e*; (iv) [coseeh a da=log, tanh 5@. 


WMA Nef 
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4, By integrating by substitution prove: 


(i) / aes da= - log, (v?+a) [Substitution: #?=u]; 


(ii) | dx= —./(a?—x?) (Substitution: z2=u or e=asin uJ; 


1 mit 
(iii) lire ae aap (Substitution: l1-—x=u]; 


(iv) [ cosec xdx=log, tan (x/2) and 
[see 2dx=log, tan (r/4+.2/2) [Substitution: tan #/2=w]; 


dar 2 tee a—b : ; 
(v) (az ie en 0) are tan ( PER AO 5) if a>b [Substi- 
tution: tan (7/2)=u]. Determine the integral also if a<6 and if 


a=b. 


i) ax « sell 
acostr+b2sin2a ab 


are tan ¢ tan r) 
a 
[Substitution : tan #=w]. 


5. By integrating by parts prove: 


, 1 
(1) | are tan 2dx=wx arc tan 4 — 5 log. (1 +27) ; 
(ii) | are sin vda=ax arc sin v+,/(1 — 2) ; 
(111) | are cos rdx=a arc cos #—,/(1— x?) ; 
(iv) | toe. rde—a log, 2-2; 
1 1 
(v) | eenan = LO, On 
a a 
(vi) [feta —xe-*—Ane—* —Ye-* ; 
(vii) [ sin edermsin nv 008 2; 
(vill) iE cos vd7=cos 7+ Sin x; 
: . eee 2 Qe. 
(ix) | 2 cosarda=— x’ sin ax+— x cos av ——, sin ax ; 
a a a 
Fue Teg gas 2 
(x) | 2? sin avdx= —— x? cos ax+— 7 sin ax+—, cos ax; 
a a as 


(xi) it arc sec vdz=2x arc sec x —arg cosh x. 
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6. Prove: 


(1) he cos ba da =e” (b sin bx +a cos ba) /(a? +b?) ; 


(ii) ce sin bx da=e (a sin ba —b cos bx)/(a? + b?) ; 


Git) | rea = gy boalla + bxy((a—bm)); 
@ — 5277 + 6x 
(@?— 1) (w@+1) 
[Express the function to be integrated in the form of a sum of partial 
fractions of the form 
A/(w—1)+B/(a-1)?+ C/(e@+1)+ Di(x+1P?+E/(e +1). 
By multiplying up and identifying the numerators by equating the coefficients, 
A=1, B=2, C=0, D=0, H=—-1. The integration follows. } 


w+) = 5 
(v) i 3a? on™ A peg cree 


dx =log, (a —1) —2/(@ —1)+1/[2 (x +1)2]; 


1+a-32774+322 3 
7] 2. 
(vi) fismearae 7 ax =1/[2 (1 -2x)?] +5 arc tan x?; 


ee Wo ae 
ie) | cos [ey 94 3.4 7 

7. Any rational function is expressible as a sum of partial fractions of the 
types 
A,|/(a—a), Ao/(a—a)*, ...3 (Bye +C))/(2?+ pet), (Boat Cy)/(a*+pa+q), .... 
Of these types all except those with a quadratic denominator raised to a power 
>2 can be dealt with by the above methods. Shew how such a function as 
(Ba +C)|(a? +px2+q)? can be integrated. 

[The numerator Bx+C can be expressed as a (#?+ par +q)+(ba +c) (2x+p) 
and the function then =a/(a#?+px2+¢q) — (ba +e) S a) . The first of 
these two expressions is integrable as above. The second is reduced to a similar 
form by integration by parts. 

The integration of a rational function thus depends on factorising the 
denominator into linear and quadratic factors (simple or repeated), for then 
the function can be expressed in partial fractions of the above type,—as in 
Ex. 6 (iv). This factorisation can often (but not always) be carried out. Other 
methods of integrating rational functions are often more convenient (e.g., in 
particular, by the use of imaginary or complex factors). ] 


—..., valid for |v| <1. 


8. Evaluate the definite integrals 


oat fl 7 ‘ 10 
i —s a2, | ean, e-“sin vda, log, wdx, 
10 5) 0 1 


eh ae a/4 m2 
———, di, sin (a/n) dz, tan 7 da, sin? xdz, 
9 1+2? n) 0 n) 
a/2 , ; r/2 | 
i sin?z cos’ «dz, sint# cost rdz. 
0 0 


17—2 
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hew th CE be /6=a/6 
9. Shew that , (Le eas = E 


By expanding (1 — oy in a power series and integrating term by term 


deduce that 
MN iy ogee 
ROG ta Ol od Goins al 


10. Establish the identity of the circular and trigonometrical functions 
sin « and S(x) (and thence also of the derived functions) from the relations 


11. The function 1/z? is not defined and is discontinuous at =0. It is 
also not integrable in any range including the point «=0. The argument 


Balt ale = 


12. Prove that if two (bounded) functions f, (#) and fo (x) are integrable and 
positive throughout a range (a, 6), then the product f, (@) fo(x) is also in- 
tegrable. Deduce the same result whether the functions are positive or not. 

[If WM,’ and &,” are the upper bounds of f, (x) and f2 (2) in the part (a, 2) 
of the range (p. 243), the upper bound of fF, (x) fo (x) in (a, 2%) ¢ MyM”. With 
similar notation, the lower bound of f (#) fo (x) in (a, x1) >m,'m,". Therefore 
the difference between the upper and lower bounds of f{ (”) fo(x) in (a, x) 
<M My" — mm" = My My" — my") +m" (Af! — my’) < KA" — my" + My’ — m2), 
where X is any number exceeding all the values of f, (w) and f2(#) in (a, 6). 
Similarly for all the other parts (w, 22) etc. The difference between the larger 
and smaller sums for the function f, () fo (#) therefore < the sum of terms such 
as K (My — my") (a - a)+ K (M4! — m')(v,-— a), and therefore > 0 as A> 0, 
because of the integrability of f, (v) and fo (2). 

When f; (x) and f, (x) are not restricted to be positive, a constant A can be 
found so that H+/,(#) and K+/,(#) are entirely positive. Theorems (ii) and 
(iii) of p. 245 complete the proof. } 


is not valid. 


_ 13. Prove that if a function f/() is continuous at all points of an interval 
(a, 6), then the difference between the upper and lower bounds of f(#) in any 
and every part of the interval of width < A tends toO as A -—»0. (Uniformity 
of continurty.) 

[Let « be any positive number. Let (a, 2) be the greatest range starting 
from a in which the difference between the upper’ and lower bounds of 
J (€)</2. Because the function is continuous at a, there must be such a range 
<(a, 6). If a+), let (a1, 22) be the greatest range starting from 2, in which 
the difference between the upper and lower bounds < ¢/2. Repeat this process. 
There are two possibilities: (1) sooner or later the points a, 7, ... arrive 
at 6, or (2) all the points 2, 2, ...<b. In case (1) the theorem is conceded, 
for if A is the width of the least of the (finite number of) ranges (a, 2,), 
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(#1, #2), ... (@p,~1, 6), any range whatever which <A overlaps at most two of 
these ranges, and therefore in any such range the difference between the upper 
and lower bounds of f (7) <e/2+«/2=e. In case (2) the sequence 2, 7, ... has 
an upper bound=a<€b. a being a point of continuity of f(x), there is a range 
(a— 6, a+6) say with a as centre, within which the difference between the upper 
and lower bounds of f(x)<é¢/2. This range must overlap some of the points 
1, %,.... If £, is one such point, the range (%», a+ 6) is a range in which the 
difference between the upper and lower bounds of f (7) <«/2; and the next point 
to #» In the sequence of points #1, %, ... must >a+6. This contradicts the 
fact that a is the upper bound of the unending sequence 2, #2, .... Case (2) 
therefore cannot arise. 

It is interesting to see where this proof breaks down for the function 1/(a — 1) 
in the range (0, 1).] . 

14. Prove that, if f(x) is any bounded function which is integrable in (a, 5), 


Xi 

the function /’(XY), = | J (x) dz, is a continuous function of X. 

i a 

15. With the notation of Ex. 14, prove that, if f(z) is monotone, or of 
bounded variation, /(X) is differentiable on the right and on the left for all 
values of XY in the range and that the ‘“‘semi-differential coefficients” are equal 
to the limits on the right and on the left of the function f(X). 

§ 7. PROPERTIES OF THE DEFINITE INTEGRAL 
213. Functions assumed bounded and integrable. The deanive 


integral [ f(«)dx has several important properties, which are 


almost self-evident when the integral is looked on as representing 
the area bounded by the graph y=/f(a#). The student should 
interpret and verify geometrically all the results of this section. 
The proofs, based on the analytical definition of the integral, are 
likewise almost intuitive. We suppose throughout this section that 
the functions under consideration are bounded and integrable through- 
out the ranges concerned. 

214. Obvious properties. We have already, in the last section, 
stated the theorems expressed symbolically as 


c ) ¢ 
15 f (a) da = ST (&) da + | f (a) da, a, b, e being any real 
Ja a b ee 
numbers 


a kf (x) da = AL, J («) dw, k being any real constant; 


IL. ee [A@) +f (@)) de = ' flo) de+ i file) de 
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Some of the consequences of these theorems have also been 
developed above. 


215. The simple mean value theorem for integrals. No less 
evident, geometrically or analytically, is the following important 
theorem: 

IV. If m and M are fined numbers such that m <f (a) < M for 
all values of « in the range (a, b), and a < b, then 


pane [ /(@) de <M (b= a), 


For, the undivided interval (a, b) may be regarded as one of the 
systems of division of the definition (p. 243). For this system, 
the “smaller” and “larger sums” are >m(b—a) and <M(b—a) 
respectively. The result follows. 

If b < a, the inequalities will be reversed. 

This theorem is often valuable in giving upper and lower 
approximations to the value of an integral. In the theorem m 
and M may be taken to be the lower and upper bounds of f(#) 
in the range (a, b). We may then, on the assumption that f («) 1s 
continuous throughout the range, express the theorem in the form 
which will be described as the semple mean value theorem for 
integrals, viz. 


[ Fle) do = (6-0) f(®, 


where X is some number between a and b. 

For, by the generalised form of the fundamental property of 
continuous functions (p. 236), there is at least one value XY between 
a and b for which f(X) = any number between m and M; hence 


2b 
there is a number X for which f(X) = ( | F(a) dw) |(b —a); and 
» a 
the theorem is proved*, 
As a corollary to Theorem IV we have the following theorem: 
* Otherwise, by the mean value theorem of p. 239. Denote the indefinite integral 
[re dx by F(x). Then F(x) is differentiable and F(b)- F(a)=(b—a) F’ (X), 


b 
where X lies between a and }; i.e. i S (a) da=(b-a) f (X), by the fundamental 
formula. ‘ 


§ 7] PROPERTIES OF THE DEFINITE INTEGRAL 263 


If f:(#) and f,(@) are two functions such that Ai(@) <fr(@) for 


every value of x in a range (a, b), and a < b, then 


b b 
ey (x) da IAC da. 
For f, («) — f. (x) < 0 and 


[ A@de~ |" A) de=['[A@—f@lde <0. 


We can also deduce at once from Theorem IV that 

If the function f(a) is everywhere positive in a range (a, b), then 

x 
| j J (2) dx (= F(X) say) is a positive increasing function of X for 
X in the range (a, b); and uf f(a) <0, F(X) ts negative and 
decreasing. 

This follows because, if a < X,< X,<), 
then i Xr X= i ag f(a) da > 0; 
and similarly for f(a) < 0. 

This theorem is in conformity with the fact that the function 
F (z) is increasing throughout any range in which DF’ (z) > 0 and 
decreasing in any range in which DF (x) < 0*. 

216. The first mean value theorem. Theorem IV may be 
generalised so as to give upper and lower approximations to the 
integral of the product of two functions, one of the functions being 
everywhere positive. 

V. If f(«) and $(x) are two functions (both integrable) and 
$ («@) >0 throughout the range (a, b), and a<b; and if m and M 
are any numbers such that m< f(a) <M throughout the range, then 


b b {2 
® | $ (a) de < | f (0) 6 (0) de <M | 6 (w) de 


To prove this, we observe that, because ¢ (x) is positive (or zero) 
and m< f(x) <M, 
we have mo (x) <f (@) $ (2) < Md (2) 
for all values of # in the range; and the result follows immediately 
from the corollary to Theorem IV opposite. 

The corresponding result when ¢ (a) is everywhere negative is 

b 
M[ $(w)de< [ s@) pe) de<m |  (@) da. 


* P. 231 above. 
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Theorem V can be expressed in the alternative form 


[Fr@ow da= f(X) [e@ da, 


where X is some number between a and }, provided f(x) ts con- 
tinuous and $(x) everywhere positive. It is then known as the 
first mean value theorem. This theorem and its more general form 
(Theorem V) are of importance in estimating the magnitude of 
definite integrals which cannot be evaluated in ordinary terms. 


Thus, for example, the graph of the function sin a/a consists of a succession 
of waves. The area of the wave between the points v=2nm and #=(2n+1)r 


(2m+ 1) Tv sin x 
equals da. 


2u3r 


This cannot be evaluated in ordinary terms*; but the function sin is 
positive throughout the range and 1/x lies between 1/27 and 1/(2n+1) r. 
Therefore the area lies between 


1 (Qn+1)7 |. d qd 1 (2n+1)7 
810 eG an ee || 


ie. between 2/2n7 and 2/[(2n+1) 7]. If x is large this gives a good approxi- 
mation. 


sin vdz ; 


2a } one 2Qnt 


217. The second mean value theorem is less obvious: 
Lf f (x) and (a) are two integrable functions, and if f(a) is monotonely non- 
decreasing and positive (or zero) throughout the range of integration (a, b), then 


b oXe 
| "f(2) 9 (a) de= f(a) | * pode, 


where X 1s some number of the range,—v.e.a< X <b. 

To prove this theorem, we observe that the integral of the function f(x) (2) 
is the common value of the lower and upper bounds of such sums as 

F(a) My (a — 4) +f (41) My (2 — #1) +... +f (Pn—1) Mn (6 — Hp —1)...(1@) 

and F(a) my (@, — &) +f (21) Me (Xo — 4) +... +f (Hn 1) Mn (b— ay _3), ...(1 B) 
where M,, Mz, ... M,, are the upper bounds of (2) in the intervals (a, 2), 
(#1, %g), ... (%n—1, 6) and my, me, ... m, the corresponding lower bounds. 

Taking the numbers 

F(@), F (41) +++ F(@n—1)3 My (41-4), My (2-2), ... Mn (b - Hn -1) 

for the numbers 01, b,, ... dn; G1, G2, .-. Gp Of Abel’s lemma (p. 29), we have 
that the sum (1a) > f(a)», where p is the least of all the numbers such as 
M, (4 — a) + My (a, — £1) +... + My, (Wy — t= 1), vec cececees 58) 
where 1<k <n. ; 


It is easy to see that the expression (2) > [Po@ du, = (#,) say, and 
77 


* Tt can be evaluated as the sum of an infinite series. 
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thence that p>, where m denotes the lower bound of the function & (iX) 
(= ‘ie co) @) de) for all values of Y in the interval (a, 6). 


Hence the sum a a) > f (a) m, and therefore iF FS (2) b (a) da > f (a) m, 


Similarly i: J (2) b (2) dx < f(a) M, if M is the upper bound of © (x). 


Therefore ie i: J (x) b (w@) da=f (a) Y, where Y is some number between m and 


MM, the lower and upper bounds of # (XY), inclusive. 
But (XX) is continuous. The theorem follows from the fundamental 
property (p. 236). 


EXAMPLES XXV. 


1. Give the geometrical interpretation of Theorem IV, p. 262. 
2. Prove that if f() is integrable in a range (a, b) then | f (x) | is also in- 


tegrable in (a, 6) and | [ f(a) da 
a 


< ‘| | f (w) | da ; a being supposed less than d, 
a 


[The difference between the upper and lower bounds of | f(x) | in any range 
< the difference between the upper and lower bounds of f(x). The difference 


b 
between the “larger” and “smaller sums” in the definition of i | f.@e) ida < 
a 


b 
the corresponding difference in the definition ‘of | Ff (a) da. The integrability 
a 


of | f(x) | follows. The ay to Theorem IV establishes the inequality. ] 
Qr 
3. Shew that [r sy 


4. Deduce the theorem of p. 119 above from Theorem IV of p. 262 above 
in the case where the derivative Dy is supposed continuous and integrable. 

5. Rewrite the proof of the logarithmic expansion as given on pp. 122—123 
above using Theorem IV of this section in place of the theorem of p. 119. 


dz lies between + and $ 


b 
6. By applying Theorem IV to the integral | Df (x) dx, prove the mean 
a 


value theorem for derivatives (p. 239) in the case where the derivative Df (x) 
of f(#) is continuous. 

Deduce from this theorem that sin z lies between — a and ». 

7. Apply the first mean value theorem . ae that 


[. o- ppp ae=O5* ” DLDf(X)) 


where D[Df(X)] is the derivative es continuous) of the derivative of 
f (a) at the point X, X being some number between a and 0. 
By integrating by parts deduce that 


FO)=F (a) + 0-0) f’ (a+ OS 


where /’ (a) denotes the value of the re Df (#) at the point a, and 
D (Df (X)] is as before. 


a)? 


D(Df(X)) 
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8. Deduce from Ex. 7 that: 
(i) cosa lies between 1 and 1—2?/2; 
(ii) if 2 is positive log, (1+.) lies between w and w# — 27/2; 
(111) ~ a is positive and <1, (1—.)” lies between 


l—nax and Hep Ds 


n being any real number ; 
and (iv) ec =14+ 2+ x7 €6/2), 
where 6 is some positive number less than 1. 


9. Use Theorem IV to ie successively : 


Pe 
sinv<av; —cosa< Sy ; —sing<—4#+a9/3!; cosa<1l— Fi nar 
etc. if x is positive; and similar results when z is negative. 
Deduce sin w=% —2#9/3!+ 75/5! —... and cosv=1— #?/2!4+a4/4!—.... 
x 
[cosa <1; therefore [ cos dz < X,ie.sinv<a#. Again 
0 
x . x . 
| sinwde< [ ada, ie. 1—cose< %?/2. 
0 1 
We get in general that cosa differs from 1—%?/2!+a4/4!—...+9"/(2n)! by 


less than 2?"*?/(2n+2)! and sin # from 4 — #3/3!+...+#2"+1/(2n+41)! by less 
than «"*3/(2n+4+3)!. These» 0 as n—» ©, whatever the value of «.] 
10. Use Theorem IV to prove successively that, if v is positive and <log, K, 
l4+¢2<e<14+Ke, 1+04+2°/2 ce <14+a4 Ka], ... 
14+2+x7/2'+...44"/nl<e <1 4+a4a7/2!4...4a"—-1/(n—1)!4+ Karn! 
and deduce the exponential expansion for 7 > 0. 
Discuss similarly the case where z <0. 


11. Shew that if «>-—1 and n is any real number, (14+.)"+! lies between 
land 1+ A (n+1)2, where X is any number exceeding (1+.2)*, 
Thence prove successively that 


(1+)"*? lies between 1+(n+2)a” and 1442) ck oe 2, 


2! 
that (1+2)"*? lies between 1+(n+3) a a oe 
(1+2)™ lies between oo Vea m (1m (a Namr) 
r! 


and 
an m(m—1).. = Tl) 
qe ee a 
go x ea De .(m—r+1)(m-r) 
(r+1)! 


l+m2+4 


arti 
’ 
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where m=n+r+1, and none of the numbers 
nm, N+1,...n+7 (i.e. m—1, m-2,...m—r—1)=-1; 
(the results being then simpler). 

Deduce the general binomial expansion 
m US 1) eae a (m ~ 2) aoe 
for -1<#<1, and m any real number. 


(1+2)™=1+mae+ 


[Apply Theorem IV to the integral i i (1+2)"dxz and repeat. The binomial 
0 
theorem will follow if it can be shewn that the term 
m (m—1)...(m—r) 
(r+1)! 

That this is so if —1 <a <1 is seen most easily by observing that the ratio of 
the values of this expression for two successive values of 7 is (m—r) #/(r+1), 
which numerically < a positive number 4, less than 1, for all values of 7 suffi- 
ciently large. The series which has this expression for its rth term is therefore 
absolutely convergent and (a fortiori) this expression —> 0.] 

12. Deduce the second mean value theorem (p. 264) from the first mean 
value theorem in the special case when both the functions f(x) and ¢ (#) are 
positive (or zero), 


“wti—->O0O as rao. 


§ 8. VARIOUS APPLICATIONS OF INTEGRATION 
AND DIFFERENTIATION 

218. Areas. In this section we consider a few of the most 
important simple applications of definite integrals and of dif- 
ferentiation. 

The area of any plane region bounded by straight lines and 
curves which are the graphs of integrable functions is given in 
terms of definite integrals*. For example to find the area cut off 
the parabola y? = 4ax by the straight line « = a, we see on drawing 


the figure that the required area = 2 i y dx, where y = + /(4az). 
/0 


The area = 4,/a le Va dx=4An/a : Gi= 8a") 3: 
0 


It is, however, often convenient to suppose the region whose area 
is required divided up into elemental regions other than the rect- 
angular strips used in defining the area below a graph y= /() as 


b 
[ f(#)da«. It is clear that other methods of division will not (in 


any practical cases) lead to different values for the area of a region. 
* See Chapter 11, § 1. 
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To find the area of a sector of an ellipse (or circle). 

An ellipse is the closed curve such that the coordinates (a, y) 
of any point on it, referred 
to suitably chosen axes, 
satisfy the equation 

ela? + y?/b? = 1, 
where @ and b are posi- 
tive numbers. We _ have 
y=+b/(1 —2?/a?), and the 
curve is ap oval curve as in 
Fig. 24, with OA =a,OB=b. 
If a=bit is a circle of centre O and radius a. We wish to find 
the area of the sector AOC, where the angle AOC =a< q/2 (say). 

We could first find the areas of the triangle ODO (=4 OD. DC) 


OA 
and of the region A DC (= ydx, where y=bV/(1 — 2*|a*)) : 
J oD 


Let us, however, divide the sector into sub-sectors such as OPQ, 
where AOP = 6, OP =r, POQ = 80 say. 

The area of such a sub-sector, if 60 is small, will be approximately 
47°60, and we shall have roughly that the required area of the 
sector AOC is the sum of such terms $7766. 

Now ?’ is a function of @ given by the equation 
r cos? O/a? +7? sin? 6/b? = 1 
(because =r cos @ and y=rsin @); 


1.e. y? = 1/(cos* 0/a? + sin? 0/0") “ieee ae (1). 
Hence the sum of the terms such as 37°60 aan $r°dé as the © 
0 


greatest 60> 0,—from the definition of this definite integral, 
i $0 

| 9 cos? O/a? + sin? 6/0?’ 

It is in fact easy to see now that the required area is precisely 


1.e.—> 


a 1d0 
i cos? B]a? + sin? O/b 
For we have accurately that the area of the elemental sector OPQ 
lies between }O0P?6@ and 40Q°80, and therefore = $7°60 (1 +), 
where 7 >0 as 69-0; and it follows that the total area is the 
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limit of the sum of the terms 37°60 as the greatest 56 > 0, as in 


b s 
the definition of the definite integral I (a) da; 


i.e. = | “492d0, where r= 1/(cos? 6/a? + sin? 6/b?). 
0 


To evaluate this integral make the substitution tan 6 =u; so 
that d0/du = cos? 6. 
We then have 


du 
iL = 2 
| emee 15 (1/a? + u?/b?) 


| ab dw 


eee putting v = au/b, 


= tabarc tan v = fab arc tan (a tan 0/b). 


doje 


The required area of the sector AOC of angle a 
= ¢abarc tan (a tan a/b) — dab arc tan 0 
= arc tan (a tan a/b). 
In the special case of a circle, 
a=b and the area = $a’ arc tan tan a= 3a’o. 
‘The area of the complete quadrant OAB 
= lim (area OAC) = lim ab arc tan (a tan a/b) = 7rab/4; 


a—>7/2 a—>7/2 
or we aa use the alternative form 
4.ab [7/2 —arc tan (b cot a/a)] = $ab (7/2 — 0). 
The area of the complete ellipse = ab. 
The ease with which the solution of a problem of this character 
can be effected depends very largely on the choice of elemental 


e regions. The rectangular strips of the definition on p. 148 and the 


sectors are two of the most common types of elements. 

In most practical cases such problems can be simplified by using 
the method of integration by substitution or otherwise, Thus in 
finding the area of the complete ellipse we require 


aaa 
To evaluate the indefinite integral i b a/ 1- 3d, substitute 


a uw and then u = cos 0, so that 
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[e My eae = ab | ya Cee 


= ab {sin é(—sin 6) dé 


=-© [ 1 —cos 26) do 
=-9(0- ee 


Instead of substituting for @ in terms of # and then deducing 
the value of the definite integral from the indefinite integral so 
found, we notice that as w ranges from —a to a, w ranges from 
—1 to 1 and @ ranges from 7 to 0. 

Hence 


olde 2-0-2) 


—the required area. 


219. Volumes. To find the volume of a sphere of radius R. 

The sphere may be imagined cut up into slices by a set of parallel 
planes. Let Mand N (Fig. 25) be 
the points in which the radius OC 
is cut by two such planes, to which 
OC is perpendicular. The slice (of 
thickness MN = 6a) between these 
two planes will be circular; on one 
side the radius will be MP, and on 
the other VQ. The volume of this 
slice (assuming that the volume 
of such a region can be satis- 
factorily defined) is clearly less 
than MN x the area of a circle of 
radius MP and greater than MN x 
the area of a circle of radius VQ. 

Calling OM=a2, MP=y, MN = $a; 

the volume of the slice = 6x. 7y?(1 +7) where 7 > 0 as da 0. 

Dividing the diameter C’OC up into a number of portions such 

as MN, and adding up, we see that the required volume is the sum 
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of such terms as $x. 7y?(1 +7) and therefore equals the limit of this 


R 
sum as the greatest de-—>0, if this limit exists; ie. = i wy? dx, 
R 


where 7? = R? — 2°, if this integral exists. 
The integral exists and equals 


R 
| 7 (t= a") dir = Re [R — (— B)] — 3 [R'/3-(- B/3)] = sR, 
—the required volume. 


This discussion assumes that a satisfactory definition of the volume of such 
regions which are not parallelepipeds has been given. It is not difficult to 
give a definition, applicable to such solids as the sphere, on the lines of the 
definition of the area under a curve given in Chapter 11, § 1. Being concerned 
here with the practical question of the determination of such volumes, we omit 
such a definition. 


220. Centres of mass. Centres of mass and moments of inertia 
of continuous bodies may be found similarly. 

To find the centre of mass of a semi-circular lamina. 

Let O be the centre of the semi-circle A’BA of radius # (Fig. 26). 
Divide the region up into strips (e.g. 
PQQP’) by parallels to the diameter 
aod. Let OM=27, MN = 6%, UP =y; 
so that y? = fh? — 2. 

From mechanical principles, the 
moment of the strip about the line 
A’A =(area of PQQ’P’) x x’, where x’ 4’ O A 
lies between OM and ON, Fig. 26. 


=2y.dx.a(1-+7%), 


where 7 > 0 as da > 0. 
Hence, as before, the total moment of the whole semi-circle about 
A’A is equal to 


R R 
| 2aey de = | 2/(R? — 2”) x da. 
0 0 
Putting R?— «2? =u, we have 


2 
[2v( =a") ede = — [vu du=— 5 w= ~ 3 (AP — a2), 
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- ‘Therefore 
u 2 2 an 
| D) (RP? ae! a?) adxa=—=— Ce = R?)* aire (R? Pm ()32 Be Pc, 
0 3 3 | 3 


But the area of the semi-circle = 47h’, 
From mechanical principles therefore the centre of mass is on 


the radius OB, distant : R/tr7R?, i.e. 4h/37, from O. 


Again we have omitted to give a definition of the moment of an area about. 
a line as the limit of a sum of a type similar to that employed in the definition 
of an area. The precise definition and justification of the assumptions made 
‘on mechanical principles” are again not difficult. 


221. Lengths of curves. The length of an arc of a curve was 
defined in §1 of this chapter as the common limit (if it exists) of 
all sequences of perimeters of inscribed polygons, as the sides are 
indefinitely diminished in length. (Or as the upper bound of the 
set of perimeters of all possible inscribed polygons.) 

Let the curve be AB (Fig. 27), given by the equation y = f(z). 
Let the x coordinates of A 
and B be a and b(a<b). Let 
PQ be the chord joining the 
points P (a, y) and Q(« +h, 
y +k). We have 

PQ =V/(h? + k?) 
=h/(1+k/h?). 
Now k/h =the slope of the 
chord PQ, and therefore, by 
the mean value theorem for derivatives, k/h = dy/d« at some point 
on the arc PQ,—supposing the function f(a) is differentiable 
throughout. 

Adding up the lengths of all such chords PQ, we get a sum 
intermediate to the “larger” and “smaller” sums correspond- 
ing to the definite integral over the range (a, b) of the function 
/[1 + (dy/da)|. The sum of these chords therefore tends to 


b ~ 
[ V[1 + (dy/d«x)| dx as the chords PQ are indefinitely diminished 


in length,—provided the definite integral exists. The curve is there- 


Fig. 27. 
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b 
fore rectifiable* and its length is | V[1+ (dy/dx)| da, if this 


integral exists. This will always be the case if the derivative dy/da, 
i.e. Df(«), is monotone or continuous throughout the range (a, b). 
In particular, any are of a curve defined by y= f(a), where f(a) is 
any of the functions considered in this course, will be rectifiable if 
the are avoids any exceptional points of discontinuity, etc. As the 
derivative dy/dw ceases to exist at a point where the graph is 
parallel to the y axis, the length of an are. which is anywhere 


: b 
parallel to OY cannot be expressed as | V[1+4+ (dy/de)| dx. Such 


a case can be dealt with by using y as independent variable 
instead of w The length of the curve is then expressed as 


d 
[1 + (da/dy)] dy, where c and d are the y coordinates of the 


extremities A and B of the curve. 


222. Identity of the numbers = and 7. The circumference of 
a circle is easily found in this way +. 
Let R be the radius of the circle. ge 
The upper semi-circle A’BA (Fig. 
28) is given by the equation 

y =+ VE? — 2’). 

Let AOC = n/4 (half a right angle). ,, 
Then OD = R/,/2. 

The are BC 


R/V 2 
i [, V[1 + (dy/dx)’] de. 


Now dy/dx =— a/[/(f? — 2*)], 
and therefore 1 + (dy/da) = R?/(R? — 2°). 
Therefore the circumference = 8 x arc BC 
RiIV2 
a8 i V[1 + (dy/dxy] de 
0 
RIN 2 R 2 
| aya) 
* Tn accordance with either definition, pp. 200, 203. 
+ We know from the definition of the number 7 that the circumference of a 


circle of radius R=27R. Our object is to find the circumference independently of 
7 and thus determine 7. 


Fig. 28. 


WMA 18 
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To evaluate this integral use the trigonometrical substitution 


a= RS(u), so that de/du= RO (u) and R? — a? = R?(C'(u)P. 


Rdzx PC (u) du 
- = «| BR). 
Therefore heen is 2) =| “RC (uy = Ru = RS (a| R) 
Therefore the circumference = 8RS (1//2)=8Ra/4, by Ex. 4, 


p: 18i=2ak. 
This establishes the identity of the two numbers @ and z. 
The length of an arc of a parabola may be obtained similarly. 
For the parabola y = x, we have 
dy/dx =2x, 1+ (dy/dx)? =1 + 42; 
and therefore the length of the are between the points whose 
abscissae are a and b is 


= 


b 
| V1 + 40°) de. 
This integral can be evaluated by the substitution 2a = sinh wu. 


223. Motion under constant acceleration. Suppose a particle 
moves along a straight line under a constant acceleration, f say. 
The formulae giving the velocity and position of the particle at 
any time are easily deduced thus: 

If v represents the velocity and « the time, we have 

du/da = f (= constant). 


da 
If at the commencement of the motion (i.e. for « = 0) the velocity 
is u, we have u=C, and the formula giving the velocity at any time 
x is theretore v=u-+ fa, 
Again, if the distance moved through is represented by y, we have 
dy/dx =v =u + fa. 
Therefore, by integration, 


y= [Gude =| (u + fe) de = ux + fx?/2+ C, 

where C’ is a constant. 

If the distance y is measured from the point where the particle 
was at time x =0, we have 0=C". 

The formula giving the distance traversed is therefore 

y=uat+4 fa. 

Motion under known variable acceleration can often be similarly 

discussed. 


Hence, by integration, v = | de da = af + C, where C is a constant. 
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224. Taylor’s series. We know that a power series 
CHAO Pgh runs sete vailne Ustev eyes eee €:) 

if convergent for any value of # (besides w= 0), is convergent, and 
absolutely convergent, for all values of # interior to an interval 
(—f, R) called the range of convergence*. We know also that the 
sum function, f(x), is continuous and differentiable for all values 
of # interior to the interval and that Df(x) =a, + 2a,0 + Ba,27 4+... 
if— R < #< R,—this derived series being also absolutely convergent 
for all such values of a+. 

It follows therefore that the derivative Df(z) is a function of « 
which is continuous and differentiable and 

D [Df (@)] = 2a, + 2. 3a;,04+3. 40,0 4+... 

for — R<«< R, and so on indefinitely. 

If we put «=0 in these results we have 
a =f (x) when c=0, =f (0) say; a, = Df(x) when « =0, =f" (0) say; 
2a,= D[Df(x)] when «=0, =f” (0) say; 
2.9.0,=D)(D[Df(«)]} when «=0, =f" (0) say; 
and so on. 

We can therefore express the function f(x) as 


fl) =f(0) + af (FFF OS FO) + - 


for all values of «x interior to the range of convergence of this series. 
This series is known as Maclaurin’s series. It may be regarded as 
a special case of Taylor's series, which is 


flat h)=f(a)+hf (a) +5, f(a) +a, f" (a) + on, 


where f(a), f(a), etc. denote the values of f(a), Df(w), ete. at the 
point e=a. Taylor’s series can itself be deduced from Maclaurin’s 
series thus: 

Put w=a+y, and write F(y) for f(at+y). By Maclaurin’s 
expansion we have 

Fiyy)=F(0)+yF' (0) + yP" (0)/2! 4+ .... 

But F(0)=f(a), F’ (0)=f (a), ete. 
Hence flath)=f(a)+hf (a)+..., 
the result being valid for all values of h for which the series is 
convergent, the function f(a+/) being supposed defined for all 
such values of h by such a series of powers of h, 


* P, 193 and Ex. 13, p. 194. + Ex. 14, p. 195. 
18—2 
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225. We have not proved that any function f(a) can be expressed 
as the sum of such a Maclaurin or Taylor series; but only, for 
example, that the coefficients of such a series as (1) are given by 
the values of the function and its successive differential coefficients 
at the point «=0. If we have a function f(#) whose differential 
properties are known (so that we know for such a function the values 
of f(0), (0), 7” (0), etc.) we may desire to express it as the sum 
of an infinite power series. 

For example, take for f(x) the circular function sin 2. 

We have f(0) =sin 0 =0; /’(0)=dsinaw/d« when «=0, =cos0=1,; 
ft’ (0) =d cos a/da when « =0,=—sin0=0; f’”(0)=d(—sin a)/dex 
when «=0, =—cosO=—1; f(0)=0; f”(0)=1; ete. 

The corresponding Maclaurin series 


2 
(0) + af (0) +5; if (O45 tae (2) 
is 0+2+0—0/38!4+0407/5!+..., 
Le. x — 0/3! + a/5!—.... 


It is tempting in such a case to conclude that the sum of the 
series is the original function. In practice this is in fact often the 
case (as it is in the example considered). But we have proved only 
that 7f the series (2) is convergent for a range of values of #, and 
if the sum function is called F(a), then F'(0)=f(0), F’ (0) =f" (0), 
etc. It is conceivable (i) that the Maclaurin series arising from a 
given function f(#) may be not convergent for any value of w, and 
(11) that there may be two (or any number of) different functions 
J (&) and F («) such that F (0) = f (0), F’ (0) =f’ (0), ete. 

These possibilities are indeed very real; and the suggested line 
of argument is untenable. 


226. We may however easily test, after the Maclaurin series is 
obtained, whether or not it is convergent for any range of values 
of #. It may also be possible to find some means to test also the 
second possibility after the series is found. Realising this, we may 
still use the above process as a suggestion as to what the power 
series for a given function is likely to be. We will content ourselves 
with this position ;—though it is possible to establish certain general 
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conditions under which the series thus formed necessarily repre- 
sents the original function *. 


227. The identity of the trigonometrical and circular 
functions. In the case mentioned above of the expansion of sin « 
in a Maclaurin series, the series found, viz. 

xe — 2/314 2/5!—..., 
is the series considered in Chapter 111, §5 above. This series was 
there seen to be convergent for all values of «, and we called its 
sum function S(x). We have now to prove that the two functions 
S (a) and sin « are identical. 

We will prove also at the same time that the two functions 
C(x) and cos are identical. We shall then have established the 
Maclaurin expansions of sinw and cosa and have identified the 
trigonometrical functions of Chapter 1, §5 (and their derived 
functions 7’ (x), etc.) with the circular functions of trigonometry. 


228. Write C(#)—cosa=y, 
S(v)—sin x =z. 
Differentiating with regard to #, we have 
Dy=—S(«)+sina2=-—z, 
Dz= C(«#)—cos a= y. 
Multiplying these equations by y and z and adding, we get 
yDy + zDz=0, 
Le. D (yp? + 2) = 0. 
Therefore y? + 2 =constant (= C say), by the theorem at the top 
of p. 250, and C=0 because, when #=0, y°+2=0. 
Hence 7? + 2? = 0 for all values of #; 
whence both y=0 and z=0 for all values of «, because y’ and 2? 
cannot be negative. 
That is cost=C(a#) and sing=S(z2). Q.E.D. 


229. The binomial theorem. Let us try to establish similarly 
the Maclaurin expansion of the general power of the binomial, 
viz. (1 +)", where n is any real number. 

Writing f(x) =(1+)" we have Df(z)=n(1 +a)?" 
and therefore (f’ (0)=Df(w) where #=0, =n. 


* One such case, in which Taylor’s expansion is necessarily valid, has been given 
_ above, in Ex, 15, p. 195. 
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Again D[Df(a))=n(n—1)0+2)?? 
and therefore Sf’ (0) =n(n— 1). 
.And so on, 


ff" 0) =n(n—1)(n—- 2), fi" (0) =n (n— 1) (n — 2) (n— 38), ete. 
If n is a positive integer, one of the factors n, n — 1, ete. will be 

zero, and from that stage the derivatives will all be zero. In all 

other cases the series thus suggested as the expansion of (1 + «)” is 


n(n—1) - nS Oma 


1l+nx+ 21 me Si bee (3) 


230. Having found this series we now determine whether it is 
convergent for any value of « By the ratio test* or otherwise we 
see that it is convergent for all values of « between —1 and 1. 
We have still to prove that the sum function of the series (3) is 
the function (1 +z)”. 

This may be proved thus: 

Calling the sum function of (3) y, we have 
n—1)(n—2 
( : 2) 


=n [1+ Qe GS DED oy. 


Dy=n+n(n—1l)e+n 


and (+0)Dy=n| 14 (n= 124 G2 UG?) , 


ta+(n—1e+...| 
=n E tno + att ..| 


2! 


=I 
or (1+) Dy—ny=0, 
valid for -l<a<1l. 
. Multiply the relation (4) by (1 +a)-""4, 
We have (1+a)-" Dy—yn(1+a)-"7=0, 
Le. DY Vere a 04) ay 
Therefore (1 + #)~-” y = constant 
=1; 
because when # = 0, (1+a)-"=1 and y=1. 


wad Rss (0), ° 
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Hence y=(1 +)", and the binomial theorem is proved; viz. 
ON ae re 2) 

21 31 Clee 3 

for all real values of the index n and all values of « between —1 


and 1. If n is a positive integer the series terminates and the 
result is true for all values of «. 


(+a)"=1l+ne+ 


231. The above proofs of the identity of the functions sin 2, cos, (1+a)" 
with their respective power series have been based on the differential properties 
of the functions and of the sum functions of the series. The relation (4) in 
fact, from which the binomial theorem has been deduced, is a “differential 
equation”; and the above proof consists in determining from this differential 
equation the nature of the function y involved. Such a process is called 
solving the differential equation. Differential equations provide a weapon of 
great power in several branches of mathematics. Their discussion however 
lies beyond the scope of this course. 


EXAMPLES XXYI. 


1. Find the area of the segment of the hyperbola «?/a?—y?/b?=1 cut off the 
branch which lies to the right of the y axis by the line x= 2a. 

2. Find the volume and centre of mass of a square pyramid of height h, the 
length of a side of the base being a. 

[Divide by planes parallel to the base. ] 

3. Find the volume and centre of mass of a right circular cone of height h 
standing on a circular base of radius a. 

4, Find the area and centre of mass of the segment of the parabola y?=4ax 
cut off by the line v= 4a. 

5. Find the centre of mass of the plane area bounded by the half of the 
ellipse «?/a?+y?/b?=1 above the « axis and by the z axis. 

6. Given that the acceleration of a body moving along a straight line is 
f=e-*sin nz, where 7 represents the time and 7 is a constant, and that the 
body started at time v=0 at a point O with velocity w in a given direction, 
find the velocity and position of the body at any time z. 


| dolawmfme-*sin Nu gives v= | fam f e-*sin nuda. Integrate by parts 


(twice). Similarly for the distance y from 0, which= | v ae. 


7. Given that the acceleration of a body moving along a straight line is 
—kv, where v represents the velocity and & is a positive constant, find the 
velocity and position of the body after a time « in terms of «, & and the initial 


velocity (w). 
[ enue y= a- ),| 
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8. Find the lengths of the ares of the curves y=coshw# and y=sinhz 
between the points (0, 1), (1, cosh 1) and (0, 0), (1, sinh 1). [The curve y=cosh « 
is the catenary. | 

9. Establish the identity of sinw and S(x) with cos# and C(«) by the 
method of Ex. 5, p. 132. 


10. Prove the binomial theorem by the method of Ex. 5, p. 132. 


11. Assuming the derivatives of sin, cos.2, S(x), and C(x), prove that 
S(a)sinv+C(z)cos#=1 and §(#) cos 2-0 (#) sin v=0, 
and thence that S(#)=sin # and C(x)=cos a. 

12. Prove that if y, and y, are two functions of # such that Dy,=y, and 
Dy.=Yyy then y;/y,=constant. Hence, assuming De*=e” and DE (#)= (2), 
where #(x) denotes the sum function of the series 1+%+.2?/2!+43/3!+..., 
prove that e*= H(z). 


13. Given that the derivative Dy, of the sum function y, of the binomial 
series (3) of p. 278 satisfies the relation (4) of that page, and that the function 
Yo=(1+)” satisfies the same relation, use the formula for the differentiation 
of a quotient to shew that y;/y:.= constant. 

Deduce an independent proof of the binomial theorem. 

14. By writing y=1—2?/2!+4+a4/4!-...40°"/2n!—cos a, 
prove that cos w= 1—47/2!4+au4/4!—... 
without assuming any knowledge of the functions S (x), C(x). 

15. Obtain the Maclaurin expansions for the functions 

é, sinh w, cosh, log,(1+.), e-*sinx, e~*cosax, cos # cosh a. 


16. Establish the expansions of Ex. 14 by the method of Ex. 12 or by the 
method of Ex. 5, p. 132. 


APPENDIX 
COMPLEX NUMBERS 


232. Inadequacy of real numbers for purposes of algebra. 
In Chapter 1, beginning with the notions of whole number and of the arith- 
metical operations on whole numbers, we defined the new class of rational 
numbers so as to render possible, in every case, certain arithmetical operations 
(of division and subtraction) which are, in some cases, impossible so long as 
we are restricted to whole numbers. We then introduced the wider class of 
real numbers, in order, primarily, to overcome the deficiencies of the system 
of rational numbers for the purposes of measurement. In doing so we had 
occasion to prove that certain operations, such as the extraction of the square 
root of a positive non-square number such as 2, which were not possible when 
our number-system was restricted to that of the rational numbers, were then 
possible. But we noticed (p. 19) that there were still operations of a similar 
character that are not possible (for example, extracting the square root of the 
negative number—2). The question arises whether we can define a new class 
of numbers so that all such operations are possible. 

The answer to the question is that we can define a new system of “numbers,” 
called complex numbers (and laws of operation on these numbers), such that 
all algebraical operations, applied either to real numbers or to these complex 
numbers, are possible and preserve the validity of the fundamental laws (p. 2). 
Such operations, however, will not always lead to unique results. 

The algebraical operations contemplated include all those used in defining 
a general polynomial and in the solution of polynomial equations. Thus, for 
example, if z is any real or complex number, 2’, ./z, and 2? are definable as 
complex numbers*. 

233. Definitions of complex numbers. The definitions required 
may be developed naturally by assuming tentatively the existence of such 
“imaginary numbers” as ./(—6) and the truth of the laws of algebra when 
applied to them. Thus, for example, we should see that ./(—6) may be ex- 
pressed as ./(6)x/(—1) and that any imaginary number like ,/(—6) can be 
expressed in terms of the standard imaginary number ,/(—1); also 

{a +91 J(—1)} + feet yeM(—1)p = (414+ 22) + +42) N(- 1) 
and = {@+y1/(—1)} {2+ YoV(—1)} =(@1%2- 1Y2) + (M1Y2 +9142) \(— 1). 

In this way the definitions are suggested. They may be expressed thus: 

I. Any (ordered) pair of real numbers 2, y defines a complex number (x, ¥/]. 

II. One complex number [2,, y:] equals a second complex number [%2, Y2| 
if and only if 2) =, and y¥;=%. 

III. The complex number [z, 0]=the real number ~. 


* Cf. the restrictions on pp. 19 and 89. 
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IV. The sum and product of two complex numbers are defined by the 
equalities 
[21, ~)+[22, YoJ=[M1 +22, 1+Ye) 
[715 1] x [25 y2]=[M1at2- Piya My2tyi er]. 
Differences and quotients are deduced from sums and products. 
The two numbers «, y of a pair [z, y] are called respectively the real and 
imaginary parts of the complex number. If y=0 the complex number is said 
to be wholly real; if «=0, wholly imaginary. 


234. With these definitions we have at once that the fundamental laws of 
p. 2 hold; for, e.g., 
[75 41] x [425 Yo]=["1%2-N1Y2, M1Y2t+ 12} 
= [4201 - Yor, Li + Y2%1) 
=[22, y2)x[%, %), 
establishing the commutative law for multiplication. 
From the equality [z, 0]=w we have [1, 0]=1 and [w#, 0]=[1, 0] xz. 
Corresponding to this, 
[0, y\=([9, 1] x Ly; 0) 


=[0, 1] xy. 
Also (9, yP=[9, ¥] x19, yJ=[-9*, O] = - 
and, in particular, ROY A Pees ik. 


In view of this last relation, the fixed complex number [0, 1] may be regarded 
as a square root of —1. It is usually denoted by the letter 7. 

We notice that another number, viz. [0,—1], is also a square root of —1. It 
clearly equals [0, 0]—[0, 1], i.e. 0-2, which is appropriately written — 7. 

That ordinary algebra can be applied to complex numbers follows from the 
validity of the fundamental laws. If zis any complex number, the polynomial 
An 2” + Gy 12" 1 +...+42+a 

represents a unique complex number. 

We may now, if we wish, change the notation and write the complex number 
[w, y] as v+vy and treat «+7y as an ordinary algebraical expression, replacing 
7? by — 1 wherever possible in any algebraical combination. This is always done 
in using complex numbers. 


235. The roots of real and complex numbers. We can shew that 
every real number @ (except 0) has two and only two square roots, i.e. complex 
numbers z such that 2=a. 

Thus let z=7+~y, so that #=(2?—y")+72ey; then 2=a if and only if 
a’—y=a and 2xy=0. This will be the case if and only if «=0 and y?= —a, 
or y=0 and w?=a. , 

If a>0, this will be the case if and only if y=0 and z=+/a; and then 
tn Oe 

If a <0, it will be the case if and only if =0 and y= +,/(—a); and then 
z= +71,/(—a). 
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The square roots ./a, ./(— a) occurring here are the ordinary unique (positive) 
square roots of the positive number a or —a. 

With the help of the elementary properties of the trigonometrical (or circular) 
functions it can be proved that every real (or complex) number (other than 0) 
has precisely 2 roots of the nth degree,—n being any positive integer. The 7 
nth roots of unity (i.e. 1) are 

1, cos 2n/n+isin Qr/n, cos 4mr/n+isin 4r/n, ... 
cos (n — 1) 2r/n+7¢sin (n—1) 2r/n. 

It can also be proved* that every equation of the ath degree in one unknown 
has precisely 2 rootst. This fact establishes—with added precision—the 
statement of p. 281 as to the possibility of algebraic operations applied to all 
real or complex numbers. 


236. Geometrical representation. Modulus. Corresponding to the 
use of real numbers for the purposes of measurement along a straight line, 
complex numbers may be used to represent points in a plane. The complex 
number « +7y is taken to correspond with the point whose rectangular Cartesian 
coordinates (referred to a chosen pair of axes) are x, y. The resulting diagram 
is called the Argand diagram. 

If O is the origin of the Argand diagram, OX, OY the axes, and P the point 
corresponding to the complex number z (=x+7y), the real numbers which 


measure the distance OP and the angle X OP (in radians) are called the modulus 
and the argument or amplitude of the complex number z. The modulus is 
taken to be essentially positive. It is alternatively defined purely analytically 
as +,/(a?+y?). It is written |z|. The amplitude will here be denoted by amz. 
The amplitude of 2 would be unique if we agreed to consider only angles from ‘ 
(say) O to 27 radians. It is inconvenient as a rule to do this and the amplitude 
is defined (again analytically) to be any one of those angles (or numbers) 6 for 
which cos@=./|z| and sin@d=y/|z| (or C(@)=a/|z| and S(@)=y/|z|). The 
value 6 for which—a <6<>7 is called the principal value of the amplitude. 
If |z|=7r and am z=6, z can be expressed in terms of 7 and 6 as 
z=r cos 6+7r sin 6=r (cos 6+7sin 6). 
The modulus of a wholly real number » is the modulus in the sense of p. 44. 


237. Limits. The notions of greater and less do not apply to complex 
numbers, but, with the introduction of the modulus, the definition of the unique 
limit of a sequence of real numbers, as stated on p. 45 (that |s,,—- Z| << under 
stated conditions), becomes applicable without change to the case of a sequence 
of complex numbers.’ Convergent sequences and series of complex numbers 
can therefore be used. In particular, functions of the complex variable z can 
be defined by means of power series as in Chapter m1, S§ 4, 5, and 6. The 
notions of continuity, differentiability, and integrability can also be extended 
to functions of a complex variable. 

* See Hardy’s Pure Mathematics, Appendix I. 

+ On p. 238 above we have examples of cubic and quartic equations with only one 
and two real roots respectively. ‘They have of course respectively three and four real 
or complex roots. Compare also Ex. 4, p. 161. 
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These extensions in some cases (e.g. integration) involve the consideration 
of multiple-valued functions, resembling the »-valued nth roots of a real (or 
complex) number. The extension of the term logarithm which will apply to 
the case of the logarithm of a negative number to a positive base involves such 
considerations. 

For detailed information on complex numbers the student is referred to 
Hardy’s Pure Mathematics, Whittaker and Watson’s Modern Analysis and 
books on the theory of functions of a complex variable. 


EXAMPLES XXVII. 


1. Shew, by direct multiplication, that if 7 and y are any real numbers, 
(cos #+7sin x») (cos y+7sin y)=cos(#+y)+7sin (4@+y), 
and deduce de Moivre’s theorem for a positive integral index, viz. 
(cos 7+7 sin v)"=cos nz+7sin na, 
where 7 is any positive integer. 

2. Deduce from Ex. 1 that the nth powers of every one of the numbers 
cos (Qh /n) +7 sin (Qkr/n), where & has every integral (or zero) value, is 1. 

3. Prove that for any positive integral value of » there are precisely 
n different 2th roots of unity. 

4. Prove that, if p and q are positive integers having no common factor 
and z any complex (or real) number, there are precisely g values of 27/4, i.e. 
complex numbers Z such that 74=2?. 

5. Prove that if z, and z, are any complex numbers 

(i) |l4a|—[4el| <la bel <|al+|4el; 
(il) | 44|= - [225 

(iti) |41/22|=|41|/|421; 

(iv) am (2,2)=am 4+am 29; 


ol 


(v) am (4/2) =am z — am 2; 
where in (iv) and (v) the appropriate values of the amplitude are chosen, not 
necessarily the principal values on both sides. 

Interpret (i) geometrically on the Argand diagram. 

6. Prove that a sequence of complex numbers is convergent if and only if 
the two sequences formed respectively of the real and imaginary parts of the 
terms are separately convergent; and that, in the case of convergence, if the 
limits of the separate sequences of real and imaginary parts are s and ¢, the 
limit of the complex sequence is s+7t¢. 

[Denoting the typical term of the sequence by s,+7t,, if s,—>s and t, >t, 
[(s-+%t) - (n+ 4p) <|3—an| +t ts] <5 +5 
large, whatever positive number the arbitrary e may be; whence s, +7, —» s+ 7¢. 


=e, for all values of n sufticiently 


Conversely if Sy tity, > s+ tt, 
|s—s,| and |¢—¢,|, each of which <|(s+)—(s,+7t,)|, are clearly both less 
than « whenever |(s+7t) — (8) +7tn)|<e; and the result follows. ] 
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7. Prove that if the real series of positive terms whose typical term is 
|U,+tvp| converges, the complex series whose typical term is u,+72v, also 
converges. (Such a series is said to be absolutely convergent.) 

[From the hypothesis, the sum of any number of terms of the first series is 
bounded (ie. <A); whence (a fortior’) the sum of any number of terms of 
each of the series whose typical terms are respectively |w,| and |v,| is bounded, 
and these series are convergent ; whence it follows (p. 78) that the series whose 
typical terms are wu, and v, are convergent. Hence the result. ] 

8. Prove that the series 

(i) Ll+ze+2/2!42/3!+..., 
Gi) 1—2?/2!+24/4!—..., 
(i) z—28/3!425/5!—... 
are convergent (and absolutely convergent) for all (complex) values of z, 

9. Denoting the sum of series (i) of Ex. 8 by £(z), shew that, if z=x+7y, 

(i) H(z)=e* (cosy+zdsiny), where e* denotes the (unique) exponential 
function of Chapters m1 and 111; . 

(ii) cosy=[B (iy) +E (-y)I/2, siny=[E iy) - B(-w)]/2%. 

(Euler’s equalities.) 

10. Denoting the sums of series (ii) and (iii) of Ex. 8 by O(z) and S(z), 
establish the addition theorems and other properties of the “trigonometrical 
functions” of the complex variable z. 

11. Shew that, if Z is any complex number for which #(Z)=z, all the 
numbers (=Z+2n7r7i (where n is any positive or negative integer or zero) 
satisfy the equation H(¢)=z; so that, if the generalised logarithm logz is 
defined to be any number ¢ for which #(¢)=z, logz has an indefinite number 
of values, viz. 7+ 2n77. 

12. If|z|=r and amz=86, the generalised logarithm (Ex. 11) has the values 
log z=log,r+76+2n77, where log,r is the (real) Napierian logarithm of the 
positive number 7. 

In particular log (— 1)=¢1 +2nm1. 

13. The generalised exponential e” is defined as # (z log e), where log ¢ is the 
generalised logarithm of ¢, i.e. loge=log,e+2nmi1=1+2nm1, where m is any 
integer or zero. [This definition is equivalent to e= H(z) H(2nmzz). | 

Shew (i) If z is an integer (or zero) this definition defines e? uniquely and 
agrees with the definition of Chapter u, § 1. 

(ii) If z is a fraction p/g, p and q being positive integers with no common 
factor, e* has g values, which are those numbers Z for which Z4=e” (Ex, 4); 
in particular e!’? has the two values Je, — Je. 

(iii) If z is an irrational number, e* has an indefinite number of values, 
one of which is the positive real number ¢? as defined in Chapter 1, § 1. 

14. The generalised exponential a’, where @ is any real or complex number 
except 0, is defined similarly : 

a*= E (zlog a), where log a is the generalised logarithm. 

15. The generalised logarithm log, z, where @ is any real or complex number 
except 0 and 1, is defined as any number Z such that the generalised expo- 
nential a7=z. 


BIOGRAPHICAL NOTES 
ON MATHEMATICIANS MENTIONED * 


Evctip, famous as the author of the Elements of Geometry,—which has been 
the basis of geometrical teaching for 2000 years,—was born about 330 B.c. and 
died about 2758.c. He taught in the Greek University at Alexandria. The 
Elements is a systematic text-book on geometry and arithmetic, as then known 
to the Greeks, and includes the work of previous geometers such as Pythagoras. 


ARCHIMEDES, perhaps the greatest mathematician of antiquity, was born at 
the Greek city of Syracuse in Sicily in 287 8B.c., studied at Alexandria and 
returned to Syracuse, where he was killed by a Roman soldier at the fall of 
the city in 212B.c. His work covered most branches of mathematical know- 
ledge, including the mensuration of the sphere, etc. and work on mechanics, 
well-known to this day, 


Joun Napier, a Scotsman, was born in 1550 and died in 1617. Besides the 
invention of logarithms, several trigonometrical formulae are due to him. 


René Descartes, born in France in 1596, was perhaps even more famous 
asa philosopher than as a mathematician. His invention of Cartesian geometry, 
named after him, was epoch-making and may be considered to mark the com- 
mencement of modern mathematics. He lived chiefly in Holland and died in 
Sweden in 1650, = 


JamEs GREGORY, born in Scotland in 1638, was one of the various fore- 
runners of Newton. He died in 1675. 


Isaac Newton, the son of a Lincolnshire farmer, born in 1642, has been 
described as the greatest mathematician of all time. He was frail as a child, 
but his mental powers were already phenomenal when an undergraduate at 
Cambridge. In fact, most of his brilliant discoveries may be said to have been 
born in his mind about that time or soon afterwards, though not elaborated 
until many years later. His most important work was embodied in his 
Principia, which contains his results in the theory of gravitation, many of them 
discovered by the help of his method of “fluxions” (i.e. differential and integral 
calculus) but expressed in the traditional geometrical form. His results in 
calculus and geometry were to some extent developments of the work of his 
predecessors,—notably his tutor Isaac Barrow,—and the time was undoubtedly 
ripe for Newton’s work ; but this work alone would suffice to put Newton well 
in the first rank. Newton was of an extremely modest disposition and of 
high moral character. He died in London in 1727, having been a professor at 
Cambridge since 1669, Master of the Mint since 1699 and a knight since 1705. 


GoTTFRIED WILHELM LEIBNIZ, generally accepted as the co-discoverer with 
Newton of the methods of the infinitesimal calculus, was born at Leipzig in 


* Taken from W. W. R, Ball’s Short Account of the History of Mathematics. 
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1646 and died at Hanover in 1716. The differential notation which he used 
has proved more convenient than Newton’s fluxional notation and is still 
retained. He took much interest in politics and visited England in that con- 
nection. He was also a philosopher of the first rank. 


Micuet Roxtz, born in 1652 and died in 1719, was a French professor who 
wrote on algebra and the theory of equations. 


ABRAHAM DE Motvre was of French birth (born 1667) but was brought up 
and lived in England. He was one of the founders of that part of analysis 
(developed later by Euler) which deals with the connection between complex 
numbers and trigonometry. He died in 1754. 


GEORGE BERKELEY, Bishop of Cloyne in Ireland, was born in 1685 and died 
in 1753. He became famous as an idealist metaphysical philosopher, particu- 
larly for his classical “proof” of the existence of God. 

Brook Taynor, born near London in 1685 and educated at Cambridge, was 
one of Newton’s admirers. He is chiefly known to mathematicians by his 
theorem on expansions. He died in 1731. : 

Coin Macraurin, Professor of Mathematics at Edinburgh, was born in 
1698 and died as a result of military privations in opposing the Jacobites in 
1745. He wrote a treatise on //uxions, upholding the Newtonian ideas against 
Berkeley’s attacks. 

LronarpD EULER was born in Switzerland in 1707 and died at St Petersburg 
in 1783. He was the best-known mathematician of his time, his mathematical 
studies covered a wide range, and he left very little without his impress. His 
work showed very clearly the need for a new critical development of analysis 
and in this sense he may be regarded as the father of modern analysis. 


JEAN LE RonpD D’ALEMBERT, born at Paris in 1717, is noted chiefly for his 
solution of the problem of vibrating strings, which was the starting point of 
niuch of modern mathematics, Much of his time was spent on the French 
encyclopaedia. He died in 1783. 

JosepH Louis LAGRANGE, the greatest mathematician of the eighteenth 
century, was born at Turin in 1736 and died at Paris in 1813. For twenty 
years he was at the court of Frederick the Great at Berlin. He was an ana- 
lytical purist and in his hands analysis proved by no means a less beautiful 
instrument than geometry had been by tradition. The modern subjects of 
differential equations, calculus of variations, and theoretical dynamics are 
almost entirely due to his genius; and bis work in the theory of numbers and 
in the calculus of finite differences is still of active importance. His classical 
Mécanique Analytique has been described as a scientific poem, His Honetions 
Analytiques, published in Paris at the time of the French Revolution, contains 
his attempt to found infinitesimal calculus on pure algebraic analysis. He was 
of a modest disposition and was liked by all,—princes and revolutionaries, 

JeaN Ropert ARGAND, a Swiss, born in 1768 and died in 1822, dealt with 
the geometrical representation of complex numbers before their more syste- 
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matic development in the hands of the greater mathematicians Gauss and 
Cauchy. 

JEAN Baptiste JosepH FourteEr, famous for his Théorie analytique de la 
chaleur, in which,—discussing questions of Heat,—he uses the type of series. 
now known by his name, was born in France in 1768 and died in 1830. Much 
of modern analysis—connected with the general notion of a function of a real 
variable—has arisen directly out of a study of the properties associated with 
Fourier series. 

BERNARD Bouzano, born in Austria in 1781 and died in 1848, was not. 
well-known, but he anticipated in some points the great founders of modern 
analysis. 

Aveustin Louis Caucuy, the chief founder | of modern analysis and the 
theory of functions, was born at Paris in 1789. Though not as precise and 
acute in mind as Abel and Weierstrass, he was remarkably active and fertile 
in ideas. The subject of the theory of functions of a complex variable depends 
fundamentally on Cauchy’s well-known theorem in that subject. Cauchy is 
typical of the French school of analysis of the nineteenth century. He died 
in 1857. 

Nieirs Henrik ABEL, a Norwegian, was born in 1802 and died in 1829. In 
his short life he shewed remarkable brilliance, and his work on elliptic functions, 
Abelian integrals, and infinite series has been a model for later mathematicians. 

KARL Warerstrass, be born in ‘Westphalia in 1815 and later a Professor at. 
Berlin, where he died in 1897, is the chief German representative of the nine- 
teenth century growth of modern n analysis. In his development of the theory 
of functions he insists on concrete “algebraic definitions and hard logic, and in 
this contrasts to some extent with the more transcendental methods of the 
French school. Weierstrass’s work, together with that of his shorter-lived 
versatile and brilliant contemporary Riemann (1826—1866), forms the ideal 
complement to the far-reaching ideas of the French analysts. 

Junius WILHELM RicHarD DEDEKIND was born at Brunswick in 1831 and 
died in 1916. He followed up Dirichlet’s work on the theory of numbers. Of 


his several fertile ideas his definition of irrational numbers by Dedekindian 
sections is the best-known. Naser 
te 
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Abel’s equality, (26) 
», lemma (inequality), 29 
Absolute convergence, 77, (285) 
5 value. See Modulus 
Addition, 2, 7, 18; of series, 80 
ns theorems, 173, 179, 205 
Algebra, 1 
Alternating sign series, 74 
Alternative forms for integrals, 253, 254 
Amplitude (argument), 283 
Analytical geometry, 136 
Antilogarithms, 127 
Approximate solution of equations, 26, 
238 
Approximations; to functions by poly- 
nomials, 167; to irrational numbers, 
16, 38 
Arbitrary constant, 253 
Area, 148, 205; of ellipse, 269; under a 
curve, 143 
Argand diagram, 283 
Argument (amplitude), 283 
Arithmetic continuum, 19 
ro mean, 29, 233 


Base; of logarithm, 94, 97; of power, 
85 

Between, 29 

Binomial; series, (84), 169, 278; theorem, 
22, 169, 279 

Bolzano-Weierstrass theorem, 46 

Bound, upper (or lower), 39, 40, 148, 236 

Bounded function, 150, 242 

Bounded set or sequence, 39, 40 

Bounded variation, 138, (152); of special 
functions; 22, 138; polynomial, 161; 
power series, 172; rational function, 
166 


Calculation ; of e, 53 et seq.; @ (7), (189); 
logarithms, 103-106, (107), 123 et 
seq. 

Calculus, historical summary, 196 

Cartesian (analytical) geometry, 136 

Cauchy’s test for convergence, 79 

Centres of mass, 271 

Characteristic, 101 

Circular functions, 204 

- measure of angles, 204 

Circumference of circle, 201, 273 

Common Jogarithms, 98; calculation of, 
103 et seqg., 125 

Comparison tests for convergence, 79 


Complex number, 281 

Conditionally convergent series, (84) 

Conditions for convergence, 45, 48, 63, 
64, 74, 78. See also Tests 

Constancy of function with zero deriva- 
tive, 121, 248 

Constant, 157; of integration, 253 

Continuity, 139; of compound function, 
212; of differentiable function, 216; 
of power series, 247; of polynomial, 
159; of x2, 1389; of x*, (59); of 2”, 
(92); of a*, (92); of loga a, 94; of 
# (a), 174; of C(x), S (a), 181; of 
sin w, (207) 

Continuity on the right (or left), 139 

Continuous function, 139 
* graph, 139 

Convergent sequence, 43, 44, 283, (284) 
an series, 62, 63, 283 

Coordinates, 136 


D’Alembert’s ratio test for convergence, 
80 

Dedekind’s definition of irrational num- 
bers, 16 

Dedekindian classification, 19 

Definite integral, 149, 244; evaluation, 
253; properties, 245, 261 et seq. 

Density of rational points on a line, 15 

Dependent variable, 135 

Derangement of series, (84) 

Derivative. Sve Differential coefficient 

Differentiability of special functions ; 
x? ete., 116, 142; x”, (59), (92), 116, 
224; log x, 114; e”, 129; C (x), S (2), 
180; cosh 2, sinh x, 191; sin z etc., 
226; power series, (176), 191, (195) 

Differentiability on the right (or left), 142 

Differentiable function, 143, 215 

Differential coefficient (derivative), 114, 
215 

Differential equation, 279 

Differentiation; of function of a function, 
218; of sum, product, etc., 217; of 
product, 128; of compound fune- 
tions, 229; of inverse functions, 219; 
of simple functions, 116; of standard 
functions, 222 et seq. 

Discontinuity; of 1/*, 163; of rational 
function, 165 

Distinction between limit and value of 
a function, 112, 199 

Division, 4 
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Ellipse, 268 

Equal, 20 

Equality (identity), 20 

Equation, 23; of tangent, 234 

Error (remainder) after n terms of series, 
69; for series of positive terms, 69; 
for alternating series, 76 

Euler’s equalities, (285) 

Evaluation; of integrals, 253; of limits, 
48 et seq., 209; of sums of series, 
68, 76; of e, 51 et seq.; of w, (189); 
of 7, (207), 273 

Existence theorem; for fractional powers, 
89; inverse functions, 220; inverse 
trigonometrical functions, 186; 
logarithms, 93 ; root extraction, 88 

Exponential function (power), (91), 127 
et seq. 

Exponential series, 131 ’ 

Exponentiation, 85 


Factor theorem, 25 

Factorial, 35 

Finite and infinite combinations of 
functions, 213 

Finite set of numbers, 39 

First mean value theorem, 263 

Foundations of calculus, 196 

Fraction, 6 

Fractional indices, 88 

Fractional-number-pair, 7 

Function, 114, 134; bounded, 150, 242; 
of bounded variation, 138, (152); 
continuous, 139 ; differentiable, 143, 


215; integrable, 149; monotone, 
137 

Fundamental formula of integral cal- 
culus, 251 


Fundamental inequality for [log (#-+ h) 
—log x]/h, 110 

Fundamental property of continuous 
functions, 140; generalisation, 236 

Fundamental theorem of integral cal- 
culus, 248 


Generalised exponential and logarithm, 
(285) 

Geometric mean, 29 
ns series (progression), 64, 76 

Gradient (slope), 114 

Graph, 137; of log x, 113; a”, 137, 154; 
x ete., 154; C(x), S(x), 185; C (a), 
S (a), 186; cosh «, sinh x, 190 : 

Greater and less. See Order of magni- 
tude . 

Greatest and least limits of sequence, 
48 

Gregory’s series, (189) 


Harmonic motion; simple, 236; damped, 
236 
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Harmonic series, 67 
Hyperbola, rectangular, 164 
Hyperbolic functions, 189 


Identity (equality), 20 

Identity of circular and trigonometric 
functions and of 7 and a, (231), 
278, 277, (280) 

Imaginary (complex) numbers, 19, 281 

Increasing function, 231 
5 sequence, 42 

Incrementary ratio, 111, 141, 215 

Indefinite integral, 251 

Independent variable, 135 

Indeterminate forms, 212, 239 

Index, 85 ; positive integral, 85; negative 
integral and zero, 87; fractional, 
88 ; irrational, 89 

Induction, 21 

Inequalities, 27; Abel’s lemma, 29; for 
arithmetic and geometric means, 29 ; 
for (l+2)", 29, (36), (91), (132), 
(241); for (a*—b")/(a -b), 29, (91); 
for (a”™—b™)/(a"—b), 29, (234); 


Vh ib n 
for (1 5) , 52, 108; for log 


(2 + x) , 106, 107; for log (1+h), 
110; for [log (+h) —log x]/h, 110; 
for |a+y|, (37), (284); for a, x, 
log, x, [v]!, 2”, (99), (183); sina 
<a<tan wz, 205 

Inequalities proved by differentiation, 
233 

Inequality, 8, 27 

Inequation, 33 

Infinite integrals, 242 

Infinity, 11, 44 

Inflexion, 232 

Integer, 11 

Integrability, 149; of a?, 149; of C (a), 
S (x), 185; of continuous functions, 
247; of elementary functions, 247 ; 
of functions of bounded variation, 
(162), 247; of monotone functions, 
154, 246; of product of two functions, 
245, (260); of sum of two functions, 
156, 245; of sum-function of power 
series, 172, 247 

Integrable function, 149 : 

Integral. See Definite integral, Indefinite 
integral and Upper integral 

Integral variable, 197 

Integration, 242; by parts, 255; by sub- 
stitution, 254; of 2, 149; of rational 
functions, 256; of standard func- 
tions, 251; is inverse to differentia- 
tion, 249 J 

Interior point of range or interval, 119 

Interval, 119 
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Inverse character of differentiation and 
integration, 249 

Inverse derivative, 251 - 

Inverse function, 220; circular, 205 ; 
hyperbolic, 191; trigonometric, 186; 
derivative of, 219 

Irrational function, 162 

number, 17 

Irrationality; of ,/2, 15; of e, (60); of 

logarithms, 94 


Laws; of algebra, 2; of bounds, (214) ; 
of indices, 85; of limits, 209; of 
logarithms, 96 

Least and greatest limits of sequence, 
48 

Length; of curve, 199, 203, 272; of in- 
terval, 243 

Limit; ofcompound function, 210; ofsum, 

n 
c., 209; of (a + x) , 51 et seq.; 
zn n 
of (1+) , 108; of (1+<) 
n n 

129; of K"/n!, (180); of a”, 49; 
of na, 50; of X/n, (58); of sin x/z, 
tan w/a, 205 

Limit of function of continuous variable, 
198 ; on right (or left), 198 

Limit of function of integral variable, 
197 

Limit of indeterminate forms, 239, 240 

Limit of sequence; unique, 43, 44, 283; 
general, see Limiting number 

Limiting number (limit, limiting value, 
etc.), 44, 45, 198 

Limits of integration, 244 

Logarithm, 94; of negative or complex 
number, 96, (285) 

Logarithmic function, 94; continuity of, 
94; differentiability of, 114; mono- 
tony of, 94 

Logarithmic series, 123 

Logarithmic tables, 99 et seq.; accuracy 
of, 100; construction of, 103 et seq., 
125; use of, 100-103 

Lower. See Upper 


Maclaurin’s series, 275 

Mantissa, 101 

Maxima and minima, 231 

Mean value theorem for derivatives, 239 

Mean value theorem for integrals; sim- 
ple, 262; first, 263; second, 264 

Measurement, 13 

Modulus (absolute value, 
value), 44, 283 

Monotone (monotonic) function, 137 

~~, sequence, 43 


numerical 


\ ” 
ho pup Monotony; of x, 137; of a*, (91); of x, 


(92); of log, «, 94; of polynomial, 
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161; of sum-function of power series, 
171 

Motion under constant and variable ac- 
celeration, 235, 236, 274 ' 

Multiple-valued (many-valued) function, 
135 

Multiplication, 2, 7,10, 18; of absolutely 
convergent series, 80 


Napierian logarithms, 123 

Necessary and sufficient condition for 
conyergence; of general sequences, 
48 ; of series of positive terms, 64; 
of series with alternating signs, 74 

Necessary condition for convergence, 63 

Negative bases and powers; ruled out, 
89; allowed, 282, (285) 

Negative number; rational, 11; real, 18 

Non-commutative algebras, 4 

Non-differentiable function, 216 

Non-Kuclidean geometries, 3 

Non-unique limits. See Limiting number 

Number. See Whole, Rational and Real 
number 

Numerical value. See Modulus 


One-valued (single-valued) function, 135 

Order of magnitude; of rational numbers, 
8; of real numbers, 18 

Order of symbols, 3 

Oscillation of function, (152) 


Parabola, 151 

Partial sum, 63 

Periodicity of C(x) and S (x), 184 

Point of inflexion, 232 

Polynomial, 25; properties of, 153 et seq. 

Positive integer, 11 

Positive number; rational, 11; real, 18 

Power, 85. See ‘also Exponential func- 
tion 

Power series, 171; properties of, 171 
ee (176), 191 et seq., (194), (195), 


Principal value; of amplitude, 283; of 
inverse circular functions, 227 

Principle of convergence, 48 

Product series, 80 

Proportional parts, 102 


Radian, 204 
Radius of convergence, 193 
Range, 111, 119; of convergence of power 
series, "193 ; of integration, 244 
Rate of increase, 215 
Ratio test for convergence, 80 
Rational functions, 162 
5» numbers, 11 
», points on line, 15 
Real number, 16; adequacy of, 18 
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Real variable 134 

Rectifiability, 200, 203; of circle, 201, 
203; of ordinary graphs, (207); of 
graph of bounded variation, (208) 

Remainder (error) after n terms of series, 


Reversible and irreversible operations, 24 

Rolle’s theorem, 236 

Roots; of equations, 161, 237, 283; of 
numbers, 17, 88, 282 

Rules of signs, 5 


Second mean value theorem, 264 

Semi-differential coefficient, 143 

Semi-tangent, 142 

Sequence, 39; bounded, 40; convergent, 
43, 44; monotone, 43; upper and 
lower bounds of, 40; necessarily 
convergent if bounded and mono- 
tone, 43; with general term 2”, 49; 


nm 
na”, 50; %/n, (58); (1 +7 for 
\ 


e, 51, 108; for e”, 129; of poly- 
nomials to define new functions, 167 

Series, infinite, 63; of positive terms; 
64; with diminishing terms of alter- 
nating sign, 74; exponential, 131, 
173; geometric, 64, 76; harmonic, 
67; logarithmic, 123; trigonometric, 
176; for e, 65, 72; for @w (7), (189), 
(260). See also Power series 

Set of numbers, 39 

Simple harmonic motion, 236 

>» mean yalue theorem, 262 

Simultaneous equations 26 

Slope (gradient), 114, 140 

Square root; of 2, 17; of —1, 282 

Standard differential coefficients, 222 et 
seq. 

Standard equalities, 20 

Standard inequalities, 29. See also In- 
equalities 

Standard integrals, 251 et seq. 

Stationary, 232 

Subtraction, 4 

Subtractive-number-pairs, 10 

Sufficient condition for convergence, 78. 
See also Tests 
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Sum of convergent series, 63 

Sum, product ete. of real numbers, 18 
Symbolism, 1 

Symbols, 289; order of, 3 


Tables, logarithmic, 99 et seq. 

Tangent to a curve, 140, 234; on the 
right (or left), 141; parallel to y 
axis, 143 

Taylor’s series, 275 
», theorem, (195) 

Tests for convergence, 79, 80 

Theorem on derivatives, 119; on function 
with zero derivative, 121, 250; on 
functions with same derivative, 249 

Total variation, (152) 

Trigonometric functions, 177; identical 
with circular functions, (231), 277, 
(280) 

Turning value, 150 


Unbounded function, 242 
7 sequence, 40 

Uniformity of continuity, (260) 

Unique limit, 43; of a function, 198; 
of a sequence, 43, 45 

Upper (or lower) bound, 39, 40; of a 
function, 148, 236; of a range, 119 

Upper (or lower) integral, 244 

Upper (or lower) limit (greatest, or least, 
of limits), 48; on right (or left), 
208 

Upper (or lower) limit of integration, 
244 


Value of function different from limit, 
112 

Variable, 134 

Variation. See Bounded and Total varia- 
tion 

Velocity, 206, 235 

Volume, 270 


Whole number, 1 


Zero, 10 
derivative, 121, 250 
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